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單元 12: 三角函數的導函數
({… §4.5)

ìÜ. úiƒb sinx D cosx úF�í x ·uª�

í/

d

dx
sinx = cosx

J£

d

dx
cosx = − sinx

<„> 根Wûƒbíì2J£¸it�

d

dx
cosx = lim

h→0

cos(x + h)− cosx

h

= lim
h→0

cosx cosh− sinx sinh− cosx

h

= lim
h→0

[
cosx

cosh− 1

h
− sinx

sinh

h

]
(1)

y根WJ‡ç¬ís_úiƒbí”Ì:

lim
h→0

sinh

h
= 1

J£

lim
h→0

1− cosh

h
= 0
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â (1) �, ª)

d

dx
cosx = cosx lim

h→0

cosh− 1

h
−

sinx lim
h→0

sinh

h
= (cosx)(0)− (sinx)(1)

= − sinx

Ç

d

dx
sinx = cosx

í„p~AW¡õ{….

註. ÇÕ 4 _úiƒbíûƒb:

1. d
dx tanx = sec2 x

2. d
dx cotx = − csc2 x

3. d
dx secx = secx tanx

4. d
dx cscx = − cscx cotx
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<„> cý範 d
dx secx íl�, w它í„pªéR7).

根W secx íì2, �2冪Ÿd†, J£ì弦ƒbíûƒ

b, )

d

dx
secx =

d

dx

(
1

cosx

)
=

d

dx
(cosx)−1

= (−1)(cosx)−2 d

dx
cosx

= −(cosx)−2(− sinx)

=
sinx

cos2 x

=
1

cosx

sinx

cosx
= secx tanx

W 1. t°-�®ƒbíûƒb.

(a) y = cos
(
x2 + 1

)

(b) y = x2 sin (3x)− cos (5x)

(c) g(t) =
1√

csc
(
t2

)
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(d) y = tanx2

(e) y = tan2 x

(f) f(x) = sec
√

x2 + 1

<j> ø般íŸ†u, ª?íu, øŸƒbZ寫Aƒbí

Ÿjí型�

c[f(x)]n

JZUà�2冪Ÿd†. Jƒbu¯Aƒbíu, ÿòQ

à©鎖d†. Ì�øÇáuUà�2冪Ÿd†C©鎖d†,
QOyUà-_�}¥驟FÛíd†, òBêAFÛír

¶�}¥驟.

複3: ©鎖d†

d

dx
[f(g(x))] = f ′(g(x)) · g′(x)

(a) ÄÑ y Ñø¯Aƒb, 根W©鎖d†,

y′ = − sin
(
x2 + 1

)
(2x)

= −2x sin
(
x2 + 1

)
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(b) ÄÑ�øáu x2 Dø¯Aƒbí	/�ùá6u

ø¯Aƒb, ]Uà¶d†D©鎖d†, ª)

y′ =
(
x2

)′
sin (3x) + x2(sin (3x))′ −

(cos (5x))′

= 2x sin (3x) + x2 cos (3x)(3) +

sin (5x)(5)

= 2x sin (3x) + 3x2 cos (3x) + 5 sin (5x)

(c) ÄÑªøŸƒbZ寫AƒbíŸj, ]根W�2冪Ÿ

d†,

g′(t) =
d

dt

[
csc

(
t2

)]−1/2

=
(
−

1

2

) [
csc

(
t2

)]−3/2 d

dt
csc

(
t2

)
=

(
−

1

2

) [
csc

(
t2

)]−3/2
·

(−1) csc
(
t2

)
cot

(
t2

)
(2t)

= t csc−1/2
(
t2

)
cot

(
t2

)

(d) ŸƒbÑ tan ƒbD x2 í¯Aƒb, FJòQU

à©鎖d†, lú tan �}) sec2 1Hp x2 (, y

J x2 íûƒb, )

y′ = sec2
(
x2

) (
x2

)′
= 2x sec2

(
x2

)
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(e) ·<Ÿƒbu tanx í�j, D (d) üæ.°, ]

Sà�2冪Ÿd†, )

dy

dx
= 2(tanx)(tanx)′ = 2tanx sec2 x

(f) íl, Ÿƒbu sec D

√
x2 + 1 í¯Aƒb, F

JUà©鎖d†. QO, ÄÑ

√
x2 + 1 uøƒbíŸj

í型�, ]úw�}v, ÛSà�2冪Ÿd†. |(, OO

順序¯9Uàí¬˙ª)

f ′(x) = sec
√

x2 + 1tan
√

x2 + 1
(√

x2 + 1
)′

= sec
√

x2 + 1tan
√

x2 + 1 ·[
1

2

(
x2 + 1

)−1/2
(2x)

]
=

x√
x2 + 1

sec
√

x2 + 1tan
√

x2 + 1
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