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單元 33: 面積與微積分基本定理
({… §5.4)

qÊ閉–È [a, b] ,, ƒb f(x) ≥ 0, / R Ñ f(x)

Ê [a, b] ,FˇAí–�, à-Ç, †ø R íÞ	Jb

ç� ∫ b

a
f(x)dx

[ý, ?¹,

R íÞ	 =
∫ b

a
f(x)dx

1˚¤bç� ∫ b

a
f(x)dx

Ñ f(x) â a ƒ b íì	} (definite integral), w

2 a Ñ	}-ä (lower limit of integration), b

Ñ	},ä (upper limit of integration).

註. .ì	}Dì	}5ÈíÏæ.

.ì	} (indefinite integral): J

F ′(x) = f(x)
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?¹, F (x) Ñ f(x) íø_¥ûƒb, †.ì	}∫
f(x)dx = F (x) + C

4 f(x) í¥ûƒbðí.

ì	} (definite integral): J f(x) ≥ 0, †ì	}∫ b

a
f(x)dx = f(x) Ê [a, b] ,FˇA

–� R íÞ	

4øõb.

½. .ì	}Dì	}5È�SÉ[?

�. â-述í�	}ìÜ (Fundamental Theorem
of Calculus, FTC) [Û|.

I x ∈ [a, b]. ì2

A(x)
def
= f(x) â a ƒ x Fˇ|–�íÞ	

àÇý.

ø x Ó‹ ∆x, †Þ	‰“¾

∆A = A(x + ∆x)−A(x)
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àÇý.

I

f(m) = f Ê [x, x + ∆x] ,í|üM

/

f(M) = f Ê [x, x + ∆x] ,í|×M

†Ê [x, x + ∆x] ,, ”J f(m) ÑòíÅj$” }落

Ê ”f(x) Fˇ|í–�” q, / ”f(x) Fˇ|í–�

” ?}落Ê ”J f(M) ÑòíÅj$” q, àÇý, J

£ú@íÞ	Ñ

üÅj$Þ	 ≤ –�Þ	 ≤ ×Åj$Þ	

?¹,

f(m)∆x ≤ ∆A ≤ f(M)∆x

°Î ∆x, )

f(m) ≤
∆A

∆x
≤ f(M)

°¦ ∆x → 0 í”Ì, â,�ªû|

lim
∆x→0

f(m) ≤ lim
∆x→0

∆A

∆x
≤ lim

∆x→0
f(M)
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ÄÑç ∆x → 0, âÇýø,

f(m) = f(x) = f(M)

1根Wûƒbíì2J£”Ìí.��, ,�?óçk

f(x) ≤ A′(x) ≤ f(x)

],

f(x) = A′(x)

?¹, A(x) Ñ f(x) íø_¥ûƒb.

ÄÑ F (x) 6u f(x) íø_¥ûƒb, /¥ûƒbÈ

ÉÏø_�b, ]

A(x) = F (x) + C (1)

¢

A(a) = f(x) â a ƒ a Fˇ|–�íÞ	

= 0

Hp (1) �, )

0 = A(a) = F (a) + C
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?¹,

C = −F (a)

Ä¤, yâ (1) �,

A(x) = F (x)− F (a) (2)

|(, 根W A(b) íì2, J£Þ	íì	}[ý¶, 1

ø b Hp (2) �, )

A(b) = f(x) â a ƒ b Fˇ|–�íÞ	

=
∫ b

a
f(x)dx

= F (b)− F (a)

!�. �	}!…ìÜ. J.ì	}∫
f(x)dx = F (x) + C

?¹,

F ′(x) = f(x)

C F (x) Ñ f(x) íø_¥ûƒb, †ì	}∫ b

a
f(x)dx = F (b)− F (a)
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6ÿuz, f(x) Ê [a, b] ,íì	}, CFˇ|–�í

Þ	 (ç f(x) ≥ 0 v), ÿ�k f(x) í.ì	}, C

ø_¥ûƒb, Ê b D a MíÏ.

