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單元 24: 積分的應用
({… §6.3)

ø. Þ	

â|�Àí8$R�Bø般í8$, ¬˙à-.

1. f ≥ 0 /Ê£–È [a, b] ,©/.∫ b

a
f(x)dx = F圍|–域í¯UÞ	

= A+ −A−
= F圍|–域íÞ	

(ÄÑ A− = 0)

2. f ≥ g ≥ 0 /Ê£–È [a, b] ,©/.

Ê [a, b] ,介k f D g Èí–域íÞ	

= f F圍|–域íÞ	−
g F圍|–域íÞ	

=
∫ b

a
f(x)dx−

∫ b

a
g(x)dx

=
∫ b

a
[f(x)− g(x)] dx

=
∫ b

a

[
,函b−-函b

]
dx
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3. f ≥ g /Ê£–È [a, b] ,©/.

Ê [a, b] ,介k f D g Èí–域íÞ	

def
= lim

n→∞

n∑
k=1

[
f(xk−1)− g(xk−1)

]
∆x

=
∫ b

a
[f(x)− g(x)] dx

=
∫ b

a

[
,函b−-函b

]
dx

w2�ù_�UA
4ÄÑ f − g ©/, ]

f − g í黎曼¸ →
∫ b

a
[f(x)− g(x)]dx

J£â˝«õF$Aí¸u黎曼¸íøÔWF_.

W 1. t°Ê [0, π/4] ,, 介k y = sec2 x D

y = cosx Èí–域íÞ	.

<j> úÇ()ø, Ê [0, π/4] ,,

sec2 x (,函b) ≥ cosx (-函b)

¢ ∫
sec2 xdx = tanx + C
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J£ ∫
cosxdx = sinx + C

],

Þ	 =
∫ π/4

0
(sec2 x− cosx)dx

= tanx− sinx
∣∣∣π/4

0

=
(
tan

π

4
− sin

π

4

)
− (tan0− sin 0)

= 1−
1√
2

W 2. t°â y =
√

x, y = x− 2 D x-軸F圍A–

域íÞ	.

<j> lúÇ–IËwøF圍|í–域. QOÛÏW-ù

¥驟:

(1) °>õ (²ì	}í,-ä).

â

y =
√

x
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J£

y = x− 2

)��

√
x = x− 2

si�j, j x, )

x = x2 − 4x + 4

â¤û|

x2 − 5x + 4 = (x− 1)(x− 4) = 0

],

x = 1 (Ö|í, .¯, ÄÑ
√

1 6= 1− 2)

J£

x = 4

FJ, 	}í¸圍u [0,4]

(2) ²ì,, -函b.

,函b: y =
√

x, 0 < x < 4

-函b:

{
y = 0, 0 < x < 2
y = x− 2, 2 < x < 4
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|(, ÄÑ-函bÊ x = 2 í˝, ¬, }�Ñs_.°í

函b, ]Û}j	}–域, )

Þ	 =
∫ 2

0

(√
x− 0

)
dx +

∫ 4

2

√
x− (x− 2)dx

=
(
2

3
x3/2

)∣∣∣∣2
0
+
(
2

3
x3/2 −

1

2
x2 + 2x

)∣∣∣∣4
2

=
2

3
· 23/2 +

2

3
· 8−

1

2
· 16 + 8−(

2

3
23/2 − 2 + 4

)
=

16

3
− 2 =

10

3

註. J f(y) ≥ g(y) /Ê y-軸í£–È [c, d] ,u©

/í, †ªø,Hí!‹R�à-, àÇý.

Þ	
def
= lim

n→∞

n∑
k=1

[
f(yk−1)− g(yk−1)

]
∆y

=
∫ d

c
[f(y)− g(y)] dy

=
∫ d

c

[
¬函b−˝函b

]
dy

�ù_�UA
í4ÄÑ f(y)− g(y) Ê£–È [c, d]

,©/, ]

f(y)− g(y) í黎曼¸ →
∫ d

c
[f(y)− g(y)] dy
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J£â-«õF$Aí¸uø黎曼¸íÔWF_.

à, W 2. 另j:

J®�Åj‘¡NF圍|í–域, ¤vbú y 	} (6ÿ

uz, e y ÑA‰b), ]büì| y í	}¸圍, J£

圍A–域í, J y ÑA‰bí, ¬, ˝函b, ¬˙à-.

