
¹p»ç系微	}(100ç��) Àj 36: ä³

單元 36: 矩陣
({… §9.2)

ø m× n ä³ (matrix)

A
def
=


a11 a12 · · · a1n
a21 a22 · · · a2n
... ... . . . ...

am1 am2 · · · amn


�p
= [aij]1≤i≤m,

1≤j≤n

ø. 基…ä³«�

ì2 1. q A = [aij], B = [bij] Ñù_ m× n ä

³, † A = B J/ÑJ

aij = bij, 1 ≤ i ≤ m, 1 ≤ j ≤ n

ì2 2. I C = A + B † C Ñø m× n ä³, /

cij = aij + bij, 1 ≤ i ≤ m, 1 ≤ j ≤ n

4”: 根Wä³‹¶íì2J£õbí4”, )
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(i) A + B = B + A

(ii) (A + B) + C = A + (B + C)

(iii) I 0 = [0]1≤i≤m,
1≤j≤n

˚TÉä³ (zero matrix).

† A + 0 = A.

ì2 3. q A = [aij] Ñø m× n ä³, c Ñø純¾

(scalar), †純¾	

cA = [caij]1≤i≤m,1≤j≤n

W 1. I

A =

[
2 3
1 0

]

B =

[
0 1

−1 −3

]
/

C =

[
1 0
0 3

]
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†

A + 2B − 3C

=

[
2 3
1 0

]
+

[
0 2

−2 −6

]
+

[
−3 0
0 −9

]

=

[
−1 5
−1 −15

]

ì2 4. q A = [aij] Ñø m× n ä³, † A í�

0ä³ (transpose) A′ = [a′ij] Å—

a′ij = aji

?即, A′ = ø A í� (rows) DW (columns) >

換.

W 2. t°

A =

[
1 2 3
4 5 6

]

B =

[
1
2

]
(˚TW²¾, column vector)

D

C =
[
3 4

]
(˚T�²¾, row vector)
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í�0ä³.

<j> 根W�0ä³íì2,

A′ =

 1 4
2 5
3 6

 (3× 2 ä³)

B′ =
[
1 2

]
(1× 2 ä³, ¢˚T�²¾)

/

C′ =

[
3
4

]
(2× 1 ä³, ¢˚TW²¾)

ù. ä³乘¶

ì2. q A = [aij] uø m× l ä³, B = [bij] Ñ

ø l × n ä³, †

C
def
= AB

Ñø m× n ä³, /úk 1 ≤ i ≤ m, 1 ≤ j ≤ n,

cij = ai1b1j + ai2b2j + · · ·+ ailblj

=
l∑

k=1

aikbkj
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?即, cij = A í� i �D B í� j W2ú@j

(entry) í乘	¸.

註. AB �<2, .Ûb A íWb (l) = B í�b

(l), 7乘	Ñø (A í�b) × (B íWb) íä³.

W 3. q

A =

[
1 2 3

−1 0 4

]
(2× 3 ä³)

/

B =

 1 2 3 −3
0 −1 4 0

−1 0 −2 1

 (3× 4 ä³)

†

C = AB =

[
−2 0 5 0
−5 −2 −11 7

]
(2× 4 ä³)

O BA 卻³ì2 (ÄÑ B íWb 4 6= A í�b 2).

註. ä³乘¶íŸ序 (order) uÉœí, uÛb5?í.

ø般7k,

A×B 6= B ×A
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W 4. (a) q

A =
[
2 1 −1

]
/

B =

 1
−1
0


†

AB =
[
2− 1 + 0

]
= [1] (1× 1 ä³)

O

BA =

 1
−1
0

 [
2 1 −1

]

=

 2 1 −1
−2 −1 1
0 0 0

 (3× 3 ä³)

],

AB 6= BA

(b) q

A =

[
2 −1
4 −2

]
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/

B =

[
1 −1
2 −2

]
†

AB =

[
0 0
0 0

]
(Éä³)

J£

BA =

[
−2 1
−4 2

]
Ä¤, 6)ƒD (a) ó°í!‹,

AB 6= BA

註. W 4 (b) éý|ø_Û象: s_Ý 0 ä³í乘	ª

?Ñø 0 ä³, ¥uõb³�í4”.

