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單元 25: 自然指數函數
({… §4.2)

ø. ì2

JÌÜb

e
def
= lim

x→0
(1 + x)1/x

≈ 2.71828182846 · · ·

Ñ�bíNbƒb

f(x)
def
= ex

˚TAÍNbƒb (natural exponential

function).

ù. Ç$

ÄÑ�b e > 1, ]Ç$à-, )AÍNbƒbÑøì2

域Ñ (−∞,∞), M域Ñ (0,∞), %¬ (0,1) í遞Ó,
,凹, øúø, ©/íƒb, /

lim
x→∞ ex = e∞ =∞

J£

lim
x→−∞

ex = e−∞ = 0

1 2×bç系:PM



%È系,‹À系(ÂU)�	}(99ç��) Àj 25: AÍNbƒb

ú. @à

(i) 模型“í群AÅ (modeling the growth of a

population)

8況 1. ÌÌ„AÅ (growth not restricted): Ê t

víí群×ü

f(t) = aekt

˚TNb模型 (exponential model), Ç$à-, w2

a > 0 Ñ|�íí群×ü, k > 0 Ñø固ìíAÅ率, J

£

lim
t→∞

f(t) = ae∞ = a(∞) =∞

顯ý|ÊÅ‚Æ‰-, í群í×ü}ÌÌ„íÓ‹, ]Ñ

ÌÌ„AÅ.

8況 2. Ì„AÅ (growth restricted): Ê t ví

í群×ü

f(t) =
a

1 + be−kt

˚T羅Ðg模型 (logistic model, Ç$à-, w2 a,

b, k ÌÑ×k 0 í�b, /

lim
t→∞

f(t) =
a

1 + be−∞
=

a

1 + b · 0
= a
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â¤)®�漸¡(

y = a

[ýÊÅ‚íÆ‰-, í群í×ü}BVBQ¡ a, 1J

a Ñø,ä, ]ÑÌ„型AÅ, J£

lim
t→−∞

f(t) =
a

1 + be∞
=

a

∞
= 0

â¤)®�漸¡(

y = 0

[ý回溯BÌÌ±í–源v, í群×üBVBQ¡ 0.

Wà, �菌培養皿2, �菌í½¾

y =
1.25

1 + 0.25e−0.4t
, t ≥ 0

4ø羅Ðg模型, /

(1) t = 0 v,

y =
1.25

1 + 0.25e0
=

1.25

1 + 0.25
= 1 (s)

(2) t = 10 v,

y =
1.25

1 + 0.25e−4
≈ 1.244 (s)
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(3) t →∞ v,

y = lim
t→∞

1.25

1 + 0.25e−0.4t
=

1.25

1 + 0.25e−∞

=
1.25

1 + 0.25 · 0
= 1.25 (s)

(ii) 複‚ (compound interest)

q…ÀÑ P , �‚率Ñ r, /ø�ql�複‚íŸbÑ n,
† t �(í!ì (balance, ¢˚T…‚¸)

A = P

(
1 +

r

n

)tn

ÑSà¤? ÄÑø�l� n Ÿ複‚, ]©Ÿl�複‚v

í‚率Ñ

r

n

Ä¤, �øŸl�複‚(í!ìÑ

A = P + P ·
r

n
= P

(
1 +

r

n

)
�ùŸl�複‚(í!ìÑ

A = P

(
1 +

r

n

)
+ P

(
1 +

r

n

)
·
r

n

= P

(
1 +

r

n

) (
1 +

r

n

)
= P

(
1 +

r

n

)2
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�úŸl�複‚(í!ìÑ

A = P

(
1 +

r

n

)2
+ P

(
1 +

r

n

)2
·
r

n

= P

(
1 +

r

n

)3

...

ÄÑ t �qul� nt Ÿí複‚, ]éR, ) t �(í!

ìÑ

A = P

(
1 +

r

n

)nt

àF°.

