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單元 9: 單邊極限與連續性
({… §2.5)

ø. Ài”Ì

q函b

f(x) =

{
x− 1, x < 0
x + 1, x ≥ 0

àÇý, J x ÑQ¡ 0 í£b (即 x → 0+), f(x)
}BVBÔ¡ 1; J x ÑQ¡ 0 íŠb (即 x → 0−),
f(x) }BVBÔ¡ −1, 即 f Ê x = 0 ísiWÑ.

ø_, ]根W”Ìíì2,

lim
x→0

f(x).æÊ

J僅5?£í x 值, )ø f(x) ªL<ËÔ¡ 1, ç x
k}Ëâ¬iQ¡ 0 v, ]˚ x â¬iQ¡ 0 v, f í

¬i”Ì (right-hand limit)Ñ 1, 1pA

lim
x→0+

f(x) = 1

°Ü, 僅5?Ší x 值, )ø f(x) ªL<ËÔ¡ −1,
ç x k}Ëâ˝iQ¡ 0 v, ]˚ x â˝iQ¡ 0 v,
f í˝i”Ì (left-hand limit) Ñ −1, 1pA

lim
x→0−

f(x) = −1
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¤�¬i”ÌC˝i”Ì$˚ÑÀi”Ì (one-sides

limit); Ñ–}–c1Ê„Ô�;p-, 5‡«níø般

”Ì¢˚Ñ雙i”Ì (two-sided limit), b° x â

siQ¡ø固ìb a v, ú@í函b值}ø_ËL<Ô¡

øõb L, 1pA

lim
x→a

f(x) = L

根W,H, ªR�|ø般函bíÀi”Ìì2.

ì2 1. ç x â¬iQ¡ a v, 函b f í”ÌÑ L,

pT

lim
x→a+

f(x) = L

J/唯J函b值 f(x) ªL<ËÔ¡ L, ç x â¬ik

}ËÔ¡ (O.�k) a v, àÇý.

°Ü, ç x â˝iQ¡ a v, 函b f í”ÌÑ M , pT

lim
x→a−

f(x) = M

J/唯J函b值 f(x) ªL<ËÔ¡ M , ç x â˝ik

}ËÔ¡ (O.�k) a v, àÇý.

Ài”ÌD雙i”ÌíÉ[à-HìÜ.
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ìÜ 3. q函b f úkF�Ê a Ë¡í x Ì�ì2

(Ê a �Ìì2Ì妨), †

lim
x→a

f(x) = L

J/唯J

lim
x→a+

f(x) = lim
x→a−

f(x) = L

即 (雙i) ”ÌæÊJ/唯Js_Ài”ÌÌæÊ/ó�.

註. â”Ìíì2, ìÜ 3 éÍA. Ài”Ì�àk°

}¨函bÊ}¨õí (雙i) ”Ì, à-W.

W 1. Iù函b

f(x) =

{
−x, x ≤ 0√

x, x > 0

/

g(x) =

{
−1, x < 0
1, x ≥ 0

t°

(a) lim
x→0

f(x)
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(b) lim
x→0

g(x)

ù. ©/函b

òh,, ø函bu©/í (continuous), J¤函bíÇ

$³�iÇíÛ象, ´†˚¤函bÊi裂TÑ.©/

(discontinuous), àÇý.

��¨A.©/íÛ象

1. f Ê x = a „ì2, �ø缺¨ (hole), .©/.

2. f Ê x = c �ì2 (即 f(c) Ñøõb), O

lim
x→c

f(x) .æÊ, $Aø�& (jump), .©/.

3. ÖÍ f Ê x = b �ì2 (即 f(b) Ñøõb) /

lim
x→b

f(x) 6æÊ, O

lim
x→b

f(x) 6= f(b)

6$Aø�&, .©/.
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4. Ê x = d, f m„ì2, lim
x→d

f(x) 6.æÊ, $A

ø2i (break), .©/.

註. 函b f ÊwìõÌ©/, Ô�ÑÊ©øõí函b值

�k”Ì值; 基k§Î,Hhôƒí.©/Û象, )©/

4íì2à-.

ì2 2. 函b f Ê x = a ©/J-�ú‘KÌA.

1. f(a) �ì2.

2. lim
x→a

f(x) æÊ.

3. lim
x→a

f(x) = f(a)

註 1. âj析íhõ, f Ê x = a ©/<‚O f Ê

x = a í”Ì值�k函b值, 即

lim
x→a

f(x) = f(a)
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â�Síhõ, ¤4<‚O x Q¡ a v, f(x) }Ô¡

f(a).

註 2. f Êø–Èq©/J/唯J f Ê–Èqí©øõ

Ì©/.

W 2. t判i-�®函bÊST©/.