ä³乘¶D‹¶í4”:

(i) (A + B)C = AC + BC (cq�符¯ä³乘¶ì

2í_çWbD�b)

(ii) A(B + C) = AB + AC
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(iii) (AB)C = A(BC)

(iv) A0 = 0A = 0

ì2 1. q A Ñøj³ (square matrix, ?即, W

b�k�bíä³). A í k Ÿj

Ak def
= Ak−1A = AAk−1 = AA · · ·A︸ ︷︷ ︸

k á

ì2 2. n ¼ÀPj³ (identity matrix)

In
def
= â˝,iB¬-iúi( (diagonal) ,

íj (entries) ÌÑ 1 /wì®jÌÑ

0 íä³

=



1 0 0 · · · 0 0
0 1 0 · · · 0 0
0 0 1 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 1 0
0 0 0 · · · 0 1


(n× n ä³)

çä³í×ü n pév, ¦�J I ¦H In.
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ÀPä³í4”:

(i) q A Ñø m× n ä³, †

Im ×A = A× In = A

¤4˚ I ÑÀPä³íŸÄ.

(ii) úL<í k ≥ 1,

Ik = I

W 5. (ä³j˙�). q A Ñ 2× 2 ä³; X Ñ

2× 1 ä³, †ä³j˙�

AX = X

óçk

(A− I2)X = 0

ÑSà¤? �Usi°Á X, )

AX = X

óçk

AX −X = 0
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根WÀPä³í4”, ,�¢óçk

AX − I2X = 0

|(, 根Wä³乘¶í}º律4”, )

(A− I2)X = 0

·<乘¶íŸ序 (order): (A− I2) 乘Ê X í˝i.

(4j˙�系$Dä³j˙�íÉ[:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + · · ·+ amnxn = bm

óçk

AX = B

w2

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
... ... . . . ...

am1 am2 · · · amn

 (m× n) ä³
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˚T(4系$í[bä³,

X =


x1
x2
...

xn

 (n× 1) ä³

J£

B =


b1
b2
...

bm

 (m× 1) ä³

舉W,

2x1 + 3x2 + 4x3 = 1

−x1 + 5x2 − 6x3 = 7

óçk [
2 3 4
−1 5 −6

]  x1
x2
x3

 =

[
1
7

]

Ä¤, j(4j˙�系$ ⇔ j AX = B.

½. àS°j?

�. �à-ís�j¶:
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(1) òg¾ ¶.

(2) J¥ä³ A−1 (JæÊíu) °j, )

X = A−1B

zpà-.

ú. ¥ä³ (Inverse Matrices)

回è: j

5x = 10

óçksi°乘 5−1 = 1
5 (5 í倒b), )

5−1 · 5x = 5−110

根Wõb乘¶í!¯律, â,�)

(5−15)x = 5−110

ÄÑ 5 D 5−1 互Ñ乘¶í倒b, ]

x = 2

R�: ı�,Híj¶?_àkä³j˙�2, ?即, j

AX = B
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óçk找ƒø_ä³ A−1 U)

A−1A = I

†

AX = B

óçksi°乘 A−1 (, 7)

A−1AX = A−1B

y根Wä³乘¶í!¯律, ,�óçk

(A−1A)X = A−1B

|(, 根W A−1 íì2, ª)

IX = A−1B

Ä¤, âÀPä³íì2,

X = A−1B

ì2. q A = [aij] Ñø n ¼j³. JæÊø n ¼

j³ B U)

AB = BA = In

†˚ B Ñ A í¥ä³ (inverse matrix), 1pA

A−1

13 2×bç系:PM
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註 1. J A �¥ä³, †˚ A ÑªLí (invertible)

C.奇æí (nonsingular); ´†˚ A Ñ奇æí

(singular).

註 2. J A uªLí (invertible C nonsingular),

†w¥ä³u唯øí, ?即, Jä³ B, C °Ñ A í¥

ä³† B = C.

