
¹p»çÍ�	}(99ç��) Àj 10: �}í!…d†

單元 10: 微分的基本規則
({… §4.2 D §4.3)

…Àjl介Ü 6 �°û函bíd† (rules), }HDÔW

à-.

(1) 冪Ÿd† (Power Rule). q n Ñø£c

b, †

d

dx
(xn) = nxn−1

<„> I f(x) = xn, †根Wì2

f ′(x) = lim
h→0

f(x + h)− f(x)

h

¢根WùáìÜí�Ç�,

f(x + h)− f(x)

h

=
1

h
[(x + h)n − xn]

=
1

h

[
xn +

(
n

1

)
xn−1h +

(
n

2

)
xn−2h2 + · · ·

+
(

n

n− 1

)
x1hn−1 +

(
n

n

)
hn − xn

]
(1)
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w2, (
n

k

)
= Cn

k

=
n(n− 1) · · · (n− k + 1)

k!

=
n!

k!(n− k)!

FJ, (1) �óçk

1

h

[
nxn−1h +

n(n− 1)

2
xn−2h2 + · · ·

+nxhn−1 + hn
]

= nxn−1 +
n(n− 1)

2
xn−2h + · · ·

+nxhn−2 + hn−1

Ä¤,

f ′(x) =
d

dx
(xn)

= lim
h→0

[
nxn−1 +

n(n− 1)

2
xn−2h + · · ·

+nxhn−2 + hn−1
]

= nxn−1 + 0 + · · ·+ 0

= nxn−1
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(2) Ó¾	D‹Á¶d†. qù函b f D g Ê x

Ìª�, †

1.
d

dx
[cf(x)] = c

d

dx
[f(x)]

w2 c Ñø�b. (?即, ªøÓ¾	�bT|.)

2.
d

dx
[f(x)± g(x)] =

d

dx
[f(x)]±

d

dx
[g(x)]

(?即, ªMá�}.)

<„> âû函bíì2£”Ìí4”ª„), I.

W 1. t°-�®áíû函b.

(a) y = 2x4 − 3x3 + x− 7

(b) y = t3 − 8t2 + 3t−
√

π

(c) f(r) = r2
√

2− r4e0.3 + sin π
6
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(d) r(N) = N
(
1− N

10

)

<j> (a) Má�}1ø乘	2íÓ¾T|, ª)

dy

dx
= 2

d

dx
(x4)− 3

d

dx
(x3) +

d

dx
(x)−

d

dx
(7)

= 2 · 4x3 − 3 · 3x2 + 1 · x0 − 0

= 8x3 − 9x2 + 1

註. dy
dx 讀T@‰b y úA‰b x íû函b.

(b) ° (a), Má�}(, ª)

dy

dt
= 3t2 − 16t + 3

註. ¤vA‰bÑ t.

(c) úA‰b r Má�}, )

f ′(r) =
df

dr
= 2

√
2r − 4e0.3r3

(d) l�Ç, )

r(N) = N −
1

10
N2
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y° (c), úA‰b N Má�}, ª)

r′(N) =
d

dN

[
N −

1

10
N2

]
= 1−

1

5
N

W 2. q f(x) = 2x3 − 3x + 1. t° f íÇ$,

Dò( 3x− y + 1 = 0 �Wí~( (tangent lines)

J£¬~õí¶( (normal lines) (即, D~(ó互�

òíò().

<j> f Êõ (x, f(x)) í~(íé0Ñ

f ′(x) = 6x2 − 3

~(Dò( 3x− y + 1 = 0 (wé0Ñ 3) �Wóçk

b°

6x2 − 3 = 3

j5, )

x = 1, −1

ú@í y �™Ñ

y = 2− 3 + 1 = 0 £ y = −2 + 3 + 1 = 2
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Ä¤, �ù~õ

(1,0) D (−1,2)

QO, }�°¬®õí~(D¶(:

(1,0): ~(Ñ

y − 0 = 3(x− 1)⇔ y = 3x− 3

¶(
(
é0 = −1

3

)
Ñ

y − 0 = −
1

3
(x− 1)⇔ y = −

1

3
x +

1

3

(−1,2): ~(Ñ

y − 2 = 3(x + 1)⇔ y = 3x + 5

¶(Ñ

y − 2 = −
1

3
(x + 1)⇔ y = −

1

3
x +

5

3

(3) 乘¶d† (Product Rule). q f D g Ê

x Ìª�. †

d

dx
[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x)
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I u = f(x), v = g(x). 另ø[ý¶Ñ

(uv)′ = u′v + uv′

註 1. (uv)′ 6= u′v′

註 2. ú_函b乘	íû函bíR�Ñ

d

dx
[f(x)g(x)h(x)]

= f ′(x)g(x)h(x) + f(x)g′(x)h(x) +

f(x)g(x)h′(x)

°ÜªéR|Ö_函b乘	íû函b.

