
¹p»çÍ�	}(100ç��) Àj 14: ¥ƒbDúbƒbíûƒb

單元 14: 反函數與對數函數的導函數
({… §4.7)

ø. ¥ƒbíûƒb

qƒb f Ñøúø (1-1) / f−1(x) Ñ f í¥ƒb,

†úk x ∈ {f−1 íì2域} = {f íM域},

f(f−1(x)) = x

ø,�siú x �}, )

d

dx
f(f−1(x)) =

d

dx
(x)

QO, 根W©�d†,

f ′(f−1(x))
d

dx
f−1(x) = 1

FJ, ç

f ′(f−1(x)) 6= 0

v,

d

dx
f−1(x) =

1

f ′(f−1(x))
(1)

?¹, ¥ƒbíûƒbDŸƒbíûƒb×çJbÉ[.
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註. 萊布尼茲¯U (Leibniz notation):

y = f(x) ⇔ x = f−1(y)

FJ, 根W (1) �,

dx

dy
=

d

dy
f−1(y)

=
1

f ′(f−1(y))

=
1

f ′(x)

=
1
dy
dx

ypüËâ¯U×Û|çJbíÉ[.

W 1. I

f(x) =
x

x + 1
, x ≥ 0

t° d
dxf−1

(
1
2

)
D d

dxf−1
(
1
3

)
.

<j> (a) â¥ƒbíûƒbt�,

d

dx
f−1

(
1

2

)
=

1

f ′
(
f−1

(
1
2

))
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QOÛb°| f ′(x) J£ f−1
(
1
2

)
1øwHp f ′(x)

2.

íl,

f ′(x) =
d

dx

[
1− (x + 1)−1

]
=

1

(x + 1)2

¢

f−1
(
1

2

)
= 1

¤4ÄÑ f(1) = 1
2. FJ,

d

dx
f−1

(
1

2

)
=

1

f ′
(
f−1

(
1
2

))
=

1

f ′(1)

=
1
1

(1+1)2
= 4

(b) ÄÑ f ′(x) Ê (a) üæ˛°|, 根W¥ƒbíûƒ

bt�, cÛ° f−1
(
1
3

)
. ¬˙à-: I

x = f−1
(
1

3

)
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â¥ƒbíì2, ,�óçk

f(x) =
1

3
?¹,

x

x + 1
=

1

3

j5, )

3x = x + 1

],

x = f−1
(
1

3

)
=

1

2

FJ,

d

dx
f−1

(
1

3

)
=

1

f ′
(
f−1

(
1
3

))
=

1

f ′
(
1
2

)
=

1
1(

1+1
2

)2

=
(
1 +

1

2

)2

=
9

4
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W 2. I

f(x) = 2x + ex, x ∈ R

t° d
dxf−1(1).

<j> íl,

f ′(x) = 2 + ex

¢

f(0) = 2(0) + e0 = 1

â¤),

f−1(1) = 0

Ä¤, 根W¥ƒbíûƒbt�,

d

dx
f−1(1) =

1

f ′(f−1(1))

=
1

f ′(0)

=
1

2 + e0

=
1

3

W 3. I

f(x) = tanx, −
π

2
< x <

π

2
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†

f :
(
−

π

2
,

π

2

)
→ (−∞, ∞)

íÇ$à-. 根W®�(�ì¶, )ø f Ñøúøƒb.

Ä¤, ì2 f í¥ƒb

f−1(x)
def
= tan−1 x

C
= arctanx : (−∞, ∞) →

(
−

π

2
,

π

2

)
t° d

dx arctanx.

<j> ÄÑ

tan(tan−1 x) = x

FJ, siú x �}, )

d

dx
tan(tan−1 x) =

d

dx
(x)

y根W©�d†J£ tan ƒbí�}t�, )

sec2
(
tan−1 x

)
·

d

dx
tan−1 x = 1

FJ,

d

dx
tan−1 x =

1

sec2
(
tan−1 x

)
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QO根Wúi0�� 1+tan2 x = sec2 x, ,�óçk

d

dx
tan−1 x =

1

1 + tan2
(
tan−1 x

)
=

1

1 + x2

w2�ù_�UA4ÄÑ tan(tan−1 x) = x.