<„> 根WÀPä³íì2,

B = BIn

= B(AC) (C Ñ¥ä³, ] AC = In)

= (BA)C (乘¶!¯律)

= InC (B Ñ¥ä³, ] BA = In)

= C

註 3. J A ÑªLí, †

(A−1)−1 = A

<„> ÄÑ A−1 Ñ A í¥ä³, ]

A−1A = AA−1 = In

14 2×bç系:PM
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,�?ªõA: ø A 乘Ê A−1 í˝¬siÌ)| In,
]根W¥ä³íì2, A−1 í¥ä³Ñ A, ?即,

(A−1)−1 = A

註 4. J A, B °Ñ n ¼íªLä³, †

(AB)−1 = B−1A−1

<„> ø B−1A−1 乘Ê AB í˝i, )

(B−1A−1)(AB) = ((B−1A−1)A)B

= (B−1(A−1A))B

= (B−1In)B

= B−1B = In

°Ü, ø B−1A−1 乘Ê AB í¬i, )

(AB)(B−1A−1) = ((AB)B−1)A−1

= (A(BB−1))A−1

= (AIn)A
−1

= AA−1 = In

FJ, 根W¥ä³íì2,

(AB)−1 = B−1A−1
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註 5. àS°¥ä³ A−1?

}�*s�8況n�:

8況 1. ù¼j³ A =

[
a11 a12
a21 a22

]
.

根Wì2, Ûb找 B =

[
b11 b12
b21 b22

]
U)

AB = I

6ÿuz,[
a11 a12
a21 a22

] [
b11 b12
b21 b22

]
=

[
1 0
0 1

]

¤4óçkj

a11b11 + a12b21 = 1

a21b11 + a22b21 = 0

J£j

a11b12 + a12b22 = 0

a21b12 + a22b22 = 1

16 2×bç系:PM
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w2 b11, b21, b12, D b22 Ñ&jí„øb. Ä¤, ?

óçkJòg¾ ¶ (�«�) TàÊÓ�ä³,:[
a11 a12 1
a21 a22 0

]
⇒ · · · ⇒

[
1 0 b11
0 1 b21

]
(1)

J£[
a11 a12 0
a21 a22 1

]
⇒ · · · ⇒

[
1 0 b12
0 1 b22

]
(2)

ÄÑÓ�ä³í˝iÌó°, ]ªø (1) �D (2) �¯

併A[
a11 a12 1 0
a21 a22 0 1

]
⇒ · · · ⇒

[
1 0 b11 b12
0 1 b21 b22

]
7)

B = A−1 =

[
b11 b12
b21 b22

]
õÒj5, )

A−1 =
1

detA

[
a22 −a12
−a21 a11

]
w2

detA = a11a22 − a12a21

˚T A íW�� (determinant).
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!�: J

A =

[
a11 a12
a21 a22

]
Å—

detA = a11a22 − a12a21 6= 0

† A uªLí (invertible) /

A−1 =
1

detA

[
a22 −a12
−a21 a11

]

?即, A−1 = ø A ÎJ detA, ú| A 2úi(,

íj, / A 2Ýúi(,íj素‰U.

註. R�: q A Ñø n ¼j³, † A uªLí (C

nonsingular) J/ÑJ

detA 6= 0

¤T.�| detA ít�, ÄÑç n ≥ 3 vØ複Æ. ª

âbç,ñ°).

8況 2. 3 ¼Cò¼j³.
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ÏW�«�ÊÓ�ä³,:
a11 a12 · · · a1n 1 0 · · · 0
a21 a22 · · · a2n 0 1 · · · 0
... ... . . . ... ... ... . . . ...

an1 an2 · · · ann 0 0 · · · 1

 ⇒ · · ·

· · · ⇒


1 0 · · · 0 b11 b12 · · · b1n
0 1 · · · 0 b21 b22 · · · b2n
... ... . . . ... ... ... . . . ...
0 0 · · · 1 bn1 bn2 · · · bnn



ª),

A−1 =


b11 b12 · · · b1n
b21 b22 · · · b2n
... ... . . . ...

bn1 bn2 · · · bnn


¤T.�t�, JWzpà-.

W 6. t°-�®j³í¥ä³ (JæÊíu).

A =

[
3 5
2 4

]

B =

[
2 6
1 3

]
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J£

C =

 1 −1 −1
2 −1 1

−1 1 −1



<j> ÄÑ

detA = (3 · 4)− (5 · 2) = 2 6= 0

]

A−1 =
1

2

[
4 −5

−2 3

]
=

[
2 −5

2
−1 3

2

]

¢

detB = 2 · 3− 6 · 1 = 0

FJ, B−1 .æÊ.