(1) 	}í,, -ä.

'péË, J®�Åj‘¡Nv, uâ y = 0 Çá

òƒ y = 2 Ñ¢, ]	}í¸圍Ñ 0 ≤ y ≤ 2.

(2) Ûbø圍A–域í曲(, âŸVíJ x ÑA‰bí

函b, [A y í函b. Ä¤,

¬函b: y = x− 2 ⇒ x = y + 2, 0 < y < 2

˝函b: y =
√

x ⇒ x = y2, 0 < y < 2

|(, )

Þ	 =
∫ 2

0
(y + 2− y2)dy

=
1

2
y2 + 2y −

1

3
y3
∣∣∣∣2
0

= 2 + 4−
8

3
=

18− 8

3
=

10

3
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註. 'péË, 	}íl�ªŸlíd¶�ÀÖ7, Éœ

õ4Êk只bl�ø_	}�ä. BkSvà垂òÅj‘

C®�Åj‘, 判iíŸ†J�“ÑÄ, y‹,â%ðF

Ú	íòg.

ù. Ú	‰“ (Cumulative Change )

cq˛ø某¾ N(t) í‰“0

dN

dt
= f(t), t ≥ 0

½. Ê [0, t] qí淨‰“ (net change, Ú	‰“)

N(t)−N(0) ÑS?

根W FTC (part 2), ÄÑ

dN

du
= f(u)

] ∫ t

0
f(u)du = N(u)

∣∣∣t
0

= N(t)−N(0)
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?即,

N(t)−N(0) =
∫ t

0

(
dN

du

)
du

6ÿuz,

Ê [0, t] qíÚ	‰“ =
∫ t

0
(mÈ‰“0)du

W. J
dW

dx
= 某 -Ê�齡 x í½¾‰“0

†根W微	}基…ìÜ (�ù¶M), Ê�齡 2 D�齡 7
5È½¾íÚ	‰“�k

W (7)−W (2) =
∫ 7

2

(
dW

dx

)
dx

ú. �Ì值 (Average Values)

qÉ壤2 10 _氮含¾í濃�Ñ

c(k), k = 1, . . . ,10

àÇý. †¤ 10 _õí�Ì濃�

c̄ =
1

10

10∑
k=1

c(k) = 643.3
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R� 1. 介k [a, b] Èí�Ì濃�ÑS?

構;: Ê [a, b] È���¾| n _õí氮濃�

c(xk), k = 1, . . . , n

†¤ n _õí�Ì濃�

c̄ =
1

n

n∑
k=1

c(xk) (1)

ÄÑ���¾, ]

∆x =
b− a

n

¤4óçk

1

n
=

∆x

b− a

øwHp (1) �, )

c̄ =
1

b− a

n∑
k=1

c(xk)∆x

→
1

b− a

∫ b

a
c(x)dx

ç n →∞ v, ¤4ÄÑ黎曼¸í”Ì�kì	}F_.

R� 2. q f(x) Ê£–È [a, b] ,©/.
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½. f Ê£–È [a, b] ,í�Ì值ÑS?

挑 n _xH[4íõ, à, n �} [a, b], 1k©_ä–

ÈqL²øõí f 值,

f(ck), k = 1, . . . , n

Í(°它bí�Ì值, )

1

n
[f(c1) + f(c2) + · · ·+ f(cn)]

=
1

b− a

n∑
k=1

f(ck)
b− a

n

=
1

b− a

n∑
k=1

f(ck)∆xk, ∆xk =
b− a

n

ÄÑ f Ê [a, b] ,©/, ],�2 f í黎曼¸í”Ì}

�k f Ê [a, b] ,íì	}, ?即, ç n →∞,

n _xH[4í f 值í�Ì值 →
1

b− a

∫ b

a
f(x)dx

Ä¤, f Ê [a, b] ,í�Ì值ªì2à-.

ì2. q f Ê [a, b] ,©/. f Ê [a, b] ,í�Ì值

(average value)

favg
def
=

1

b− a

∫ b

a
f(x)dx
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W 3. t° f(x) = 4− x2 Ê [−2,2] ,í�Ì值.

