
陽p»çÍ�	}(100ç��) Àj 6: ÊÌ¤±í”Ì

單元 6: 在無窮遠的極限
({… §3.3)

ç x → ±∞ ví”Ì, ˚TÊÌ¤±í”Ì (limits

at infinity).

½. àS°¤�”Ì?

}séV«n:

�øé. �Ü函b:

f(x) =
p(x)

q(x)

w2 p(x), q(x) ÑÖá�.

(i) lim
x→±∞

1

x
= 0

ÑSA? àÇý, Câ[�·ª)ƒ¤!‹.

(ii) R�:
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1. úLø n > 0,

lim
x→±∞

1

xn
= 0

çÍ, x → −∞ v, u5?µ<U xn �<2í n.

ÑSA? ÄÑ

lim
x→±∞

1

xn
=

1

±∞
= 0

2. ç n > m,

lim
n→±∞

xm

xn
ÑS?

òQH ±∞:
±∞
±∞

另øé„ì�, ]Ì¶-!�.

j¶: }�,, -°Î xm, )

Ÿ� = lim
x→±∞

xm/xm

xn/xm

= lim
x→±∞

1

xn−m

=
1

±∞
= 0
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w2 n−m > 0, ]âR� 1 )ø.

!�: ç n > m,

lim
x→±∞

xm

xn
= 0

ÖÍ}ä xm D}母 xn · → ±∞, O}母í¾

|xn| � (±×k) }äí¾ |xm|, ]˚ xn Xº

(凌駕, dominates) xm.

註 1. ç n > m,

lim
x→±∞

xn

xm
= lim

x→±∞
xn−m

1

=
±∞
1

= ±∞

¤v, }äí¾ |xn| � }母í¾ |xm|.

註 2. 0
0 u5‡碰¬íø_Ì¶-!�í„ì�, w

j¶Ñ}j1¾ tÄä(, y°”Ì.

W. t°-�®á”Ì.

(a) lim
x→∞

x2 + 2x− 1

x3 − 3x2 + 1
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(b) lim
x→−∞

2x3 − 5x + 6

x3 − 7x + 1

(c) lim
x→∞

x4 − 6x + 8

x2 − x + 7

<j> °�Ü函bÊÌ¤±í”Ìí典型d¶Ñ: }

�T|}äD}母äûá (leading term, Ÿb|

ò5á) í x Ÿb¶}, “�(, y根W,述R�|

í!‹°”Ì. (C°Î}母äûáí x Ÿb¶}即

ª.)

(a) â}äT| x2, }母T| x3, )

Ÿ� = lim
x→∞

x2
(
1 + 2

x −
1
x2

)
x3
(
1− 3

x + 1
x3

)
= lim

x→∞
1

x
·
1 + 2

x −
1
x2

1− 3
x + 1

x3

= 0 ·
1 + 0− 0

1− 0 + 0

= 0 ·
1

1
= 0

hô: }ääûáí¾ |x2| � }母äûáí¾

|x3|, ?即, }母Xº}ä, ]”Ì → 0.
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(b) â}äT| x3, }母T| x3, )

Ÿ� = lim
x→−∞

x3
(
2− 5

x2 + 6
x3

)
x3
(
1− 7

x2 + 1
x3

)
= lim

x→−∞

2− 5
x2 + 6

x3

1− 7
x2 + 1

x3

=
2− 0 + 0

1− 0 + 0
= 2

hô: }ääûáí¾ |x3| = }母äûáí¾

|x3|, 即b¾,˘°��, ]”ÌÑùäûá[bª.

(c) ø}äT| x4, }母T| x2, )

Ÿ� = lim
x→∞

x4
(
1− 6

x3 + 8
x4

)
x2
(
1− 1

x + 7
x2

)
= lim

x→∞x2 ·
1− 6

x3 + 8
x4

1− 1
x + 7

x2

= ∞ ·
1− 0 + 0

1− 0 + 0
= ∞ · 1 =∞

hô: }ääûáí¾ |x4| � }母äûáí¾
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|x2|, ?即, }äXº}母, ]”Ì → ±∞ (üõí

£ŠU, Ûü-Ëâ“�(íŸb£[b²ì).

(iii) !�:

lim
x→±∞

f(x) = lim
x→±∞

p(x)

q(x)

=


0, J deg(p) < deg(q)
L ( 6= 0 íõb), J deg(p) = deg(q)
±∞, J deg(p) > deg(q)

¤T deg(p) = p(x) í|òŸb.

·<9á:

1. 只�Ê x → ±∞ v, nªà¤!�íj¶°”Ì.

2. ²ì�ú_!‹2í “ + ” C “− ” vbü-.

W 1. t°-�®”Ì:

(a) lim
x→−∞

1− 2x + 3x2

3x− 5x2
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(b) lim
x→∞

−x3 + 1

x7 − 9

(c) lim
x→−∞

4 + 3x2

1− 7x

(d) lim
x→−∞

x3 − 7x + 6

1− 5x

(e) lim
x→1

x2 − 2x + 1

x− 1

<j> (a) ÄÑ}äí|òŸb deg(p) = }母í|ò

Ÿb deg(q) = 2, ]

”Ì = −
3

5

(b) ÄÑ}äí|òŸb deg(p) = 3 < }母í|ò

Ÿb deg(q) (= 7), ]

”Ì = 0
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CòQà典型íj¶°5, ?即, ø}äT| x3, }母T

| x7, )