ÄÑ C Ñø 3 ¼ä³, ]ªÏW�«�kÓ�ä³,,
7°) C−1, ¬˙à-.

íl�|Ó�ä³ 1 −1 −1 1 0 0
2 −1 1 0 1 0

−1 1 −1 0 0 1
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%â�«�: (� 1 � ×2 − � 2 �), (� 1 � +
� 3 �), }�¦H� 2 D � 3 �, ) 1 −1 −1 1 0 0

0 −1 −3 2 −1 0
0 0 −2 1 0 1


yÏW�«�: (� 2 � × −1), (� 3 � ×− 1

2),
}�¦H� 2 D� 3 �(, Jhí (� 2 � + � 1
�) ¦H� 1 �, ) 1 0 2 −1 1 0

0 1 3 −2 1 0
0 0 1 −1

2 0 −1
2


|(ÏW�«�: (� 3 � ×− 2 + � 1 �), (� 3
� ×− 3 + � 2 �), }�¦H� 1 D� 2 �, )

1 0 0 0 1 1
0 1 0 −1

2 1 3
2

0 0 1 −1
2 0 −1

2


¤vÓ�ä³í˝iÑøÀPä³, ]停¢�«�, )

C−1 =


0 1 1

−1
2 1 3

2
−1

2 0 −1
2



註. �õ!�£óÉí延伸½æ:

21 2×bç系:PM



¹p»ç系微	}(100ç��) Àj 36: ä³

(1) J A ÑªLí, † AX = B �唯øj

X = A−1B.

(2) ç B = 0 v, AX = 0 øì�j

X =


0
0
...
0


˚T普¦ (�{) j (trivial solution).

(3) ç A ÑªLv, AX = 0 只�普¦j (trivial

sloution)

X =


0
0
...
0



(4) J AX = 0 �øj

X 6=


0
0
...
0
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v, ˚ X ÑøÝ普¦j (nontrivial solution).

½. Sv AX = 0 �Ý普¦j (nontrivail

solution)?

ìÜ. q A Ñø n ¼j³, † AX = 0 �Ý普¦j

(nontrivial solution) J/ÑJ A u奇æí

(singular), ?óçk

detA = 0

W 7. I

A =

[
a 6
3 2

]
t° a U) AX = 0 �øÝ普¦j, 1°|ø_Ý普¦

j.

<j> âìÜø, 欲)Ý普¦j, a ÛÅ—

detA = 2a− 18 = 0

Ä¤,

a = 9
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°Ý普¦jóçkÏW�«�kÓ�ä³,, ?即, òg

¾ ¶, ¬˙à-: íl�|Ó�ä³[
9 6 0
3 2 0

]
QO%â�«�: (�ø� − �ù� × 3) ¦H�ù�,

) [
9 6 0
0 0 0

]
|(, 根W¥Hp¶, â�ù�),

0 · x2 = 0 (恆A)

FJ,

x2 = t, t ∈ R

øwHp�ø�, )

x1 =
1

9
(0− 6t) = −

2

3
t, t ∈ R

Ä¤, jÑ {(
−

2

3
t, t

)
: t ∈ R

}
¦ t = 1 )ø_Ý普¦j (nontrivial solution):

x1 = −
2

3
, x2 = 1
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û. @à: The Leslie Matrix.

s�族群AÅ模型, à-H.

(1) �À×散vÈÌÌ„AÅ模型 (simple discrete

time unrestricted growth model):

Ô徵Ñ繁殖‚ (breeding season) Ýc�7uø�í

某ø¨vÈ (]˚×散vÈ).

qvÈ t íÀP: H (generation, ø�×散vÈ). I

N(t) = � t Hí族群×ü

/ R (≥ 0) ÑâøHB-øHí族群固ìAÅ率

(constant growth rate of population from

generation to generation), 即

R = ©ø_ñÊ-øH2í繁殖b (ä孫b)

â¤ªû|

N(t + 1) = RN(t), t = 0,1,2, . . . (3)

w2 N(0) = N0.

½. N(t) ÑS?
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�. 根W (3) �, J]迴íj�MŸRû, )

N(1) = RN(0)

N(2) = RN(1) = R(RN(0)) = R2N(0)

N(3) = RN(2) = R(R2N(0)) = R3N(0)
...

