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單元 8: 導函數及圖形的斜率
({… §2.1)

ø. Ç$í~( (tangent line to a graph)

(1) ò(: àÇý, ÊLøõ (x, y), ~(ÿuò(…™

/é0Ìó�. u°í

é0 =
∆y

∆x
= ‰“0 (Cª0)

(2) ø般Ç$: àÇý, Ê

(x1, y1) :~(œ陡, ×,¯趨‘

(x2, y2) :~(œ�î, ×,¯趨‘

(x3, y3) :~(œ�î, ×-降趨‘

Ì·述‰“0.

½. àS°~(? 根Wõé�, ¤4óçkàS°~(í

é0?

�. àÇý, 困ØT4ÊkƒbÇ$,í~(É¬Ç$,

íøõ (x, f(x)), 7¦�Ûbsõn?²ì|é0, ø
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_ªWíj¶Cuˇúíj¶4u藉ŒkÇ型,sõF$

Aí’(, ‹,”Ì, 7ì2|~(íé0. ¥_h1u

�	}ê�íø_É鍵, 6ÿu‚à˛ø�À8$í!�,

à’(é0, %â”ÌíTÜ, 7Rû|hí!�, à~(

é0.

íl, 5? x Ë¡íõ x + ∆x (∆x Ñøüí¾, ª

Ñ£?ªÑŠ), †¬ƒbÇ$,sõ

(x, f(x)) D (x + ∆x, f(x + ∆x))

í’(é0

msec =
f(x + ∆x)− f(x)

∆x

˚T差¼ (difference quotient).

âÇý, ç ∆x → 0 v, )

’( → ~(

Ä¤, ì2Ç$Êõ (x, y) ,í~(íé0

m
def
= lim

∆x→0
msec

= lim
∆x→0

f(x + ∆x)− f(x)

∆x

ç”ÌæÊv.
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W 1. Iƒb

f(x) = x2 + 1

t°Ç$Êõ (−1,2) £ (2,5) ,íé0.

<j> j¶ 1. 針ú®õ, }�°é0: Êõ (−1,2)

íé0

m = lim
∆x→0

f(−1 + ∆x)− f(−1)

∆x
= · · ·

/Êõ (2,5) íé0

m = lim
∆x→0

f(2 + ∆x)− f(2)

∆x
= · · ·

w2 · · · í¶}~°çAWêA.

j¶ 2. l°é0t�: ÊL<õ (x, y) ,íé0

m = lim
∆x→0

f(x + ∆x)− f(x)

∆x

= lim
∆x→0

(x + ∆x)2 + 1− (x2 + 1)

∆x

= lim
∆x→0

2x∆x + (∆x)2

∆x
= lim

∆x→0
(2x + ∆x)

= 2x
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], ø x = −1 Hp, )Êõ (−1,2) íé0

m = 2(−1) = −2

J£ø x = 2 Hp, )Êõ (2,5) íé0

m = 2(2) = 4

註. m = 2x 6uøƒb, uƒb f(x) %â差¼í”

Ì¬˙F衍Þ|Ví, Ä¤¢˚Ñƒb f Ê x ûƒb

(derivative, 衍ÞÓ), 1pA f ′(x), ?¹,

f ′(x) = 2x

ì2. (1) ƒb f Ê x íûƒb (derivative)

f ′(x)
def
= lim

∆x→0

f(x + ∆x)− f(x)

∆x

ç”ÌæÊv.

(2) J f ′(x) æÊ, †˚ƒb f Ê x uª�í

(differentiable).

(3) °ûƒb f ′(x) í¬˙˚T�}

(differentiation).
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(4) ûƒb[ý¶: I y = f(x), †

dy

dx
, y′,

d

dx
[f(x)], f ′(x)

Ì[ýƒb f Ê x íûƒb.

W 2. t°ƒb

f(x) = 3x2 − 2x

íûƒb.

<j> 根Wì2, ûƒb

f ′(x) = lim
∆x→0

f(x + ∆x)− f(x)

∆x
(1)

¢

f(x + ∆x)− f(x)

= 3(x + ∆x)2 − 2(x + ∆x)− (3x2 − 2x)

= 6x∆x + 3(∆x)2 − 2∆x

Hp (1) �, )

f ′(x) = lim
∆x→0

6x∆x + 3(∆x)2 − 2∆x

∆x
= lim

∆x→0
(6x + 3∆x− 2)

= 6x− 2
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註. ª�4 (differentiability) 4·述ƒbÇ$í�

滑4”, .u©øƒbÌª� (Ç$�滑), à-W.

(1) ƒb

f(x) = x1/3

Ê (0,0) ©/, OÊ (0,0) í~(Ñø鉛垂(, Ìé0

, ].ª�, àÇý.

(2) ƒb

f(x) =
|x|
x

Ê x = 0 „ì2, Ç$×ÛiÇíÛ象, .©/, ].�

滑, Ê x = 0 .ª�, àÇý.

(3) ƒb

f(x) = x2/3

Ê (0,0) ©/, O×Û|ø_尖õ, ~(Ñø鉛垂(, ]

.�滑, Ê x = 0 Ìé0, .ª�, àÇý.

(4) ƒb

f(x) = |x|
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Ê (0,0) ©/, O×Û|ø_尖õ, ~(.æÊ, ].�

滑, .ª�, àÇý.

9õ. Jƒb f Ê x uª�í, †ƒb f Ê x øì

u©/í, ?¹,

ª�4 ⇒ ©/4

O¥¬Vÿ.øìA
, 6ÿuz, Jƒb f Ê x ©/,

†.øì?\„ƒb f Ê x uª�í (�<v`uª�

í, O6�<v`u.ª�í), ¥Wà,述í (1), (3),

(4), 它bÌÊ (0,0) ©/, Oº.ª�.

ÄÑ ”ª�4” \„ ”©/4”, ]D¤9õ�gíÅ述

Ñ ”J f Ê x .©/, † f Ê x ÿøì.ª�”, u

ø_�àV‡i.ª�íj¶, à,述í (2).
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