<„> I h(x) = f(x)g(x). 根Wû函bíì2,

d

dx
[f(x)g(x)] = h′(x)

= lim
∆x→0

h(x + ∆x)− h(x)

∆x

¢àÇý,

h(x + ∆x)− h(x)

= f(x + ∆x)g(x + ∆x)− f(x)g(x)

= é(Þ	 = I íÞ	 + II íÞ	

= [f(x + ∆x)− f(x)] g(x) +

[g(x + ∆x)− g(x)] f(x + ∆x)
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FJ,

h′(x) = lim
∆x→0

[
f(x + ∆x)− f(x)

∆x
g(x)

]
+

lim
∆x→0

[
g(x + ∆x)− g(x)

∆x
f(x +4x)

]

= g(x) lim
∆x→0

f(x + ∆x)− f(x)

∆x︸ ︷︷ ︸
→f ′(x) (ÄÑ f ª�)

+

[
lim

∆x→0

g(x + ∆x)− g(x)

∆x

]
︸ ︷︷ ︸

→g′(x) (ÄÑ g ª�)

·

[
lim

∆x→0
f(x + ∆x)

]
︸ ︷︷ ︸
→f(x) (ÄÑ f ©/)

= g(x)f ′(x) + g′(x)f(x)

= f ′(x)g(x) + f(x)g′(x)

W 3. °-�®áíû函b.

(a) f(x) = (
√

3x2 + 6x− 1)(5− 2x3)

(b) g(s) = (2s2 − 7s)2
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<j> (a) 根W乘¶d†,

f ′(x) = (
√

3x2 + 6x− 1)′(5− 2x3) +

(
√

3x2 + 6x− 1)(5− 2x3)′

= (2
√

3x + 6)(5− 2x3) +

(
√

3x2 + 6x− 1)(−6x2)

= −10
√

3x4 − 48x3 + 6x2 +

10
√

3x + 30

(b) ílø g(s) ZŸAù函bí乘	, )

g(s) = (2s2 − 7s)(2s2 − 7s)

FJ, 根W乘¶d†,

g′(s) = (2s2 − 7s)′(2s2 − 7s) +

(2s2 − 7s)(2s2 − 7s)′

= 2(2s2 − 7s)′(2s2 − 7s)

= 2(4s− 7)(2s2 − 7s)

(4) Î¶d† (Quotient Rule). q f D g

Ê x Ìª�. †

d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− f(x)g′(x)

[g(x)]2
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I u = f(x), v = g(x) Ñùª�函b. Î¶d†í另

ø[ý¶Ñ (
u

v

)′
=

u′v − uv′

v2

<„> I, J(y„.

W 4. I y =
x3 − 3x + 2

x2 + 1
. 根WÎ¶d†,

y′ =
1

(x2 + 1)2

[
(x3 − 3x + 2)′(x2 + 1)−

(x3 − 3x + 2)(x2 + 1)′
]

=
(3x2 − 3)(x2 + 1)− (x3 − 3x + 2)(2x)

(x2 + 1)2

=
3x4 − 3− 2x4 + 6x2 − 4x

(x2 + 1)2

=
x4 + 6x2 − 4x− 3

(x2 + 1)2

(5) 冪Ÿd†. q n Ñ£cb, †

d

dx

[
x−n

]
= −nx−n−1
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<„> ÄÑ x−n =
1

xn
, 根WÎ¶d†,

d

dx

[
x−n

]
=

(1)′xn − (1)(xn)′

(xn)2

=
0− nxn−1

x2n

= −nxn−1−2n

= −nx−n−1

(6) 冪Ÿd† (R��). q r ÑLøõb, †

d

dx
[xr] = rxr−1

<„> I, J(y„.

W 6. t°-�®áíû函b.

(a) y = 3√x−
1
√

x
+ π

(b) y =
√

x(x2 − 1)
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(c) f(x) =
2x2 − 5x + 3

√
x

<j> ø_!…Ÿ†Ñ, lø®áZŸA cxr í��(,

yà冪Ÿd†°û函b.

(a) ílªø y ZŸA

y = x1/3 − x−1/2 + π

QO根W冪Ÿd†, )

y′ =
1

3
x−2/3 +

1

2
x−3/2

=
2x5/6 − 3

6x3/2

(b) òQà乘¶d†, Clø y ZŸA

y = x1/2(x2 − 1)

= x5/2 − x1/2

y根W冪Ÿd†, )

y′ =
5

2
x3/2 −

1

2
x−1/2

=
5x2 − 1

2
√

x
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(c) ªòQàÎ¶d†, O¬˙õÆ. CløŸ�ZŸA

f(x) = 2x3/2 − 5x1/2 + 3x−1/2

yà冪Ÿ¶†, )

f ′(x) = 3x1/2 −
5

2
x−1/2 −

3

2
x−3/2

=
6x2 − 5x− 3

2x3/2

註. û函b乘¶d†í„p, !…,ÿu‹øá, Áøá,

y根W函bíª�4 (çÍ\„©/4) Ê°¾Ï¼í”

Ì¬˙2, Uà”Ìí4”Rû7); ªAW嘗t‹, Á另

øá

f(x)g(x + ∆x)

í¬˙Rû.
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