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單元 25: 複利
({… §5.3)

µ‚uNb函bÊ¼“0äíø�AÍ@à. …Àj«n

Dµ‚óÉí®�3æ. q…À (principal) Ñ P , �

‚0Ñ r (¢˚T±ñ‚0, nominal interest rate
per year).

À‚ (simple interest). 只針ú…Àl�‚7˚TÀ

‚. Jø�l7 m Ÿ/Ñ‚ (‚Ì, term) t �, †©

Ÿl�‚7í‚0Ñ

i =
r

m

�‚0

ø�l7Ÿb

/ t �u mt Ÿl7, )‚7

I = P

(
r

m

)
+ · · ·+ P

(
r

m

)
(u mt Ÿ)

= P

(
r

m

)
(mt) = Prt

]!ì (¢˚TÚ	!ì, accumulated amount)

A = P + I = P + Prt = P (1 + rt)

Å. l7íÈ隔vÈ˚T�²‚ (conversion
period); l7Ÿb¢˚T�²‚Ÿb.
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µ‚ (compound interest). ø‚7‹pø–l7˚

Tµ‚. ]�øŸ�²‚ (first period, �øŸl7)

(í!ì

A1 = P + Pi = P (1 + i)

�ù‚ (�ùŸl7) (í!ì

A2 = A1 + A1i = A1(1 + i)

= P (1 + i)(1 + i)

= P (1 + i)2

�ú‚ (�úŸl7) (í!ì

A3 = A2(1 + i) = P (1 + i)2(1 + i)

= P (1 + i)3

...

éR, )� n ‚ (� n Ÿl7) (í!ì

An = An−1(1 + i) = P (1 + i)n−1(1 + i)

= P (1 + i)n

Ä¤, Ñ‚ (‚Ì) t �, u n = mt Ÿl7, (í!ì

A = P

(
1 +

r

m

)mt
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W 1. q…À $1000, �‚0 8% /‚Ì 3 �. t°

-�®áµ‚í!ì.

(a) �µ‚ (compounded annually)

(b) š�µ‚ (compounded semiannually)

(c) 季µ‚ (compounded quarterly)

(d) ~µ‚ (compounded monthly)

(e) nµ‚ (compounded daily)

<j> (a) ÄÑ�µ‚[ýø�l7øŸ, ]!ì

A = 1000(1 + 0.08)3 ≈ 1259.71

(b) š�µ‚[ýø�l7 2 Ÿ, ]!ì

A = 1000
(
1 +

0.08

2

)2(3)
≈ 1265.32
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(c) 季µ‚Ñø�� 4 Ÿ�²‚b, ]!ì

A = 1000
(
1 +

0.08

4

)4(3)
≈ 1268.24

(d) ~µ‚íl7ŸbÑ 12, )!ì

A = 1000
(
1 +

0.08

12

)12(3)
≈ 1270.24

(e) nµ‚4ÙÙl7, ø�� 365 Ÿ, )!ì

A = 1000
(
1 +

0.08

365

)365(3)
≈ 1271.22

Å. °ší±ñ‚0, OÄl7Ÿb (�²‚b) .°7

�.°í!ì, /‚bBÖ, !ìB×, D%ðó¯. 6ÿ

uz, õÒ×)í‚7Äl�‚7í頻07ì. ø_TÑ

ªœ‚0í基ÄÑ

�^‚0 (effective rate, ¢˚Töõ‚0, true
rate). D�‚0 r, ø�l7 m Ÿ, Ñ‚ø�íµ‚�

ó°í!ìíÀ‚0˚T�^‚0, 1pT reff, 6ÿu

z,

P (1 + reff) = P

(
1 +

r

m

)m
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°Î P , )

1 + reff =
(
1 +

r

m

)m

]

reff =
(
1 +

r

m

)m
− 1

Å. ?ªâø�õÒ×)í‚7ÎJ…À, )öõ‚0

reff =
P

(
1 + r

m

)m
− P

P
=

(
1 +

r

m

)m
− 1

¢根W�^‚0íì2, Ñ‚ t �íµ‚!ìªâ�^‚

0 reff l�, )!ì

A = P (1 + reff)t

9õ,, Hp reff 1“�, )

P (1 + reff)t = P

[
1 +

(
1 +

r

m

)m
− 1

]t

= P

(
1 +

r

m

)mt

ÿuJ±ñ‚0 r l�(íµ‚!ì.