çl�Ÿb n →∞, ?¹, Óv·l�複‚v, ) t �

(©/複‚ (compounded continuously) í!ì

A = lim
n→∞P

(
1 +

r

n

)nt
(1)

QO, 根W純¾
	í”Ì4”, ©/ƒbí”Ì�k”

ÌíƒbM4”, 1%â適çí“�, â (1) �)

A = P · lim
n→∞

[(
1 +

r

n

)n/r
]rt

= P ·
[

lim
n→∞

(
1 +

r

n

)n/r
]rt

(2)
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¢I

x =
r

n

†

n →∞

4óçk

x → 0

]Hp (2) �1根WÌÜb e íì2

e
def
= lim

x→0
(1 + x)1/x

) t �(©/複‚í!ì

A = P ·
[
lim
x→0

(1 + x)1/x
]rt

= Pert

W 1. q…À P Ñ 25000 j, �‚率Ñ 6%, † 25

�(®�l�複‚j�-í!ìÑ

(a) ©/複‚:

A = 25000e0.06(25)

= 112042.23 (j)
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(b) 季複‚ (compounded quarterly):

A = 25000
(
1 +

0.06

4

)4(25)

= 110801.14 (j)

(c) ~複‚ (compounded monthly):

A = 25000
(
1 +

0.06

12

)12(25)

= 111624.25 (j)

(d) n複‚ (compounded daily):

A = 25000
(
1 +

0.06

365

)365(25)

= 112028.86 (j)

/

(a) > (d) > (c) > (b)

?¹, l�複‚íŸbBÖ, !ìB×, D%ðó符.

ì2. �‚率 r ¢˚T±ñ‚率 (nominal rate).
ø�l� n Ÿ複‚í�^‚率 (effective rate)

reff
def
=

(
1 +

r

n

)n
− 1
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ÑSà¤ì2? Êø�l� n Ÿ複‚-í!ì

A = P

(
1 +

r

n

)n

]õ)‚7Ñ

A− P = P

(
1 +

r

n

)n
− P

= P

[(
1 +

r

n

)n
− 1

]
4óçkõ)‚率Ñ

A− P

P
=

(
1 +

r

n

)n
− 1

7˚Ñ�^‚率.

W 2. q±ñ‚率Ñ 8%, †Ê®�l�複‚j�-í

�^‚率Ñ

(a) �複‚ (compounded yearly):

reff =
(
1 +

0.08

1

)1
− 1 = 0.08

(b) 季複‚:

reff =
(
1 +

0.08

4

)4
− 1 = 0.0824
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(c) ~複‚:

reff =
(
1 +

0.08

12

)12
− 1 = 0.0830

/

(c) > (b) > (a)

?¹, l�複‚íŸbBÖ, �^‚率Bò, D%ðó符.

ì2. Ê…ÀÑ P , �‚率Ñ r, /©� n Ÿl�複‚

-, † t �(í!ì

A = P

(
1 +

r

n

)nt

â¤ì2 t �(!ìÑ A íÛM (present value)

P
def
=

A(
1 + r

n

)nt

W 3. Ê�‚率 9%, ~複‚-, t½ÛæÖýÀçJ_

k 10 �ìæíƒ‚!ìÑ $10000?

<j> 根Wæ<, Ÿ½æ4óçk°ÛM P U) 10 �

(í!ì A Ñ $10000, ?¹,

10000 = P

(
1 +

0.09

12

)12(10)
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], ÛM

P =
10000(

1 + 0.09
12

)120 = 4079.37

Ä¤, Ûæp $4079.37, J_kÊ 9% �‚率, J£

~複‚-, 10 �(íìæ!ìÑ $10000.

註. ì2 e í”Ì�

lim
x→0

(1 + x)1/x

â型�,õ, ç x L<Ëâ¬邊靠¡ 0 v, )

1∞

]òh,, ”Ì@Ñ 1, õ†.Í, 7”Ìºu

e ≈ 2.71828182846 · · ·
¤4ÄÑ型�,í

1∞

4[ýø_L<靠¡ 1 íb
JÌ窮ÖŸ, 7.uö£í

1 
JÌ窮ÖŸ. ¤4õN.¯Ü, ºu巧妙5T.

Ç, ”Ì�

lim
x→0

(1 + 2x)1/x = e2
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J£

lim
x→0

(1− x)1/x = e−1

Ê型�,·)|D e íì2�ó°í!‹

1∞

Oºuú_.°í”Ì, ]˚

1∞

Ñø„ì�, ��k„ì�

0

0
C
±∞
±∞

ÕíÇø�„ì�, øk�紹羅.®d† (L’Hôpital’s

rule) íÀj2, ø9«nàS°®�.°„ì�í”Ì.
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