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單元 17: 單調性與凹性
({… §5.2)

Wä. �éÑøÌÌAÅ6 (indeterminate

grower), ?即, w™ñ×üÊøÞç2.iAÅ, OÓ

�8íÓ‹7�§��îíÛ象. ·H¤Û象íø_'ß

íj˙�Ñ

L(x) = L∞ − (L∞ − L0)e
−Kx, x ≥ 0

w2 L(x) [ýÊ�8 x íÅ�, L0 ÑÊ�8 0 íÅ

�, L∞ H[漸¡í|×Å� (asymptotic max

length) (], L∞ > L0), K ÑøDAÅ0óÉ:í�

b (K B×, AÅ§0B0).

Ç$à-.

hôí!�:

1. ™ñ×ü L(x) .iAÅ ⇔ L(x) í~(é0

> 0, 6ÿuz,

L′(x) = K(L∞ − L0)e
−Kx > 0

óçk L(x) íÇ$]Ó.

1 2×bçÍ:PM



¹p»çÍ�	}(100ç��) Àj 17: À|4Dp4

2. AÅ0�î ⇔ L′(x) í~(é0 < 0, ?即,

L′′(x) = −K2(L∞ − L0)e
−Kx < 0

óçk L(x) íÇ$²-� (-p).

ø. À|4 (Monotonicity)

ì2. cq函b f ì2Ê–È I ,.

(1) f Ê–È I ,Ñ (Ã�) ]Ó (strictly

increasing) J/ÑJ

ú I 2L<í x1 < x2, f(x1) < f(x2)

(2) f Ê–È I ,Ñ (Ã�) ]Á (strictly

decreasing) J/ÑJ

ú I 2L<í x1 < x2, f(x1) > f(x2)

(3) f Ñ]ÓC]Á, $˚ÑÀ| (monotonic).

½. àS判i f í]Ó, Á4?
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�. ª根W-HíìÜ.

ìÜ. (À|4íø¼û函b�ì¶). q f Ê£–È

[a, b] ,©//ÊÇ–È (a, b) ,ª�. †

(1) JúF�í x ∈ (a, b), f ′(x) > 0, † f Ê [a, b]

,u]Óí.

(2) JúF�í x ∈ (a, b), f ′(x) < 0, † f Ê [a, b]

,Ñ]Áí.

註. ø¼û函b ⇒ À|4 (]Ó, ]Á4).

<„> l„p (1). Ê [a, b] 2L²sõ x1 < x2, †

f Ê [x1, x2] ,©//Ê (x1, x2) ,ª�. ]âÌ值

ìÜ, æÊ c ∈ (x1, x2) U)

f(x2)− f(x1)

x2 − x1
= f ′(c) > 0

(×k 0, 4â (1) ícq). ¢ÄÑ x2 − x1 > 0, )

f(x2)− f(x1) = f ′(c)(x2 − x1) = (+)(+) > 0

6ÿuz, úL<í x1 < x2, f(x1) < f(x2). Ä¤,

根Wì2, f u]Óí.
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°Üª„ (2).

W 1. I函b

f(x) = x3 −
3

2
x2 − 6x + 3, x ∈ (−∞,∞)

tv| f ]ÓD]Áí¸圍.

<j> ÄÑ f Ê (−∞,∞) ,u©//ª�í, ]ªà

ø¼û函b f ′ V判i. íl, úk x ∈ (−∞,∞),

f ′(x) = 3x2 − 3x− 6

= 3(x2 − x− 2)

= 3(x− 2)(x + 1)

Í(, j f ′(x) = 0, 1Jw根øì2域}割AJ干_–

È. ÄÑ f ′ u©/í, 根W2È值ìÜ, Ê©_}割í

–Èq, f ′ 只ª?�ø_¯U, .u£ÿuŠ, .ª?¢

�£¢�Š; b.Í, Ê}割í–Èq, f ′ ¢}Ö|ø_

根, ¥uD˛%°|7 f ′ íF�根ópe. |(, ²ì|

©_–Èq f ′ í¯U, ÿª根WÀ|4íø¼û函b�

ì¶üì| f í]Ó, Á4.