W 1 t°-�®áì	}.

(a)
∫ 2

0
2xdx

(b)
∫ 2

0

√
4− x2dx

<j> (a) j¶ 1: Þ	íhõ. ÄÑÊ [0,2] ,,

y = 2x ≥ 0

]ì	}∫ 2

0
2xdx = �Ñ 2, òÑ 4 íòiúi$

Þ	, àÇý

=
1

2
(2)(4) = 4

j¶ 2: FTC íhõ. l°.ì	}, )∫
2xdx = x2 + C
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QO, ¦

F (x) = x2

1根W�	}!…ìÜ, ì	}∫ 2

0
2xdx = F (2)− F (0)

= (2)2 − (0)2 = 4

Dj¶ 1 í!‹ó符.

(b) ÄÑÊ [0,2] ,,

y =
√

4− x2 ≥ 0

/%â�j, 4óçk

y2 = 4− x2, x ∈ [0,2], y ≥ 0

?¹,

x2 + y2 = 4, x ∈ [0,2], y ≥ 0

]Ñø_J (0,0) ÑÆ-, š�Ñ 2 íû}5øÆ, à

Çý.

I R Ñ¤û}5øÆÊ [0,2] ,Fˇ|í–�, †ì	

} ∫ 2

0

√
4− x2dx = R íÞ	

=
1

4
π(2)2 = π
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註. ¤æÌ¶J FTC íhõ°ì	}, ÄÑBñ‡Ñ

¢Ì¶°).ì	} ∫ √
4− x2dx

9õ,, ÛJ¥úiƒbí	}¶°¤.ì	}, ¥u超

|…zí範ˇ, ]ck-ç‚JŒ[íj��紹¤.ì	

}í!‹.

註 1. �	}!…ìÜíR�. qƒb f(x) Ê閉–È

[a, b] ,©/ (.øìb×kC�k 0), /

F ′(x) = f(x)

?¹, F (x) Ñ f(x) í.ì	}C¥ûƒb, †ì	}∫ b

a
f(x)dx = F (b)− F (a)

¤vì	} ∫ b

a
f(x)dx

ªÑø£b, Šb, C 0, FJ.øìH[ f Fˇ|–�

íÞ	.

·<, É�ç f(x) ≥ 0 v, ì	}∫ b

a
f(x)dx = Fˇ|–�íÞ	
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註 2. �q[ý¶: J

F ′(x) = f(x)

†ì	}∫ b

a
f(x)dx = F (x)

∣∣∣b
a
= F (b)− F (a)

W 2. �°-�®áì	}.

(a)
∫ √

3

0
xex2

dx

(b)
∫ e2

e

1

x lnx
dx

(c)
∫ 2

0

x√
1 + 2x2

dx

(d)
∫ 2

0
|2x− 1|dx

<j> ÄÑ\	ƒbÌÑ©/ƒb, ]根W�	}!…ì

Ü, ÛlJ��辨…CHp¶°|.ì	}, yl�¤.

9 2×bç系:PM



%È系,‹À系(ÂU)�	}(99ç��) Àj 33: Þ	D�	}!…ìÜ

ì	}Ê	},-äíMíÏ, à-述. (a) ÄÑ\	ƒ

b2í¯AƒbÑ

ex2

]I

u = x2

)

du

dx
= 2x

y%â°
Î 2, óÉí	}d†, J£註 2 í�q[ý

¶, )

Ÿ� =
1

2

∫ √
3

0
ex2︸︷︷︸
eu

(2x)︸ ︷︷ ︸
du
dx

dx

=
1

2
ex2

∣∣∣∣
√

3

0

=
1

2

[
e(
√

3)2 − e(0)2
]

=
1

2
(e3 − 1)

·<! Ê�ù_�Uí¬邊øìbø.ì	}[A x (,

nªHp	}í,-ä, 7°|£üíì	}, ¤4ÄÑ
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	}í,-ä4u x í範ˇ, .u u í範ˇ, É?Hp