W 2. tl�±ñ‚0 8% Ê (a) �µ‚, (b) š�

µ‚, (c) 季µ‚, (d) ~µ‚D (e) nµ‚-í�^‚

0.
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<j> (a) ÄÑ�µ‚[ýø�l7øŸ, óçkÀ‚,

]âì2,

reff = 0.08

Cât�,

reff = (1 + 0.08)− 1 = 0.08

(b) š�µ‚íl7ŸbÑ 2, ]

reff =
(
1 +

0.08

2

)2
− 1 = 0.0816

(c) 季µ‚[ýø�� 4 Ÿ�²‚, ]

reff =
(
1 +

0.08

4

)4
− 1 ≈ 0.08243

(d) ~µ‚ø�� 12 Ÿl7, ]

reff =
(
1 +

0.08

12

)12
− 1 ≈ 0.08300

(e) nµ‚íl7ŸbÑ 365, )

reff =
(
1 +

0.08

365

)365
− 1 ≈ 0.08328
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ªœ, )l7頻0Bò, õÒ‚0B×, D%ðó¯.

…À P uÛÊæpí’À, ]¢˚TÛ值 (present
value), 7!ìu t �(n×)í, ]¢˚T„V值

(future value).

ø_I’6�Û²ìí½æuÛÊÛI’Öý’ÀJ_k

Ê„V某vªË�某øbçí’À, ¤4óçk%âµ‚

t�

A = P

(
1 +

r

m

)mt

ø P [A A, )

µ‚íÛ值t�. Û值

P = A

(
1 +

r

m

)−mt

W 3. t½Ê�‚0 6%, ~µ‚-, ÛæpÖýÀçJ

_k 3 �(í!ìÑ $20,000?

<j> ât�, æ Àç

P = 20,000
(
1 +

0.06

12

)−12(3)
≈ 16,713
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W 4. t°Ê�‚0 10% /季µ‚-, 5 �(æ !

ìÑ $49,158.60 íÛ值.

<j> 根Wt�, Û值

P = 49,158.6
(
1 +

0.1

4

)−4(5)
≈ 30,000

Êø固ì‚Ìq, l7B頻õ, })BÖí!ì, 根WNb

, ”ÌíÓ¾	4”£©/函bí”Ì4”, çÌÌŸ

l7, 即 m →∞ v, !ì

A = lim
m→∞P

(
1 +

r

m

)mt

= lim
m→∞P

[(
1 +

r

m

)m/r
]rt

= P

[
lim

m→∞

(
1 +

r

m

)m/r
]rt

(1)

QO, I

u =
m

r

) m →∞ v, u →∞, /%âHpJ£根WÌÜb e

Å—í��

e = lim
x→∞

(
1 +

1

x

)x
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â (1) �)

A = P

[
lim

u→∞

(
1 +

1

u

)u]rt

= Pert

1˚¤�‚7Ñ

©/µ‚ (continuous compound interest). Ì

äl7Ÿb˚T©/µ‚. …À P , �‚0 r /Ñ‚ t

�í©/µ‚í!ì

A = Pert

/©/µ‚íÛ值

P = Ae−rt

¢â�^‚0íì2,

P (1 + reff) = Per

)©/µ‚í�^‚0

reff = er − 1

W 5. q�‚0 8% /I’ $1000. tl�1ªœ 3

�( (a) nµ‚D (b) ©/µ‚í!ì.
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<j> (a) nµ‚ø�l7 365 Ÿ, )!ì

A = 1000
(
1 +

0.08

365

)365(3)
≈ 1271.22

(b) ât�, ©/µ‚í!ì

A = 1000e0.08(3) ≈ 1271.25

nµ‚íl7Ÿb˛óçÖ, ]D©/µ‚³�Ø×差æ,

Í7Ê‹�ä域íÜ�}析,, ©/µ‚ít�uøóç

½bí	x.