<j> 根W,Híì2,

favg =
1

2− (−2)

∫ 2

−2
(4− x2)dx

=
1

4

(
4x−

1

3
x3
)∣∣∣∣2
−2

=
1

4

[(
8−

8

3

)
−
(
−8 +

8

3

)]
=

1

4

[
16

3
+

16

3

]
=

1

4
·
32

3
=

8

3

½. u´æÊøòÑ h, �iâ -2 ƒ 2 íÅj$U)

wÞ	�k f Ê [−2,2] ,F圍|–域íÞ	?

�. æÊ. ÄÑçò h = favg v,

Åj$Þ	 = favg · 4

=
∫ 2

−2
(4− x2)dx

= f Ê [-2, 2] ,F圍|–域íÞ	

¤vs>õí x 座™ÑU)

favg = f(x)
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í x, ?即,

8

3
= 4− x2

â¤û|

x2 = 4−
8

3
=

4

3

FJ,

x = ±
2√
3

6ÿuz,

f

(
±

2√
3

)
= favg =

1

2− (−2)

∫ 2

−2
(4− x2)dx

¤Û象ªR�à-.

ì	}íÌ值ìÜ (MVT for definite integral).

q f Ê£–È [a, b] ,©/, †Bý�øb c ∈ [a, b]
U)

f(c)(b− a) =
∫ b

a
f(x)dx

¤4óçk

f(c) =
1

b− a

∫ b

a
f(x)dx = favg (2)

12 2×bçÍ:PM
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?即, Bý�øõ c w函b值 f(c) �k�Ì值 favg.

(1) ÑS˚¤ìÜÑ “ì	}íÌ值ìÜ”?

J F ′ = f †â FTC (part 2), (2) �óçk¬ c

í~(斜0

F ′(c) =
F (b)− F (a)

b− a

©!s«õí割(斜0, ¤4ø般íÌ值ìÜ (MVT).

(2) „p (I, 根W”值D2È值ìÜ, ¡5� 315 Ü.)

û. õñíñ	 (The Volume of a Solid)

q S Ñøõñ, àÇý.

½. S íñ	 V ÑS?

I A(xk) Ñõñ S Êõ xk í截Þ (cross section)
íÞ	, †

õñí� k Òíñ	

≈ J A(xk) Ñ[Þ	, ∆xk Ñ厚�í薄Òíñ	

= A(xk)∆xk
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],

V ≈
n∑

k=1

A(xk)∆xk

Ä¤, J A(x) uª	í, à A(x) Ñ©/, †

V =
∫ b

a
A(x)dx

W 4. t°š徑Ñ r íÆ7ñ	.

<j> 截Þ: øÆ, š徑Ñ y =
√

r2 − x2, wÞ	

A(x) = πy2 = π(r2 − x2)

Ä¤, Æ7íñ	

V =
∫ r

−r
A(x)dx

=
∫ r

−r
π(r2 − x2)dx

= π

(
r2x−

1

3
x3
)∣∣∣∣r
−r

= π

[(
r3 −

1

3
r3
)
−
(
−r3 +

1

3
r3
)]

= π

(
2

3
r3 +

2

3
r3
)

=
4

3
πr3

14 2×bçÍ:PM
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旋�ñ (Solid of Revolution)

(1) ÷ x-軸.

截Þ: š徑Ñ

y = f(x)

íÆ, ]截Þ	

A(x) = π[f(x)]2

Ä¤, 旋�ñíñ	

V =
∫ b

a
π[f(x)]2dx

(2) ÷ y-軸.

截Þ: š徑Ñ

x = g(y)

íÆ, ]w截Þ	

A(y) = π[g(y)]2

Ä¤, 旋�ñíñ	

V =
∫ d

c
π[g(y)]2dy

15 2×bçÍ:PM
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W 5. I

R : â y = x2, Ê [0,2] ,F圍|í–域

S : ø R ÷ x-軸7)í旋�ñ

t° S íñ	.

<j> ÄÑ÷ x-軸旋�, úÇ()ø, 截Þuš徑Ñ

y = x2

íÆ. Ä¤, 旋�ñíñ	

V =
∫ 2

0
π
(
x2
)2

dx

=
π

5
x5
∣∣∣∣2
0

=
32

5
π

註. ¤�°õ-旋�ñíj¶˚TÆ碟¶ (disk

method), ÄÑ截Þuø_Æ碟.

W 6. I

R : â y =
√

x D y = x/2 F圍|í–域

S : ø R ÷ x-軸7)í旋�ñ

t° S íñ	.
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<j> %âúÇ, ú–域 R £旋�ñ S �¥7j(, Û

ÏW-�ù¥驟.