J x [ýí.ì	}q, ~§犯à-í錯誤,

Ÿ� 6=
1

2
eu

∣∣∣√3

0

6=
1

2
(e
√

3 − e0)

6=
1

2
(e
√

3 − 1)

(b) ÄÑ\	ƒb2Ö� lnx D 1
x, ]根W	}í%ð,

I

u = lnx

)

du

dx
=

1

x

y%â適çíZŸ, J£��辨…CHp¶, )

Ÿ� =
∫ e2

e

1

lnx︸ ︷︷ ︸
1
u

·
1

x︸︷︷︸
du
dx

dx

= ln | lnx|
∣∣∣e2
e

= ln(ln e2)− ln(ln e) = ln2− ln 1

= ln2
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(c) 顯ÍË, \	ƒb2í¯AƒbÑ

1√
1 + 2x2

]I

u = 1 + 2x2

)

du

dx
= 4x

�ßu\	ƒbwì¶M x í 4 I.

Ä¤, %â°
Î 4, ��辨…, J£óÉí	}d†, 1

ø.ì	}[A x íbç�ä(, yHp	},-ä, †

ª)

Ÿ� =
1

4

∫ 2

0

1√
1 + 2x2︸ ︷︷ ︸

1√
u

(4x)︸ ︷︷ ︸
du
dx

dx

=
1

4
· 2

√
1 + 2x2

∣∣∣∣2
0

=
1

2
(
√

9−
√

1) =
1

2
(3− 1) = 1

(d) j¶ 1: FTC íhõ. ÄÑF�紹í	}t�2í

\	ƒbÌ„Ö�"úM符U, ]ÛlJpüíbç�[
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ý|\	ƒb(, y根W®Abç�Fú@í範ˇ, }¨

Ël�|ì	}í¸, à-述.

íl,

|2x− 1| =
{

1− 2x, x < 1
2,

2x− 1, x ≥ 1
2.

QO, 根W |2x− 1| Ê,� 1
2 ˝¬s邊.°í[ý�,

øŸ	}範ˇ [0,2], }’As¨
[
0, 1

2

]
D

[
1
2,2

]
, 1

}�°Ê®¨, "úM符U(íì	}í¸, 7)

Ÿ� =
∫ 1/2

0
|2x− 1|dx +

∫ 2

1/2
|2x− 1|dx

=
∫ 1/2

0
(1− 2x)dx +

∫ 2

1/2
(2x− 1)dx

=
(
x− x2

∣∣∣1/2

0

)
+

(
x2 − x

∣∣∣2
1/2

)
=

(
1

4
− 0

)
+

[
2−

(
−

1

4

)]
=

1

2
+ 2 =

5

2

j¶ 2: Þ	íhõ. ÄÑ\	ƒb

|2x− 1| ≥ 0
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]ì	}∫ 2

0
|2x− 1|dx = Ê [0,2] ,Fˇ|ís_úi$

íÞ	¸, àÇý

=
1

2

(
1

2

)
(1) +

1

2

(
2−

1

2

)
(3)

=
1

4
+

9

4
=

5

2
Dj¶ 1 í!‹ó符. .#„Uà某Ôìíj¶, ª根W

æñ靈ºí«àZk°jíj¶, OÛ謹pÉ�Ê\	ƒ

bÑÝŠv, ì	}nª[ýAFˇ|–�íÞ	.

@à 1: 邊Ò}析 (marginal analysis). ˛øYï

R(x), ½銷»¾â x1 ƒ x2 v, Yïí‰“ÑS?

ø銷»¾HpYï, )Yïí‰“Ñ

R(x2)−R(x1)

JYï R(x) „ø, O˛ø‰ÒYï (marginal
revenue) dR

dx , àS��,述½æ?

ÄÑYï R(x) u邊ÒYï dR
dx íø_¥ûƒb, ]â

�	}!…ìÜ, 邊ÒYïíì	}∫ x2

x1

dR

dx
dx = R(x)

∣∣∣x2

x1
= R(x2)−R(x1)
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�ßÿuYïí‰“, àF°.