W 6. âk%È景−, q某t−.�ß t �(í值

(market value) Ñ

V (t) = 300,000e
√

t/2

/„V 10 �íã‚Ó值0 (expected rate of

appreciation) Ñ 9% í©/µ‚.

(a) t°¤.�ß„V 10 gíÛ值 P(t).

(b) tl�1j釋 P (7), P (8) D P (9).
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<j> (a) Hp r = 0.09 £„V值 V (t) 1根WNb

, )ú@íÛ值

P (t) = V (t)e−0.09t

= 300,000e−0.09t+
√

t/2, 0 ≤ t ≤ 10

(b) H t = 7, 8 D 9, )

P (7) = 300,000e−0.09(7)+
√

7/2 ≈ 599,837

D

P (8) = 300,000e−0.09(8)+
√

8/2 ≈ 600,640

J£

P (9) = 300,000e−0.09(9)+
√

9/2 ≈ 598,115

âl�!‹)ø, ¤.�ßgíÛ值Êø¨AÅ‚(Ç

á-降, ¤4暗ýæÊø×‚|Öí|佳|»vœ, 9õ

,, 根WJ(øçíNb函bíû函b, ¤.�ßÊ 7.72

�(íg}�|òíÛ值 $600,779. 6ÿuz, k

7.72 �(|», ×‚|Ö.

Êj�Éµ‚í½æv, AÍúbuø_óç�àí	x,

à
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W 7. Ê�‚0Ñ 12% í季µ‚-, â $10,000 Ó

B $15,000, ÛvÖ久?

<j> 根Wµ‚t�, ¤4óçkj

15,000 = 10,000
(
1 +

0.12

4

)4(t)

“�cÜ, )

(1.03)4t =
15,000

10,000
= 1.5

s邊¦ ln 1根Wúb¶“�, )

4t ln 1.03 = ln1.5

即

t =
ln1.5

4 ln 1.03
≈ 3.43

Ä¤, â $10,000 ÓB $15,000 �Û 3.4 �.

W 8. t½Ê~µ‚-, ‚0ÑSv, I’Àç}â

$10,000 ÓB 5 �(í $18,000?

<j> 根Wµ‚t�, ¤4óçkj

18,000 = 10,000
(
1 +

r

12

)12(5)
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即 (
1 +

r

12

)60
=

18,000

10,000
= 1.8

s邊¦ ln, )

60 ln
(
1 +

r

12

)
= ln1.8

即

ln
(
1 +

r

12

)
=

ln1.8

60

y¦ e, )

1 +
r

12
= e(ln 1.8)/60

Ä¤,

r = 12(e(ln 1.8)/60 − 1) ≈ 0.1181

<即, �‚0�Ñ 11.8% v, Ê~µ‚-, 5 �(’À

}â $10,000 ÓB $18,000.

W 9. �À (annuity) uø序�íì‚#G. qÊ©

ŸI’�²‚!束v, #G R jB�²‚‚0Ñ i í帳
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Eq, † n Ÿ#Gí�À„V值

S = R(1 + i)n−1 + · · ·+ R(1 + i) + R

= R
[
1 + (1 + i) + · · ·+ (1 + i)n−1

]
= R

[
(1 + i)n − 1

1 + i− 1

]
= R

[
(1 + i)n − 1

i

]
w2�ú_�UA4根W��

1 + x + · · ·+ xm−1 =
xm − 1

x− 1

F_, àÇý.

ç�²‚‚0 i → 0, 即Q¡Ì7v, n Ÿ#Gí�À„

V值

S = lim
i→0

R

[
(1 + i)n − 1

i

]

= R lim
i→0

(1 + i)n − 1

i

= R

(
d

dx
xn

∣∣∣∣
x=1

)
= R

(
nxn−1

∣∣∣
x=1

)
= nR

w2�ú_�U4根Wû函bíì2

f ′(a) = lim
h→0

f(a + h)− f(a)

h

14 2×bçÍ:PM



%ÈÍ�	}(:¯`ç, 100ç��) Àj 25: µ‚

J£¦ f(x) = xn, a = 1, h = i F_.

Ä¤, ç‚0óçüv, n Ÿ#Gí�À„V值óçk n

ŸíÌ7#G.
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