(1) °>õ (²ì	}í,-ä). I

√
x =

x

2

si�j(, )

4x = x2

Ä¤,

x = 0, 4

(2) 根WÇ$, 旋�ñ S íñ	

V = (â y =
√

x ÷|í旋�ññ	)

− (â y = x/2 ÷|í旋�ññ	)

=
∫ 4

0
π
(√

x
)2

dx−
∫ 4

0
π

(
x

2

)2
dx

= π ·
1

2
x2
∣∣∣∣4
0
− π ·

1

12
x3
∣∣∣∣4
0

= 8π −
16

3
π =

8

3
π

註. ¤�°˛-旋�ñíj¶˚T墊Ò¶ (washer

method), ÄÑ截Þuø墊Ò (˛-Æ碟).
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W 7. I

R : â y = 2, x = 0, y = 0 D y = lnx

F圍|í–域

S : ø R ÷ y-軸7)íõñ

t° (a) R íÞ	D (b) S íñ	.

<j> %âúÇ, ú R D S ��¥í7j(, Ûl°|

>õ: I

2 = lnx

)

x = e2

另Õ, I

0 = lnx

)

x = 1

(a) 根WÇ$, J®�íj� (ú y-軸}割) ° R íÞ

	œñq, ÄÑ只Ûø_	}�ä. ]Ûb°|圍|–域

R í˝¬函b. íl, â

y = lnx

18 2×bçÍ:PM
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û|

¬函b : x = ey

âÇ$, 'péË

˝函b : x = 0

另Õ, ú y 	}í¸圍Ñ

0 ≤ y ≤ 2

Ä¤, R íÞ	

A =
∫ 2

0
(ey − 0) dy

= ey|20
= e2 − 1

(b) ÄÑ÷ y-軸, ]截Þíš徑Ñ

x = ey, 0 ≤ y ≤ 2

Ä¤, S íñ	

V = π
∫ 2

0
(ey)2 dy

= π
∫ 2

0
e2ydy

=
π

2
e2y

∣∣∣∣2
0

=
π

2

(
e4 − 1

)
19 2×bçÍ:PM
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ü. 曲(°Å¶ (Rectification of Curves)

#ì曲( (x, f(x)), a ≤ x ≤ b.

½. 曲(íÅ� L ÑS?

�. q y = f(x) Ê£–È [a, b] ,Ñ©/ª微

(continuously differentiable, ?即, f ′(x) u©/

í). QO, J

P = [x0, x1, . . . , xn]

}割 [a, b]. Í(©!ú@íõ, $A(¨

P0P1, P1P2, . . . , Pk−1Pk, . . . , Pn−1Pn

1J¥<(¨Å�í¸ LP 估l曲(íÅ� L, )

L ≈ LP
def
=

n∑
k=1

(
Pk−1PK íÅ

)

=
n∑

k=1

√
(∆xk)

2 + (∆yk)
2 (âH«ìÜ)

=
n∑

k=1

√
(∆xk)

2 + (∆xk)
2
[
f ′(ck)

]2
(根W MVT, àÇý)

=
n∑

k=1

√
1 +

[
f ′(ck)

]2
∆xk

20 2×bçÍ:PM
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¤4©/函b √
1 +

[
f ′(x)

]2
Ê£–È [a, b] ,í黎曼¸. Ä¤, I

‖P‖ → 0 (?即, 愈}愈�)

)

lim
‖P‖→0

n∑
k=1

√
1 +

[
f ′(ck)

]2
∆xk

=
∫ b

a

√
1 +

[
f ′(x)

]2
dx

FJ曲(íÅ�ªì2à-.

ì2. ç y = f(x) Ê£–È [a, b] ,ª微, / f ′(x)
Ê£–È [a, b] ,6©/, †â a ƒ b í曲(

y = f(x) íÅ�

L
def
=

∫ b

a

√
1 +

[
f ′(x)

]2
dx

註. I

f ′(x) =
dy

dx
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†

L =
∫ b

a

√
1 +

(
dy

dx

)2
dx

=
∫ b

a

√
(dx)2 + (dy)2

ì2

ds
def
=

√
(dx)2 + (dy)2

ÑH«ìÜíÌ¤ü� (infinitesimal form), ¢˚T

弧Å微}� (arc length differential), àÇý. ],

弧Å

L =
∫ b

a
ds

óçkÌ¤ü(¨ÅíÚ	¸.