N(t) = RtN(0)

?即, ‡ÞT¬íNbAÅ模型 (exponential growth

model), /Å‚WÑ (long-term behavior)

lim
t→∞

N(t) = lim
t→∞

RtN(0)

=


∞, J R > 1

(?即, ÌÌ„模型)
N(0), J R = 1
0, J R < 1

(2) ×散vÈ�齡層!構模型 (discrete-time,

age-structured model):

Ô徵Ñ5?繁殖2í�齡Ä素, ¢˚T Leslie 模型. ¤

模型探níñ™ (ÊÅ‚hô-) Ñ

(1) c_族群íAÅ率
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(2) ©ø_�齡層 (age class) Êc_族群2F占íª

率

Ñ�Àl, 僅5?雌4 (females) _ñ, /cqà-:

(i) J某ø繁殖‚ (breeding season) T基Ä, Ê¤

‚ÈÞ-í_ñÑ 0 歲. B�ù_繁殖‚v, �ø_

繁殖‚Þ-í_ñÑ 1 歲, /A熟x繁殖?‰, w(

HÑ 0 歲. B�ú_繁殖‚v, k‡s_繁殖‚Þ-

í_ñ}�Ñ 2 歲D 1 歲, /}}�繁殖| 0 歲

í(H. J¤j�延/ÞæD繁殖, w2©ø_ñ只

?æºB 3 歲, /k繁殖|høH 0 歲í_ñ(ÿ

§亡. ¤Õ, Ê©ø繁殖‚!束v·d_b|Œ

(census, 普Œ). àÇý.

(ii) ³� 4 歲CJ,í_ñ.

(iii) I Nx(t) = Ê t v, �齡Ñ x í雌4_ñb,
x = 0,1,2,3; t = 0,1,2, . . ., )

N(t) =


N0(t)
N1(t)
N2(t)
N3(t)
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ÑÊ t v, ©ø�齡層 (age class) 2í雌4_ñ

bF$AíW²¾.

(iv) cq�齡 0 B�齡 1 íæº率 (survival rate)

Ñ 40%, �齡 1 B�齡 2 íæº率Ñ 30%, /

�齡 2 B�齡 3 íæº率Ñ 10%, 即

N1(t + 1) = .4N0(t)

N2(t + 1) = .3N1(t)

N3(t + 1) = .1N2(t)

w2 t = 0,1,2, . . . .

(v) Ê繁殖‚2, ©ø

�齡 0 _ñ
�Ì⇒ 0 _hÞ雌4_ñ

�齡 1 _ñ ⇒ 2 _hÞ雌4_ñ

�齡 2 _ñ ⇒ 1.5 _hÞ雌4_ñ

�齡 3 _ñ ⇒ 0 _hÞ雌4_ñ

6ÿuz,

N0(t + 1) = 2N1(t) + 1.5N2(t)

w2 t = 0,1,2, . . . .
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¯併 (iv) D (v) )族群Æ‰í�態 (dynamics) !構

à-: úk t = 0,1,2, . . .,
N0(t + 1)
N1(t + 1)
N2(t + 1)
N3(t + 1)

 =


0 2 1.5 0
.4 0 0 0
0 .3 0 0
0 0 .1 0




N0(t)
N1(t)
N2(t)
N3(t)


w2�U¬ií 4 ¼ä³˚T Leslie ä³, pA L.

Ä¤, ,�ª�pA

N(t + 1) = LN(t), t = 0,1,2, . . .

ø_Ê型�,D�À×散ÌÌ„AÅ模型øší�ä.

舉W. qÊ t ví�齡層}布 (age distribution) à

-: N0(t) = 1000, N1(t) = 200, N2(t) = 100,

N3(t) = 10, †

N(t + 1) =


N0(t + 1)
N1(t + 1)
N2(t + 1)
N3(t + 1)



=


0 2 1.5 0
.4 0 0 0
0 .3 0 0
0 0 .1 0




1000
200
100
10
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乘Ç(, )

N(t + 1) =


2(200) + 1.5(100)

(.4)(1000)
(.3)(200)
(.1)(100)

 =


550
400
60
10


N(t + 2) = LN(t + 1)

=


2(400) + (1.5)(60)

(.4)(550)
(.3)(400)
(.1)(60)

 =


890
220
120
6


...