Wà,

d

dx
tan−1 (1) =

1

1 + (1)2
=

1

2

W 4. I

f(x) = sinx, −
π

2
≤ x ≤

π

2

†

f :
[
−

π

2
,

π

2

]
→ [−1, 1]

íÇ$à-. ]根W®��ì¶)ø, f Ñøúøƒb.

Ä¤, ì2 f í¥ƒb

f−1(x)
def
= sin−1 x

C
= arcsinx : [−1, 1] →

[
−

π

2
,

π

2

]
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t° d
dx sin−1 x.

<j> òQUà¥ƒbíûƒbt�, )

d

dx
sin−1 x =

1

f ′(f−1(x))

=
1

cos(f−1(x))

=
1

cos(sin−1 x)

=
1√

1− sin2(sin−1 x)

=
1√

1− x2
, −1 < x < 1

�û_��AuÄÑç sin−1 x ∈ [−π/2, π/2] v,
cos(sin−1 x) > 0 / cos2 x = 1− sin2 x F_.

·<. |(ø_��éý sin−1 x ª�í¸圍u

−1 < x < 1, .Ös«õ, 7¤ùõºu sin−1 �ì2

íËj. ¤4ÄÑÊ¤ùõv, â�ú�ø, }母Ñ

cos(sin−1(1)) = cos
(

π

2

)
= 0

/

cos(sin−1(−1)) = cos
(
−

π

2

)
= 0
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]ÛÎ ¤ùõ. CâÇ$ªõ|Ê¤ùõí~(ÑŒò

(, ].ª�.

J.p)¥ƒbíûƒbt�, ªSà¤ÀjøÇávU

àíj¶, 6ÿuW 3 íj¶, 根W¥ƒbíì2, )

sin(sin−1 x) = x

QOsiú x �}, 1â©�d†, )

cos
(
sin−1 x

)
·

d

dx
sin−1 x = 1

Ä¤,

d

dx
sin−1 x =

1

cos(sin−1 x)

=
1√

1− sin2(sin−1 x)

=
1√

1− x2
, −1 < x < 1

ÔW,

d

dx
sin−1

(
1

2

)
=

1√
1− 1

4

=
2√
3

ù. úbƒbíûƒb
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ìÜ. AÍúbJ£�bÑ a íúbƒbíûƒbà-:

(1)
d

dx
lnx =

1

x

(2)
d

dx
loga x =

1

ln a

1

x

註. J a Ñ�bíNbƒbíûƒb

d

dx
ax = (ln a)ax

4,ø_�b ln a, 7w¥ƒbíûƒbÑÎJ�b

ln a.

<„> (1) íl根W¥ƒbíì2,

elnx = x

QOsiú x �}, 1«à©�d†J£Nbƒbí�}

t�, )

elnx ·
d

dx
lnx = 1

j5, )

d

dx
lnx =

1

elnx
=

1

x
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(2) â²�t�,

loga x =
lnx

ln a

QO, 根WAÍúbí�}t�,

d

dx
loga x =

1

ln a

d

dx
lnx

=
1

ln a

1

x

註. ø_�àƒíúb¯Aƒbíûƒbt�:

d

dx
ln [f(x)] =

f ′(x)

f(x)

ÑSà¤? òQâ©�d†, lú ln �}, ) 1
x 1ø

f(x) Hp, y, f ′(x), ]

d

dx
ln [f(x)] =

1

f(x)
f ′(x) =

f ′(x)

f(x)

W 5. t°-�®áíûƒb.

(a) y = ln
3
√

x2 + 1
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(b) f(x) = sin (ln (3x))

(c) y = ln (ln t)

(d) y = log5

(
x

x + 1

)

<j> (a) 根Wúbƒbí“�t�, lø y Z寫A

y =
1

3
ln(x2 + 1)

y根W©�d†J£úbƒbí�}t�C,Hí註j,

y′ =
1

3

1

x2 + 1
(x2 + 1)′

=
2x

3(x2 + 1)

(b) f ÑsŸí¯Aƒb, ]UàsŸ©�d†J£ú@

ƒbí�}t�, ª)

f ′(x) = cos (ln (3x)) ·
d

dx
ln (3x)

= cos (ln (3x))
1

3x
· (3x)′

= cos (ln (3x))
1

x
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(c) ÄÑ y Ñøúb¯Aƒb, ]â©�d†,

dy

dt
=

1

ln t
·

d

dt
ln t

=
1

ln t

1

t

=
1

t ln t

(d) l“� y, )

y = log5 x− log5(x + 1)

