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Àj 52: �}j˙�í¡Nj
({… §9.4)

à°ì	}, rÖ�}j˙�í�üj (exact
solution) Ì¶°), ]Û°¡Nj. …ı«n�à

dy

dx
= F (x, y), y(x0) = y0

í¡Nj. Sàíj¶˚T«…¶ (Euler’s method,
J,Åbçð Leonhard Euler ·±).

Z;Ñ, dy
dx [ýj y = f(x) Êõ (x, y) í~(é0

4�k F (x, y). ]Êõ (x, y) Ë¡íjªâ¬ (x, y)
í~(¡N, àÇý, ¹Ê (x0, y0) Ë¡í f Mªâ¬

(x0, y0) í~(

y − y0 = F (x0, y0)(x − x0)

¹

y = y0 + F (x0, y0)(x − x0)

¡N. 6ÿuz, j

f(x) ≈ y = y0 + F (x0, y0)(x − x0)

ç x Ô¡ x0 v. Ä¤, ç x1 = x0 + h v, öj

f(x1) ≈ y1 = y0 + F (x0, y0)(x0 + h − x0)

= y0 + F (x0, y0)h
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QO, j f Ê õ (x1, f(x1)) í~(é0

F (x1, f(x1)) ≈ F (x1, y1)

(ÄÑ f(x1) ≈ y1), ]Êõ (x1, f(x1)) Ë¡í f M

ªâ¬õ (x1, y1) /é0Ñ F (x1, y1) í~(

y − y1 = F (x1, y1)(x − x1)

¡N. Ÿ…@Ñ

y − f(x1) = F (x1, f(x1))(x − x1)

OH f(x1) ≈ y1, )

y − y1 = F (x1, y1)(x − x1)

¹, j

f(x) ≈ y = y1 + F (x1, y1)(x − x1)

ç x Ô¡ x1 v, àÇý. ]ç x2 = x1 +h v, öj

f(x2) ≈ y2 = y1 + F (x1, y1)(x1 + h − x1)

= y1 + F (x1, y1)h

Å. �k x0 D x1 Èíj f(x), †J©Qí(¨¡N.

°Ü, ç x3 = x2 + h v, öj

f(x3) ≈ y3 = y2 + F (x2, y2)h
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éR, ç xn = xn−1 + h v, öj

f(xn) ≈ yn = yn−1 + F (xn−1, yn−1)h

,!, )

«…¶. q#ì�}j˙�

dy

dx
= F (x, y), y(x0) = y0

k,löj y(b), àÇý. ¬˙Ñ, n �} [x0, b] , )

ä–ÈÅ� h = b−x0
n /I

x1 = x0 + h, x2 = x0 + 2h = x1 + h

¸

x3 = x0 + 3h = x2 + h, . . . ,

J£

xn = x0 + nh = xn−1 + h = b

1l�,l, )

y(x0) = y0

y(x1) ≈ y1 = y0 + hF (x0, y0)

y(x2) ≈ y2 = y1 + hF (x1, y1)
...

y(xn) ≈ yn = yn−1 + hF (xn−1, yn−1)
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W 1. tJ«…¶/ n = 8 ,l�áM½æ

y′ = x − y, y(0) = 1

Ê x = 2 íj.

<j> ø [0,2] 8 �}, ) h = 2−0
8 = 1

4 £

x0 = 0, x1 =
1

4
, x2 =

1

2
, . . . , x7 =

7

4
, x8 = 2

àÇý, ]l�, )

y0 = y(0) = 1

y1 = y0 + hF (x0, y0) = 1 +
1

4
(0 − 1) =

3

4
y2 = y1 + hF (x1, y1)

=
3

4
+

1

4

(
1

4
−

3

4

)
=

5

8
y3 = y2 + hF (x2, y2)

=
5

8
+

1

4

(
1

2
−

5

8

)
=

19

32
...

y7 = y6 + hF (x6, y6) =
8331

8192
y(2) ≈ y8 = y7 + hF (x7, y7)

=
8331

8192
+

1

4

(
7

4
−

8331

8192

)
=

39329

32768
≈ 1.2002
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W 2. tJ«…¶£ (a) n = 5, (b) n = 10 }�,

l�áM½æ

y′ = −2xy2, y(0) = 1, 0 ≤ x ≤ 0.5

<j> ø [0,0.5] 5 �}, ) h = 0.5−0
5 = 0.1 £

x0 = 0, x1 = 0.1, . . . , x4 = 0.4, x5 = 0.5

àÇý, ]l�,l, )

y0 = y(0) = 1

y1 = y0 + hF (x0, y0)

= 1 + 0.1(−2)(0)(1)2 = 1

y2 = y1 + hF (x1, y1)

= 1 + 0.1(−2)(0.1)(1)2 = 0.98
...

y4 = y3 + hF (x3, y3) ≈ 0.8884

y(0.5) ≈ y5 = y4 + hF (x4, y4)

= 0.8884 + 0.1(−2)(0.4)(0.8884)2

≈ 0.8253

(b) 10 �} [0,0.5], ) h = 0.5−0
10 = 0.05 £

x0 = 0, x1 = 0.05, . . . , x9 = 0.45, x10 = 0.5
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àÇý, ]l�,l, )

y0 = y(0) = 1

y1 = y0 + hF (x0, y0)

= 1 + 0.05(−2)(0)(1)2 = 1

y2 = y1 + hF (x1, y1)

= 1 + 0.05(−2)(0.05)(1)2 = 0.995
...

y9 = y8 + hF (x8, y8) = 0.8440

y(0.5) ≈ y10 = y9 + hF (x9, y9)

= 0.8440 + 0.05(−2)(0.45)(0.8440)2

≈ 0.8119

°öj, íl}×‰b, )

dy

y2
= −2xdx

si	}, ) ∫
dy

y2
= −

∫
2xdx

¹

−
1

y
= −x2 + C
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° (−1), )

1

y
= x2 + C

]

y =
1

x2 + C

H y(0) = 1, )

1

0 + C
= 1

¹ C = 1 /ÔyjÑ

y =
1

x2 + 1

àÇý, }’B�, ¡NjBÔ¡öj, ,lBÄ.

Exercises

16. ñ‡��“´Ý “A‰í 30% / t _��

(decade) (J

R(t) = 5e1/(t+1)

í‰“0M/AÅ. t,l 10 � (1 decade) 5(,

��“ÊÝ “A‰íì}ª.
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<j> I P (t) Ñ t _��(, ��“´Ý “A‰í

ì}ª. Yæ<, )�áM½æ

P ′ = 5e1/(t+1), P (0) = 30

/k,l P (1). ]ª 10 �} [0,1], )ä–ÈÅ�

h = 1−0
10 = 0.1 /

t0 = 0, t1 = 0.1, . . . , t9 = 0.9, t10 = 1

¢ F (t, P ) = 5e1/(t+1), ]l�,l, )

P0 = P (0) = 30

P1 = P0 + hF (t0, P0)

= 30 + (0.1)5e1/(0+1) = 30 + 0.5e

P2 = P1 + hF (t1, P1)

= (30 + 0.5e) + (0.1)5e1/(0.1+1)

= 30 + 0.5e + 0.5e1/1.1

...
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