
%ÈÍ�	}(:¯`ç, 100ç��) Àj 8: ”Ì

單元 8: 極限
({… §2.4)

ø. �	}�介

根Wê�史, �	}源–k�頓 (Isaac Newton,

1642-1727) D萊布尼茲 (Gottfried Wilhelm

Leibnize, 1646-1716) «n-述ù�½æ:

1. °ø曲(,¬ø#ìõí~( (tangent line), à

Çý.

2. °ø曲(F圍|í�Þ–域íÞ	, àÇý.

N乎~(½æDbçíõ�@àÌÉ, O9õ,, “°ø¾

ú@k (óúk) 另ø¾í‰“0 (rate of change)”

í½æbçË�gk “°ø曲(,¬ø#ìõí~(” í

�S½æ. ÿu¤��gÉ[íêÛ驅µ 17 0��	}

íê�1促U�	}AÑj²õ�½æíø�.ªCÿ	

x, �à

1. °øÓñí§�.
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2. °�菌í群óúkvÈí‰“0, 即AÅ0.

3. °øt−í‚潤óúkvÈíZ‰0.

4. °øëWþíYïóúk�µ‘àí‰“0.

~(½æí«nû_�}l� (differetial calculus)

íê�, ¤4�基kø函bíû函b (derivative) í–

1. 另øjÞ, Þ	½æí«n引ê	}l� (integral

calculus) íê�, 它4u�基kø函bí¥û函b

(antiderivative) C	} (integral) í–1. y½b

íu, û函bD	}uò~óÉí, 即F‚í “�	}基

…ìÜ” (øk §6.4 ç3), ¤ìÜ呈Û|û函bD	}

È˛¤互Ñ逆«�íÉ[. %-追溯, ø函bíû函bD

	}ÌuJøy基…í–1-”Ì-Fì2, ¤4…Àjí

3æ.

ù. øõW

根Wø~浮Ÿ型�š (prototype of a maglev,

magnetic levitation train) 沿OøÀ軌 (monorail
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track) í«W測t’e, )¤~浮�šÊ t ”íP0函

b (position function) (ÀP: 呎, L�) Ñ

s = f(t) = 4t2, 0 ≤ t ≤ 30 (1)

½. àS°¤~浮�šÊ t = 2 ”í§�? 即剛ßÊ

2 ”µmÈ, š§[呈Ûí值.

�. Ì¶僅à (1) �[ýíP0°), Oª透¬.°v

ÈíP07l�|øvÈ–Èqí�Ì��距×, 即Êø

vÈ–Èqí�Ì§�, àÊvÈ–È [2,4] qí

�Ì§� =
P�

%¬vÈ
=

f(4)− f(2)

4− 2

=
4(42)− 4(2)2

2
= 24(呎/”)

ª¡N t = 2 ”ví§�.

ªZª嗎? òh,, vÈ–ÈBü, ¡NBß, ]¦

t > 2, Ê [2, t] ,í

�Ì§� =
f(t)− f(2)

t− 2

=
4t2 − 4(2)2

t− 2
=

4(t2 − 4)

t− 2
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¦BVB靠¡ 2 í t 值, )ø序�Ê [2, t] –È,íú

@�Ì§�:

t 2.5 2.1 2.01 2.001
�Ì§� 18 16.4 16.04 16.004

t 2.0001 · · · → 2+

�Ì§� 16.0004 · · · → 16

呈Û|�Ì§�ÓO t BQ¡ 2, 7B靠¡ 16. ]ø¯

Üí�‡Ñ, ¤~浮�šÊ t = 2 ”ímÈ§�

(instantaneous velocity) Ñ 16 呎/”, ¤4”Ì

í–1.