¤4fnÊ«à©�d†v, bSàœ複ÆíÎ¶d†ú

x

x + 1

�}. QOMá�}, )

y′ =
1

ln5

1

x
−

1

ln 5

1

x + 1

=
1

ln5

(
1

x
−

1

x + 1

)

ú. úb�} (Logarithmic Differentiation)

úéƒbí�}¬˙, }Hà-.
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(1) y = [f(x)]n, ?¹ y Ñøƒbí n Ÿj. ]根W

�2冪Ÿd† (6ÿu©�d†‹冪Ÿd†), )

dy

dx
= n [f(x)]n−1 f ′(x)

(2) y = af(x), ?¹ y Ñ�b a íƒbŸj (6ÿu

�bÑ a íNbƒbD f(x) í¯Aƒb). ]根W

©�d†DNbƒbí�}t�,

dy

dx
= (ln a)af(x)f ′(x)

(3) y = [f(x)]g(x), ?¹ y ÑøƒbíƒbŸj, D

‡Þísé.°, ].ªSà‡ÞFTíj¶, 6ÿ

uz

dy

dx
6= g(x) [f(x)]g(x)−1 f ′(x)

J£

dy

dx
6= ln(f(x)) [f(x)]g(x) g′(x)

½.
dy

dx
ÑS?
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�. ÛN¬Öú_¥驟íúb�} (logarithmic

differentiation):

(i) si¦úb1“�

(ii) ú x �}

(iii) j dy
dx

ÔWzpà-.

W 6. t°-�®áíûƒb.

(a) y = xx

(b) y = (sinx)x

<j> (a) ÄÑŸƒbÑøƒbíƒbŸj, ]根Wúb

�}íú_¥驟, )
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(i) si¦ ln:

ln y = lnxx = x lnx

(ii) ú x �} (e y Ñ x íƒb):

1

y

dy

dx
= (1) lnx + x

(
1

x

)
= 1 + lnx

(iii) j dy
dx:

dy

dx
= y(1 + lnx) = (1 + lnx)xx

(b) ° (a), y ÑøƒbíƒbŸj, ]Uàúb�},
)

ln y = x ln (sinx)

J£ (siú x �}, e y Ñ x íƒb)

1

y

dy

dx
= (1) ln (sinx) + x ·

1

sinx
cosx

= ln (sinx) + x cotx

FJ,

dy

dx
= y [ln (sinx) + x cotx]

= [ln (sinx) + x cotx] (sinx)x
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@à: �“Ö, Î, Ÿjáí�äí�}.

W 7. t°

y =
exx3/2√1 + x

(x2 + 3)4(3x− 2)3

í
dy
dx.

<j> fnòQ�}v, }Þú¶, Î¶, 冪Ÿd†�

õÆí�}¬˙, ªSàúb�}, ø	, óÎ, Ÿjí

¶}Z寫A‹, ÁJ£	í$�, 7“��}í¬˙.

ílsi¦úb ln 1“�, )

ln y = ln ex + lnx3/2 + ln (
√

1 + x)−
ln (x2 + 3)4 − ln (3x− 2)3

= x +
3

2
lnx +

1

2
ln (1 + x)−

4 ln (x2 + 3)− 3 ln (3x− 2)

QOsiú x �} (e y Ñ x íƒb), )

1

y

dy

dx
= 1 +

3

2

1

x
+

1

2

1

1 + x
−

4
2x

x2 + 3
− 3

3

3x− 2
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FJ,

dy

dx
= y

[
1 +

3

2x
+

1

2(1 + x)
−

8x

x2 + 3
−

9

3x− 2

]

=
exx3/2√1 + x

(x2 + 3)4(3x− 2)3
·[

1 +
3

2x
+

1

2(1 + x)
−

8x

x2 + 3
−

9

3x− 2

]

W 8. (冪Ÿd†). I r ÑLøõb. t„

d

dx
xr = rxr−1

<„> I y = xr. 根Wúb�}, )

ln y = r lnx

J£

1

y

dy

dx
= r

1

x

FJ,

dy

dx
= r

1

x
· y = r

1

x
· xr = rxr−1
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