W 8. t°曲( y2 = x3, y ≥ 0, Ê x 介k 5/9 D

21/9 ÈíÅ� L.

<j> ç 5/9 ≤ x ≤ 21/9,

y2 = x3, y ≥ 0

óçk

y = x3/2 I
= f(x)
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微}(, )

f ′(x) =
3

2
x1/2

/Ê£–È [5/9, 21/9] ?,©/.

FJ, 曲(Å�

L =
∫ 21/9

5/9

√
1 +

(
3

2
x1/2

)2
dx

=
4

9
·
2

3

(
1 +

9

4
x

)3/2∣∣∣21/9

x=5/9

=
8

27

[(
1 +

21

4

)3/2
−
(
1 +

5

4

)3/2
]

=
8

27

[(
5

2

)3
−
(
3

2

)3
]

=
8

27

[
125

8
−

27

8

]
=

98

27

W 9. t°曲(

f(x) =
1

4
x2 −

1

2
lnx

â x = 1 ƒ x = e íÅ� L.
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<j> 微}(, )

f ′(x) =
1

2
x−

1

2x

/Ê£–È [1, e] ?,©/.

FJ, 曲(Å�

L =
∫ e

1

√
1 +

[
f ′(x)

]2
dx

=
∫ e

1

√
1 +

(
x

2
−

1

2x

)2
dx

=
∫ e

1

√
1 +

x2

4
−

1

2
+

1

4x2
dx

=
∫ e

1

√
x2

4
+

1

2
+

1

4x2
dx

(ø根Uqí�äêr�j, 即ºj)

=
∫ e

1

√(
x

2
+

1

2x

)2
dx

=
∫ e

1

(
x

2
+

1

2x

)
dx

=
1

4
x2 +

1

2
lnx

∣∣∣∣e
1

=
1

4
e2 +

1

2
−

1

4

=
1

4
(e2 + 1)
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W 10. t�|O..l�雙曲( (hyperbola)

f(x) =
1

x

â x = 1 ƒ x = 2 í曲(Å L.

<j> 根W曲(Å�ít�, âl微}, )û函b

f ′(x) = −
1

x2

Ä¤, 曲(Å�

L =
∫ 2

1

√
1 +

(
−

1

x2

)2
dx =

∫ 2

1

√
1 +

1

x4
dx

Ou\	函bí¥û函buøóç複Æí函b (ªN¬b

ç,ñ, à Maple, õõ它í�ä), ]° L íÄü值u

.õÒí9, ø_替Híj�uàb值j¶ (J(Àjí

qñ) ° L í¡N值.

註. ¦�ç

1 +
[
f ′(x)

]2
Ì¶像W 9 ªêr�jv, ° L íÄü值}uøKóç

複Æ¢.õÒí9, ¤vÛbJb值j¶°w¡N值.
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註. ì	}íÌ值ìÜíÃ�„p: ÄÑ f Ê [a, b] ,

©/, ]â”值ìÜ, æÊ"ú|ü值 m D "ú|×值

M , 即

m ≤ f(x) ≤ M, x ∈ [a, b]

QO, âì	}í.��, )

m(b− a) ≤
∫ b

a
f(x)dx ≤ M(b− a)

°Î b− a, )

m ≤
1

b− a

∫ b

a
f(x)dx ≤ M

|(, â2È值ìÜ, æÊø_介kßÞ m D M í x
值Èíb c, àÇý, çÍ c ∈ [a, b], U)

f(c) =
1

b− a

∫ b

a
f(x)dx

即

f(c)(b− a) =
∫ b

a
f(x)dx

註. W 10 í.ì	}∫ √
1 +

1

x4
dx
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âbç,ñ Maple )|í�äÑ

(−1/4 + 1/4 i)

√
x4 + 1

x4
x·[√

2x4 +
√

2 + i
√

2x4 + i
√

2

−4 i

√
1− ix2

√
1 + ix2x ·

EllipticF
(
(1/2 + 1/2 i)x

√
2, i

)
+4 i

√
1− ix2

√
1 + ix2x ·

EllipticE
(
(1/2 + 1/2 i)x

√
2, i

)]
·

√
2
(
x4 + 1

)−1
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