Ÿ� = lim
x→∞

x3
(
−1 + 1

x3

)
x7
(
1− 9

x7

)
= lim

x→∞
1

x4
·
−1 + 1

x3

1− 9
x7

= 0 ·
−1 + 0

1− 0
= 0

(c) ÄÑ deg(p) > deg(q), ]

”Ì = +∞

註. ·<¯U, 避n錯誤; ÄÑ

}äí 3x2 → 3(−∞)2 = +∞

/

}母í − 7x → −7(−∞) = +∞

FJ,

¯U =
+

+
= +
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CòQJ典型íj¶l�, â}äT| x2, }母T| x

1“�, )

Ÿ� = lim
x→−∞

x2
(

4
x2 + 3

)
x
(
1
x − 7

)
= lim

x→−∞
x ·

4
x2 + 3
1
x − 7

= −∞ ·
0 + 3

0− 7

= −∞ ·
(
−

3

7

)
= +∞

(d) ÄÑ deg(p) > deg(q), FJ

”Ì = −∞

w2

}äí x3 → (−∞)3 = −∞

/

}母í − 5x → −5(−∞) = +∞

FJ,

¯U =
−
+

= −
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CòQl�, )

Ÿ� = lim
x→−∞

x3
(
1− 7

x2 + 6
x3

)
x
(
1
x − 5

)
= lim

x→−∞
x2 ·

1− 7
x2 + 6

x3

1
x − 5

= (−∞)2 ·
1− 0 + 0

0− 5

= ∞ ·
(
−

1

5

)
= −∞

(e) ílý¸ø_錯誤íRû¬˙£!�à-. ÄÑ

deg(p) > deg(q), ]

”Ì =∞

錯, ÄÑ.u°ÊÌ¤±í”Ì, j¶à錯7, ?即, c_

RÜ邏輯u錯í, 即U湊巧)ƒ7£üí��, 6u錯誤

í, yS況��u錯í.

£üíd¶à-: ÄÑuÊ°某øìõí”Ì, ]lHp

¤õhôw‰“, yOÛb, dªø¥íTÜ.

Hp 1: )

1− 2 + 1

1− 1
=

0

0
: „ì�
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陽p»çÍ�	}(100ç��) Àj 6: ÊÌ¤±í”Ì

]Û}j, ¾ tÄ�, y°”Ì. FJ,

Ÿ� = lim
x→1

(x− 1)2

x− 1
= lim

x→1
(x− 1)

(ÄÑ x → 1, x− 1 6= 0)

= 1− 1 = 0

�ùé. Nb函b:

ex

hô ex íÇ$, àÇý, )

!�:

1. lim
x→∞ ex = e∞ =∞

2. lim
x→−∞

ex = e−∞ = 0

3. lim
x→∞ e−x = e−∞ = 0
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4. lim
x→−∞

e−x = e−(−∞) = e∞ =∞

W 2. 羅吉gAÅ函b (logistic growth function)

Ñø�·述í群母ñ×ü (size) í函b. úk t ≥ 0,

Ê t víí群×ü

N(t) =
K

1 +
(

K
N(0) − 1

)
e−rt

w2 K, r Ñ£�b.

Ô4: N(t) íAÅ§� (rate of growth) ÓO母ñ

×üíÓ×7遞Á, àÇý,

íl, J

K > N(0)

v, úF�í t > 0,

N(t) < K

¤4ÄÑ

}母 = 1 +

(
K

N(0)
− 1

)
e−rt

= 1 + (+) · (+) > 1

12 2×bçÍ:PM



陽p»çÍ�	}(100ç��) Àj 6: ÊÌ¤±í”Ì

¢�á×ü (initial size), ?即, Ê t = 0 ví群í×

ü�k

K

1 +
(

K
N(0) − 1

)
e−r·0

=
K

1 +
(

K
N(0) − 1

)
= N(0)

Å‚WÑ (long-term behavior): «nçvÈ夠久

(ÌÌ延伸) (, í群×üíÆ‰8$, ?即,

lim
t→∞

N(t) = lim
t→∞

K

1 +
(

K
N(0) − 1

)
e−rt

=
K

1 +
(

K
N(0) − 1

)
e−∞

=
K

1 +
(

K
N(0) − 1

)
0

=
K

1 + 0
= K

註. K ˚Tí群母ñíw載¾ (carrying capacity).

W 3. t°-�®”Ì:

(a) lim
x→∞

3ex

1− ex
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(b) lim
x→−∞

ex sinx

<j> (a) íl, H ∞, )

∞
−∞

4ø„ì�. ]°Î¨A½æíÄä ex, )

Ÿ� = lim
x→∞

3
1
ex − 1

=
3

1
∞ − 1

=
3

0− 1
= −3

註: „ì�

0

0
D
±∞
±∞

íTÜj�: ø般7k, °Î¨A½æ (trouble) íÄ

�.

(b) Hp −∞, )

e−∞ sin(−∞) = 0 · (.æÊ)
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另ø�型Gí„ì�. ÄÑ.u註j2íµs�˛c¬í

型G, Ûà另Õíj¶TÜ. ÄÑŸ�2含��äí函b

sinx, ¥TýBbª5?嘗t夾ÑìÜ, ¬˙à-: íl,

|ex sinx| ≤ ex

¤4óçk

−ex ≤ ex sinx ≤ ex

¢

lim
x→−∞

ex = e−∞ = 0

/

lim
x→−∞

(−ex) = −e−∞ = −0 = 0

], â夾ÑìÜ, ø

lim
x→−∞

ex sinx = 0

*3æ. tJ”Ìí ε-δ ì2, „p

lim
x→∞ ex =∞

J£

lim
x→−∞

ex = 0
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