ú. ”Ìíòhì2

q函b

g(t) =
4(t2 − 4)

t− 2
, t 6= 2

即~浮�ší�Ì§�. D¦ø序�ük 2, OBVB靠

¡ 2 í t 值, )ú@í函b值 g(t):

t 1.5 1.9 1.99 1.999
�Ì§� 14 15.6 15.96 15.996

t 1.9999 · · · → 2−

�Ì§� 15.9996 · · · → 16
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即Ì� t â 2 í¬邊Q¡ 2 ([A t → 2+) Câ 2

í˝邊Q¡ 2 ([A t → 2−), g(t) ÌBVBQ¡ 16,

]ø¤øÛ象˚T t Q¡ 2 v, g(t) í”ÌÑ 16, 1

[A

lim
t→2

g(t) = lim
t→2

4(t2 − 4)

t− 2
= 16

註 1. ,述”Ì–1íÔ�4u, A‰b (t) âs邊L

<ËQ¡ø固ìb (2) v, ú@í函b值 (g(t)) Ìø_

Ë靠¡øõb (16).

註 2. “�, )

g(t) =
4(t + 2)(t− 2)

t− 2
= 4(t + 2), t 6= 2

wÇ$4øÊ t = 2 „ì2íò(, Jø˛-Æ[ý„ì

2íõ. àÇý, ?呈Û|ó°í”ÌÛ象.

註 3. Ê t = 2 í函b值Ì�æÊD´, CÑS值, Ì

.	à t Q¡ 2 ví”Ì (�˚Ê t = 2 í”Ì值),

àÇý, 函b

g(t) = 4(t + 2), t 6= 2
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D}¨函b

f(t) =

{
4(t + 2), t 6= 2
10, t = 2

J£}¨函b

h(t) =

{
4(t + 2), t 6= 2
18, t = 2

Ê t = 2 íWÑÌ.°, O卻�ó°í”Ì, 即

lim
t→2

g(t) = lim
t→2

f(t) = lim
t→2

h(t) = 16

¤4ÄÑ”Ì值u«nÊ t = 2 Ë¡í函b值íWÑ‰

“, ]函bÊ t = 2 íWÑ, Ê°”Ìv, .xLS²ì

4, 6ÿuz, .Ûb5?函bÊ t = 2 í值, 7¥<函

bÊ t = 2 Ë¡íWÑÌøš, ]�ó°í”Ì.

â,述Wæ£註j, R�|ø般函bíÝ£�ì2.

ì2 1. ç x Q¡ a v, 函b f í”ÌÑ L, pT

lim
x→a

f(x) = L

J/ÑJ函b值 f(x) ªL<Ë靠¡ L, ç x k}Ë

(夠) 靠¡ (O.�k) a v.

W 1. t°-�Ê (CçA‰b靠¡) #ìõí”Ì.
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(a) f(x) = x3; x = 2

(b) g(x) =

{
x + 2, x 6= 1
1, x = 1

; x = 1

(c) h(x) =

{
−1, x < 0
1, x ≥ 0

; x = 0

(d) k(x) =
1

x2
, x = 0

<j> (a) àÇý,

lim
x→2

f(x) = 8

(b) àÇý,

lim
x→1

g(x) = 3

(c) àÇý, ç x → 0+ v,

h(x) = 1

7 2×bçÍ:PM
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L<Ë靠¡ 1; Oç x → 0− v,

h(x) = −1

L<Ë靠¡ −1, 另ø.°íb; 6ÿuz, Ì¶)|øu

°íõbU)函b值 h(x) ªL<Ë靠¡, ç x âs邊

Q¡ 0 v, ]

lim
x→0

h(x) .æÊ

(d) àÇý, ç x âs邊Q¡ 0 v, k(x) ÌÌäË遞

Ó (increasing without bound), 7Ì¶L<Ë靠¡

øpüíõb, ]”Ì.æÊ/pA

lim
x→0

k(x) = lim
x→0

1

x2
=∞

ypüËzp”Ì.æÊíÜâ, 6ÿuz, âk函b值

ÌäË遞Ó7.æÊ.

註 4. (a) üæ,

lim
x→2

f(x) = 8 = f(2)

即Ê x = 2 í”Ì值�k函b值, O (b) üæ,

lim
x→2

g(x) = 3 6= 1 = g(1)
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即Ê x = 1 í”Ì值.�k函b值; ¤4y�zp”Ì

u«nÊ#ìõË¡函b值í‰“8$, DÊ#ìõí函

b值ÌÉ.