Leslie 模型íR�.

cq

(i) 族群}A (m + 1) _�齡層, ?即, �齡 0, �齡

1, . . ., �齡 m.

(ii) Ê©ø_繁殖‚ (breeding season) !束v, d

_b|Œ (census, 普Œ).
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(iii) �齡 i íæº率 (survival rate, survival
probability) Ñ

pi, i = 0,1,2, . . . , m− 1

?即,

N1(t + 1) = p0N0(t)

N2(t + 1) = p1N1(t)

N3(t + 1) = p2N2(t)
...

Nm(t + 1) = pm−1Nm−1(t)

(iv) ©_�齡 i í雌4_ñ�ÌÞ Fi _雌4(H

(female offspring), i = 0,1,2, . . . , m, ?即,

N0(t + 1) =

F0N0(t) + F1N1(t) + · · ·+ FmNm(t)

†ª) (m + 1)× (m + 1) í Leslie ä³

L =



F0 F1 F2 · · · Fm−2 Fm−1 Fm

p0 0 0 · · · 0 0 0
0 p1 0 · · · 0 0 0
0 0 p2 · · · 0 0 0
... ... ... . . . . . . ... ...
0 0 0 · · · pm−2 0 0
0 0 0 · · · 0 pm−1 0
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w2�ø�含�ÌÞß_b (birth numbers):

F0, F1, . . . , Fm−1, Fm

äúi( (-úi(, subdiagonal) 含æº率

(survival rates):

p0, p1, . . . , pm, pm−1

/wìP0í®j (entry) ÌÑ 0.

Ä¤, 族群Æ‰í�態!構à-:

N(t + 1) = LN(t), t = 0,1,2, . . .

W 7. qø族群í Leslie ä³à-:

L =

 5 7 1.5
0.2 0 0
0 0.4 0


tj„¤ä³, 1°â 1000 _�齡 0 í雌4_ñÇá,
Ê 2 _繁殖‚(í族群!構.

<j> (a) j„: 根W Leslie ä³í4” (涵2),

(i) 族群}A 3 _�齡層, ?即, �齡 0, �齡 1, D�

齡 2.
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(ii) �Ì7k,

©ø�齡 0 雌4_ñªÞß 5 _hÞ雌4_ñ

©ø�齡 1 雌4_ñªÞß 7 _hÞ雌4_ñ

©ø�齡 2 雌4_ñªÞß 1.5 _hÞ雌4_ñ

(iii) ®�齡層íæº率:

�齡 0 íæº率Ñ 0.2

�齡 1 íæº率Ñ 0.4

?即,

N1(t + 1) = 0.2N0(t)

N2(t + 1) = 0.4N1(t)

(b) íl, 根Wcq

N(0) =

 1000
0
0


Ä¤,

N(1) = LN(0)

=

 5 7 1.5
.2 0 0
0 .4 0


 1000

0
0

 =

 5000
200
0
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/

N(2) = LN(1)

=

 5 7 1.5
.2 0 0
0 .4 0


 5000

200
0

 =

 26400
1000
80



W 8. (穩ì�齡層}布, stable age distribution)
q Leslie ä³

L =

[
1.5 2
.08 0

]
/

N(0) =

[
100
100

]
t½¤族群íÅ‚WÑ (long-term behavior) ÑS?

<j> 根W族群Æ‰í�態!構

N(t + 1) = LN(t), t = 0,1,2, . . .

ª)

N(1) = LN(0) =

[
1.5 2
.08 0

] [
100
100

]

=

[
150 + 200

8

]
=

[
350
8

]
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N(2) = LN(1)

=

[
(1.5)(350) + 2(8)

(.08)(350)

]
=

[
541
28

]

N(3) = LN(2) =

[
868
43

]

N(4) = LN(3) =

[
1388
69

]

N(5) = LN(4) =

[
2221
111

]

N(6) = LN(5) =

[
3553
178

]

N(7) = LN(6) =

[
5685
284

]
...

!�:

(i) Ê t v, ,族群×ü

N0(t) + N1(t), t = 0,1,2, . . .