°Ü, 邊Ò‚潤íì	}∫ x2

x1

dP

dx
dx = P (x2)− P (x1)

ÿu‚潤í‰“, /邊ÒA…íì	}∫ x2

x1

dC

dx
dx = C(x2)− C(x1)

ÿuA…í‰“.

W 3. q邊Ò‚潤

dP

dx
= −0.0005x + 12.2

t°ç銷»¾â 100 KÓB 110 Kví‚潤‰“¾.

<j> 根W,述í@à 1, ‚潤‰“¾

P (110)− P (100) =
∫ 110

100

dP

dx
dx

=
∫ 110

100
(−0.0005x + 12.2)dx

= −
1

2
(0.0005)x2 + 12.2x

∣∣∣∣110

100

= [−0.00025(110)2 + 12.2(110)]−
[−0.00025(100)2 + 12.2(100)] ≈ 121.48
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@à 2: �ÌM (average value). qƒb f(x) Ê

閉–È [a, b] ,©/, † f(x) Ê [a, b] ,í

�ÌM
def
=

1

b− a

∫ b

a
f(x)dx

ÑSà¤? �Àzpà-, q a D b Ñcb,
f(x) ≥ 0, /Ê [a, b] ,}’| (b− a) _ �Ñ 1,
f(x) Êä–È˝端õíMÑòíÅj‘, àÇý. †根

Wì	}íÞ	hõ, ì	}∫ b

a
f(x)dx = ˇ|–�íÞ	

≈ (b− a) _Åj‘Þ	¸

= f(a) + f(a + 1) + · · ·+ f(b− 1)

QO, ø,�°Î (b− a), )

1

b− a

∫ b

a
f(x)dx

≈
1

b− a
[f(a) + f(a + 1) + · · ·+ f(b− 1)]

= (b− a) _ f Mí�ÌM

]˚

1

b− a

∫ b

a
f(x)dx
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Ñ f Ê [a, b] ,í�ÌM.

W 4. qƒb

f(x) =
1

x

t° f Ê [1,3] ,í�ÌM.

<j> 根WƒbÊ閉–È,í�ÌMì2, �	}!…ì

Ü, J£�À	}úb
,

�ÌM =
1

3− 1

∫ 3

1

1

x
dx

=
1

2
lnx

∣∣∣∣3
1

=
1

2
(ln 3− ln 1) =

1

2
ln 3

@à 3: Xƒb (even function). ú˚k y-軸íƒ

b f , ˚ÑXƒb, J/ÑJ

f(−x) = f(x)

àÇý. 4”Ñ, úk a ≥ 0,∫ a

−a
f(x)dx = 2

∫ a

0
f(x)dx
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Wà, ƒb

f(x) = x2

ÑXƒb, ÄÑ

f(−x) = (−x)2 = x2 = f(x)

]根Wì2, üõÑøXƒb, àÇý.

¢ ∫ 2

−2
x2dx =

1

3
x3

∣∣∣∣2
−2

=
1

3
[23 − (−2)3]

=
1

3
(8 + 8)

=
16

3
/ ∫ 2

0
x2dx =

1

3
x3

∣∣∣∣2
0

=
8

3

]) ∫ 2

−2
x2dx = 2

∫ 2

0
x2dx

à4”F述.
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@à 4: Jƒb (odd function). ú˚kŸõíƒb

f , ˚ÑJƒb, J/ÑJ

f(−x) = −f(x)

àÇý. 4”Ñ, úk a ≥ 0,∫ a

−a
f(x)dx = 0

Wà, ƒb

f(x) = x3

ÑJƒb, ÄÑ

f(−x) = (−x)3 = −x3 = −f(x)

]根Wì2, üõÑøJƒb, àÇý.

¢ ∫ 2

−2
x3dx =

1

4
x4

∣∣∣∣2
−2

=
1

4
[24 − (−2)4]

=
1

4
(16− 16)

= 0

à4”F述.
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