(c) üæzp, ”Ìb°Ê#ìõË¡s邊í函b值WÑ

‰“Ûø_, 即函b值ÛL<ËQ¡øu°íõb.

(d) üæzp, ÖÍÊ#ìõË¡s邊í函b值Ìø_Ë

Ìä遞Ó, O卻Ì¶ø_ËQ¡øu°íõb, Ä7”Ì

.æÊ.

û. 函b”Ìíl�

Î7,述JÇ$íj�l�函bí”ÌÕ, ?ª根W-述

”Ìí4”Hbj�l�函bí”Ì.

ìÜ 1 (”Ìí4”). q r D c Ñù_U)bç�

�<2íõb, /

lim
x→a

f(x) = L J£ lim
x→a

g(x) = M

†

1. lim
x→a

c = c

9 2×bçÍ:PM
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2. lim
x→a

x = a

3. lim
x→a

[f(x)]r = [ lim
x→a

f(x)]r = Lr

4. lim
x→a

cf(x) = c lim
x→a

f(x) = cL

5. ¸差í”Ì�k”Ìí¸差

lim
x→a

[f(x)± g(x)]

= lim
x→a

f(x)± lim
x→a

g(x) = L±M

6. 乘	í”Ì�k”Ìí乘	

lim
x→a

[f(x)g(x)]

= [ lim
x→a

f(x)][ lim
x→a

g(x)] = LM

7. ¼í”Ì�k”Ìí¼

lim
x→a

f(x)

g(x)
=

lim
x→a

f(x)

lim
x→a

g(x)
=

L

M
, M 6= 0

10 2×bçÍ:PM
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W 2. t°-�®á”Ì.

(a) lim
x→2

x3

(b) lim
x→4

5x3/2

(c) lim
x→1

(5x4 − 2)

(d) lim
x→3

2x3
√

x2 + 7

(e) lim
x→2

2x2 + 1

x + 1

(f) lim
x→1

(
2x2 + x + 5

x4 + 1

)3/2

(g) lim
x→3

x
√

x2 + 7

2x−
√

2x + 3

11 2×bçÍ:PM
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註 5. ìÜ 1 2í”Ì«�4”, ÛbÊ®A函bí”

ÌÌæÊí‘K-nA
, 即Ûbl�Œ®A函bí”Ì

u´æÊ, 1ÊÌæÊí8況-, nªUà, à

lim
x→1

1

(x− 1)2
=

1

0+
=∞

J£

lim
x→1

x2 − 2x

(x− 1)2
=
−1

0+
= −∞

Ì.æÊ, w2 0+ [ýL<靠¡ 0 í£b, TÑl�

”Ìvíø�輔Œ, O

lim
x→1

(
1

(x− 1)2
+

x2 − 2x

(x− 1)2

)

= lim
x→1

(x− 1)2

(x− 1)2
= lim

x→1
1 = 1

6= lim
x→1

1

(x− 1)2
+ lim

x→1

x2 − 2x

(x− 1)2
=∞−∞

ø�„ì� (indeterminate form), [ýÌ¶üìí

¾, Ûbªø¥TÜ.

C

lim
x→0

x2 + 1

2x2
=

1 + 0

0+
=∞
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J£

lim
x→0

x2

x2 + 1
=

0

0 + 1
= 0

O

lim
x→0

(
x2 + 1

2x2
·

x2

x2 + 1

)
= lim

x→0

1

2
=

1

2

6= lim
x→0

x2 + 1

2x2
· lim
x→0

x2

x2 + 1
=∞ · 0

另ø�„ì�.

C

lim
x→0

x2 + 1

x2
=

0 + 1

0+
=∞

J£

lim
x→0

x2 + 1

3x2
=

0 + 1

0+
=∞

O

lim
x→0

x2+1
x2

x2+1
3x2

= lim
x→0

3 = 3 6=
lim
x→0

x2 + 1

x2

lim
x→0

x2 + 1

3x2

=
∞
∞

¢uø�„ì�.
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註 6. ã¯,述, )ø°”Ìíj¶: Hp¶, 即Hpc

Ü(, JÑøõb, †”ÌæÊ/¤õbÿu”Ì; JÑ

£b

0+
=∞ C

Šb

0−
=∞

†”ÌÌä遞ÓË.æÊ; CÑ

£b

0−
= −∞ C

Šb

0+
= −∞

†”ÌÌä遞ÁË (decreasing without bound) .