à-:
t 0 1 2 3

N0(t) + N1(t) 200 358 569 911
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t 4 5 6
N0(t) + N1(t) 1457 2332 3731

t 7 · · · ↑
N0(t) + N1(t) 5969 · · · ↑

(ii) �齡 0 íAÅ率

q0(t) =
N0(t)

N0(t− 1)
, t = 1,2,3, . . .

à-:

t 1 2 3 4

q0(t)
350
100 = 3.5 541

350 = 1.55 · · · · · ·

t 5 6

q0(t) · · · 3553
2221 = 1.5997

t 7 · · · ↑
q0(t)

5685
3553 = 1.6001 · · · → 1.6

�齡 1 í AÅ率

q1(t) =
N1(t)

N1(t− 1)
, t = 1,2,3, . . .

à-:

t 1 2

q1(t)
8

100 = 0.08 28
8 = 3.5
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t 3 4 5

q1(t)
43
28 = 1.536 · · · · · ·

t 6 7

q1(t)
178
111 = 1.604 284

178 = 1.596

t · · ·
q1(t) → 1.6

註. ø_9õà-:

lim
t→∞

N0(t)

N0(t− 1)
= lim

t→∞
N1(t)

N1(t− 1)
= 1.6

?即, �齡層 0 D 1 �u°íAÅ率, ¤?Ñc_

族群íAÅ率, wj¶Ê §9.3 2.

(iii) �齡 0 Êc_族群2íª率

p(t) =
N0(t)

N0(t) + N1(t)

à-: ílN¬[�íhô, )

t 0 1

p(t) 100
200 = 0.5 350

358 = 0.9777

t 2 3 4 5

p(t) 541
569 = .9508 · · · · · · · · ·

37 2×bç系:PM



¹p»ç系微	}(100ç��) Àj 36: ä³

t 6 7

p(t) 3533
3731 = .9523 5685

5969 = .9524

t · · ·
p(t) → .9524 = 95.24%

¤Û象[ýç t 夠×v (?即, %¬夠ÅívÈ t 5

(), ®�齡層Ê族群2F占íª率}&M固ì (à,
�齡 0 íª率 = 95.2%, �齡 1 íª率 =
4.8%).

Ä¤, ú@¤固ìª率7�í�齡層}布˚T穩ì�

齡層}布 (stable age distribution), à

N(0) =

[
2000
100

]
C

N(0) =

[
3200
160

]
ÌÑ穩ì�齡層}布 (stable age distribution),
ÄÑ

2000

2100
=

3200

3360
= 95.24%

註 1. àS°穩ì�齡層}布? Jà,í[�¶.c)

?找)ƒ, ø_系$íj¶}Ê §9.3 2介紹.
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註 2. 穩ì�齡層}布í4”:

(i) J穩ì�齡層}布Çáv, ÊLSí t v, �齡層í

ª率·&M固ì, à

N(0) =

[
2000
100

]
⇒

2000

2100
= .9524

N(1) = LN(0)

=

[
1.5 2
0.08 0

] [
2000
100

]

=

[
3200
160

]
⇒

3200

3360
= .9524

N(2) = LN(1)

=

[
1.5 2
0.08 0

] [
3200
160

]

=

[
5120
256

]
⇒

5120

5376
= .9524

...

(ii) 族群×üJø固ìí族群AÅ率Ó‹, à

N(1)=

[
3200
1600

]
=1.6

[
2000
100

]
=1.6N(0)
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N(2)=

[
5120
256

]
=1.6

[
3200
1600

]
=1.6N(1)

...

N(t + 1) = 1.6N(t) (4)

(iii) 穩ì�齡層}布 N Å—ä³j˙�:

LN = λN (5)

w2 λ = 1.6, ¤4ÄÑ根W Leslie ä³F描Hí

族群�態J£ (4) �, úF�í t ≥ 0,

LN(t) = N(t + 1) = λN(t)

],

LN(t) = λN(t), t ≥ 0

註 3. ì2. ˚Å— (5) �í N ÑÔ徵²¾

(eigenvector), λ ÑÔ徵值 (eigenvalue). Ä¤, Ê

§9.3 2, *ä³j˙�

LN = λN

OG, 找|穩ì�齡層}布 N J£族群AÅ率 λ.
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