(a) f(x) = x + 2

(b) g(x) =
x2 − 4

x− 2

(c) h(x) =

{
x + 2, x 6= 2
1, x = 2

(d) F (x) =

{
−1, x < 0
1, x ≥ 0

(e) G(x) =


1

x
, x > 0

−1, x ≤ 0
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(f) H(x) =
|x− 1|
x− 1

ú. ©/函bí4”

根W©/4íì2£”Ìí4”, )©/函bí

ø般4”. q c D n ÑU)bç��<2íõb, /

函b f D g ÌÊ x = a ©/, †

1. �b函b (constant function) f(x) = c 0©

/ (Ê©øbÌ©/).

2. 0�函b (identity function) f(x) = x 0©/

(Êc_b(,Ì©/).

3. [f(x)]n Ê x = a ©/.

4. f ± g Ê x = a ©/.

5. fg Ê x = a ©/.
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6.
f

g
Ê x = a ©/, ç g(a) 6= 0 v.

7. Öá�函b p(x) 0©/.

8. �Ü函b R(x) =
p(x)

q(x)
ÊF� q(x) 6= 0 í x

Ì©/.

W 3. t判i-�®函bÊST©/.

(a) f(x) = 3x3 + 2x2 − x + 10

(b) g(x) =
8x10 − 4x + 1

x2 + 1

(c) h(x) =
4x3 − 3x2 + 1

x2 − 3x + 2

ìÜ 4 (2È值ìÜ, Interminate Value

Theorem). J函b f Ê£–È [a, b] ,©// M
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u介k f(a) D f(b) ÈíLøb, †Ê [a, b] qBý�

øb c U) f(c) = M , àÇý.

註 1. 2È值ìÜ僅uøæÊ4ìÜ, zp介ks端õ函

b值 f(a) D f(b) ÈíLøb, øì}u [a, b] qBý

øbí函b值, Bk��_b£哪<b†„zp.

註 2. J f Ê [a, b] q.©/, †2È值ìÜ.øìA

. àÇý, úk介ki裂õqíb M , ÿ.}u f Ê

[a, b] q某bí函b值.

ìÜ 5 (勘根ìÜ). J f Ê£–È [a, b] ,©//

f(a) D f(b) �óæí£ŠU (符U) (即ø£øŠ),

†j˙� f(x) = 0 Ê (a, b) qBý�ø根, àÇý.

<„> ÄÑ f(a) D f(b) 符Uóæ, ] 0 介kwÈ,

]â2È值ìÜ, Bý�ø c ∈ (a, b) U) f(c) = 0,

即Bý�ø c Ñ根, )„.

註. 勘根ìÜí�S<2Ñ, Jø©/函bíÇ$â

x-軸5,B x-軸5- (Câ x-軸5-B x-軸5,), †

øì}穿¬ x-軸.
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W 4. q

f(x) = x3 + x + 1

t„pj˙� f(x) = 0 Ê (−1,1) qBý�ø根.

W 5. q

f(x) = x3 + x− 1

tJ勘根ìÜ° f(x) = 0 í根.

<j> íl,

f(0) = −1 < 0

/

f(1) = 1 + 1− 1 = 1 > 0

]Ê (0,1) q�ø根, àÇý.

QO, ù} (0,1), )2õ

0 + 1

2
=

1

2

/

f

(
1

2

)
=

1

8
+

1

2
− 1 = −

3

8
< 0
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]Ê
(
1
2,1

)
q�ø根, àÇý.

yù}
(
1
2,1

)
, )2õ

1/2 + 1

2
=

3

4
/

f

(
3

4

)
=

27

64
+

3

4
− 1 =

11

64
> 0

]Ê
(
1
2, 3

4

)
q�ø根, àÇý.

yù}
(
1
2, 3

4

)
, )2õ

1/2 + 3/4

2
=

5

8
/

f

(
5

8

)
=

125

512
+

5

8
− 1 = −

67

512
< 0

]Ê
(
5
8, 3

4

)
q�ø根, àÇý.

...

./ù}B夠üí–È, à

(0.6796875,0.6835937)
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1J¤–ÈqíLøbTÑ根í¡N值 (˚T¡N根), ¦

�¦2õ

0.6796875 + 0.6835937

2
= 0.6816406

C¦ 0.68 TÑ¡N根, †

誤差 = |¡N根−ö£根| < –ÈÅ�

Ä¤, |(ù})ƒí–ÈÅ�Bü, 誤差Bü, 估lBÄ

ü, à

誤差 < 0.6835937− 0.6796875 = 0.0039062

ÄüB 2 Püb.

註. ¤�根W勘根ìÜ°根íj¶˚Tù}¶

(method of bisection).

W 6. q函b

f(x) =

{
x + 2, x ≤ 1
kx2, x > 1

t° k U) f Ê (−∞,∞) ,©/.
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