æÊ.

ü. „ì�

J}äD}母í”ÌÌÑ 0, 即Hp(, ) 0
0, à

lim
x→2

4(x2 − 4)

x− 2

Hp 2
=

4(4− 4)

2− 2
=

0

0

˚T„ì� (indeterminate form), [ýÌ¶üìí

¾, .?J 0
0 TÑ”Ì, Ûbªø¥TÜ. 0

0 [ý}äD

}母�tÄ�, TÜíj¶Ñv|1¾ tÄ�, y°”

Ì, à

W 3. t°-�®á”Ì.
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(a) lim
x→2

4(x2 − 4)

x− 2

(b) lim
z→2

z3 − 8

z − 2

(c) lim
x→−2

x2 − x− 6

x2 + x− 2

(d) lim
h→0

1
1+h − 1

h

W 4 t°-�®á”Ì.

(a) lim
h→0

√
1 + h− 1

h

(b) lim
x→9

x− 9
√

x− 3

ý. ÊÌ¤±í”Ì (Limits at Infinity)
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‡述Ì«n x Q¡ø�Ìbv, 函b f í”Ì, ?ª«

n x Ìä遞ÓB ∞ C x Ìä遞ÁB −∞ v, f í”

Ì. àÇý, Ì呈Û|ç t →∞ C x →∞, x → −∞
v, 函b值}BVB靠¡ø固ìb 400 C 2.

ì2 2. ç x Ìä遞Ó (即 x →∞) v, 函b f í

”ÌÑ L, pT

lim
x→∞ f(x) = L

J/ÑJ函b值 f(x) ªL<Ë靠¡ L, ç x 夠 (k}

Ë) ×v.

°Ü, ç x Ìä遞Á (即 x → −∞) v, 函b f í”

ÌÑ M , pT

lim
x→−∞

f(x) = M

J/ÑJ函b值 f(x) ªL<Ë靠¡ M , ç x 夠 (k}

Ë) üv.

W 5. Iù函b

f(x) =

{
−1, x < 0
1, x ≥ 0
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/

g(x) =
1

x2
, x 6= 0

t°-�®á”Ì.

(a) lim
x→∞ f(x) D lim

x→−∞
f(x)

(b) lim
x→∞ g(x) D lim

x→−∞
g(x)

註. F�ìÜ 1 2, Ê�Ìb a í”Ì4”, ÊÌ¤±

í”Ì?A
, y‹,-述íìÜ 2, ÌªàkÊÌ¤±

í”Ìí°值.

ìÜ 2. úF�í n > 0, J
1

xn
�ì2, †

lim
x→∞

1

xn
= 0 / lim

x→−∞
1

xn
= 0

註. °�Ü函bÊÌ¤±í”Ìí典型T¶Ñ, °Î}母

í|òŸjá xn (, y根W”Ìí4”£ìÜ 2 °值.
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W 6. t°-�®á”Ì.

(a) lim
x→∞

x2 − x + 3

2x3 + 1

(b) lim
x→∞

−2x3 + 3x2 − 1

x2 − 2x + 2

(c) lim
x→−∞

−2x3 − 3x2

10x2 − x + 5

(d) lim
x→−∞

3x4 − 8x + 5

5x4 + 6x3 − 7

W 7 q`T x "桌äí,A…Ñ

C(x) = 100x + 200,000 (j)

†`T x "桌äí�ÌA…

C(x) =
C(x)

x
= 100 +

200,000

x
(j/")

t° lim
x→∞C(x) 1j釋.
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<j> 根W”Ì4”£ìÜ 2,

lim
x→∞C(x) = lim

x→∞

(
100 +

200,000

x

)
= 100 + 0 = 100

[uçß¾ (`Tb¾) Ó‹v, ©"桌äí固ìA…

200,000

x

 ìË遞ÁB 0, J_k©"桌äí�ÌA…}Q¡Þß

íÀPA… (unit cost of production) $100.
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