Ä¤, j f ′(x) = 0, ) x = −1,2, 1J¤øõb(

}Aú_(¨. QO, J-Híj�²ì| f ′ Ê©_–
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Èqí¯U, 1ú|à-í f ′ í¯UÇ (sign chart),

即ª)ø f íÀ|4.

(−∞,−1): f ′(−2) = (−)(−) = (+), ]Ó

(−1,2): f ′(0) = (−)(+) = (−), ]Á

(2,∞): f ′(3) = (+)(+) = (+), ]Ó

FJ, âø¼û函b�ì¶, f Ê (−∞,−1) D

(2,∞) ,]Ó; Ê (−1,2) ,]Á.

註. hôà-í f D f ′ íÇ$, yéý|ø¼û函b

f ′ DŸ函b f íÀ|45ÈíÉ[.

ù. �曲4, p4 (Concavity)

ì2. cqøª�函b f ì2Ê–È I ,.

(1) f Ê I ,Ñ,� (,p, concave up) J/ÑJ

f ′(x) Ê I ,]Ó, àÇý.
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(2) f Ê I ,Ñ-� (-p, concave down) J/Ñ

J f ′(x) Ê I ,]Á, àÇý.

½. àS判i�曲4 (p4)?

�. ªYW-HìÜ判i.

ìÜ. (�曲4íù¼û函b�ì¶). q f ÊÇ–È I

,ÑùŸª� (twice differentiable, ?即, f ′′(x)
æÊ). †

(1) JúF�í x ∈ I, f ′′(x) > 0, † f Ñ,�

(concave up, ,p).

(2) JúF�í x ∈ I, f ′′(x) < 0, † f Ñ-�

(concave down, -p).

註 1. ª%âà-í臉型Ç, .Œù¼û函b�ì¶íp

[.

註 2. ù¼û函b ⇒ �曲4 (p4).
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<„> (1) f ′′(x) = d
dxf ′(x) > 0 ⇒ f ′(x) Ê I ,

]Ó. ], â�曲4íì2, f Ê I ,Ñ,�, ,p.

(2) f ′′(x) = d
dxf ′(x) < 0 ⇒ f ′(x) Ê I ,]Á.

], â�曲4íì2, f Ê I ,Ñ-�, -p.

W 2. I函b

f(x) = x3 −
3

2
x2 − 6x + 3, x ∈ R

(W 1. í函b). t判i f í�曲4 (concavity, p

4).

<j> ÄÑ f ÑøÖá�, ] f uùŸª�. Ä¤, ª

àù¼û函b (f ′′(x)) V判i f í�曲4:

f ′(x) = 3x2 − 3x− 6

f ′′(x) = 6x− 3 = 0⇔ x =
1

2

QO, J f ′′(x) = 0 íj}割õb(1²ì| f ′′ í¯

UÇ (sign chart):

(
−∞, 1

2

)
: f ′′(0) = (−) < 0, -p
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(
1
2,∞

)
: f ′′(1) = (+) > 0, ,p

Ä¤, f Ê
(
−∞, 1

2

)
,Ñ-p (concave down); Ê(

1
2,∞

)
,Ñ,p (concave up).

W 3. (Ñ{]Á, diminishing return). ø�Á§]

Ó (increasing at a decelerating rate) íÛ象,

óçk “ø¼û函b > 0 /ù¼û函b < 0”.

Wà, q ß¾

Y (N) = Ymax
N

K + N
, N ≥ 0

w2 N Ñ氮íb¾.

Ç$à-.

Féýím7ªâ-Híbç�äð„5: ílø

Y (N) Z寫A

Y (N) = Ymax

(
1−

K

K + N

)
†
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• lim
N→∞

Y (N) = Ymax

(
1−

K

∞

)
= Ymax. FJ,

Ymax Ñ|×漸¡ ß¾ (Ü;2í|× ß¾).

• Y ′(N) = Ymax
K

(K + N)2
> 0. Ä¤, Y (N)

0]Ó.

• Y ′′(N) = −Ymax
2K

(K + N)3
< 0. 6ÿuz,

Y ′(N) 0]Á, ?óçk Y (N) í]Ó§�0Á

î7呈Û| Y (N) -�íÛ象.
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