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單元 16: 極值與均值定理
({… §5.1)

ø. �¶”M (Local Extrema)

hô-ÞÇ$:

註. �¶|üM (local min), �¶|×M (local
max): Ê�¶¸圍qu|üM, |×M. rÞ|üM

(global min), rÞ|×M (global max): Êr¶¸

圍qu|üM, |×M. £�íì2à-.

ì2. q f ì2ÊøÕ¯ D ,, ?¹, f íì2域Ñ

D.

(i) f Ê D qíø_ c õ,�ø�¶ (óú) |×M

(local maximum, realtive maximum) J/ÑJ

æÊø δ > 0 U)úF�í x ∈ (c− δ, c + δ) ∩D,

f(c) ≥ f(x)

(ii) f Ê D qíø_ c õ,�ø�¶ (óú) |üM

(local minimum, relative minimum) J/ÑJæ

Êø δ > 0 U)úF�í x ∈ (c− δ, c + δ) ∩D,

f(c) ≤ f(x)
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註 1. J D = [a, b], †

(i) c: q¶õ (interior point), àÇý. †ª找ƒ夠

üí δ U) (c− δ, c + δ) ⊂ D. FJ,

(c− δ, c + δ) ∩D = (c− δ, c + δ)

(ii) c: «õ (end point), †�s�ª?.

1. c = a, àÇý. †æÊ夠üí δ > 0 U)

(c− δ, c + δ) ∩D = [a, c + δ)

2. c = b, àÇý. †æÊ夠üí δ > 0 U)

(c− δ, c + δ) ∩D = (c− δ, b]

註 2. �¶|×MC�¶|üM$˚Ñ�¶”M (local

extremum).

W 1. I

f(x) = (x− 1)2(x + 2), −2 ≤ x ≤ 3
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àÇý.

(a) tJÇ$° f(x) í�¶”M.

(b) t°rÞ”M.

<j> (a) �sé�¶”M, }述à-:

(i) êÞÊq¶õ:

1. Ê x = −1 ��¶|×M.

ÄÑ¦ δ =0.1 v, úF�í

x ∈ (−1.1,−0.9) ∩D = (−1.1,−0.9)

wƒbM

f(x) ≤ f(−1)

2. Ê x = 1 ��¶|üM.

ÄÑ¦ δ = 0.2 v, úF�í

x ∈ (0.8,1.2) ∩D = (0.8,1.2)
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wƒbM

f(x) ≥ f(1)

(ii) êÞÊ«õ:

1. Ê x = −2 ��¶|üM.

ÄÑ¦ δ =0.1 v, úF�í

x ∈ (−2.1,−1.9) ∩D = [−2,−1.9)

wƒbM

f(−2) ≤ f(x)

2. Ê x = 3 ��¶|×M.

ÄÑ¦ δ = 0.1 v, úF�í

x ∈ (−2.9,−3.1) ∩D = (2.9,3]

wƒbM

f(x) ≤ f(3)

(b) ÄÑ f Ê閉–È [−2,3] ,©/, FJ, 根W”M

ìÜ, æÊrÞ ("ú) ”M.
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½. àS找?

ÄÑrÞ|üMøìu�¶|üM, FJ, �¶|üM2

|üíÿurÞ|üM. ÄÑù_�¶|üM}�Ñ

f(−2) = 0, f(1) = 0

ÌÑ 0, øšü, FJrÞ|üMÑ 0, êÞÊù_õ

x = −2 («õ) D x = 1 (q¶õ)

°Ü, ÄÑrÞ|×Møìu�¶|×M, FJ, �¶|×

M2|×íÿurÞ|×M. ÄÑù_�¶|×M}�Ñ

f(−1) = 4, f(3) = 20

w2 20 |×, FJrÞ|×MÑ 20, ÉêÞÊø_õ

x = 3 («õ)

W 2. I

f(x) = |x2 − 4|, −2.5 ≤ x < 3

àÇý.

tâÇ$°�¶”MDrÞ”M.
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<j> hôÇ$, ª)

(1) �¶|üM: êÞÊ x = −2 (q¶õ) D x = 2

(q¶õ).

(2) �¶|×M: êÞÊ x = −2.5 («õ) D x = 0

(q¶õ).

註. ÖÍúF�í x ∈ [2.9,3),

lim
x→3−

f(x) = 5 > f(x)

O f Ê x = 3 „ì2 (C6z x = 3 ßdu_�

ÕA), FJÊ x = 3 .}� (ßÞ) �¶|×M.

rÞ|×M: ªœ�¶|×M

f(−2.5) = 2.25, f(0) = 4

J£„ì2í¬«õí˝”Ì

lim
x→3−

f(x) = 5

¤4ÄÑÊ x = 3 í˝邊Ë¡, f(x) L<靠¡ 5, ]Û

b5?¤”Ì.

6 2×bçÍ:PM



陽p»çÍ微	}(99ç��) Àj 16: ”MDÌMìÜ

w2 5 |×, O f Ê x = 3 „ì2. Ä¤, ³�rÞ

|×M.

註. ¤!‹D”MìÜ.J觸, ÄÑ D = [−2.5,3) .

u閉–È, ].\„øì}�rÞ|×MDrÞ|üM.

rÞ|üM: ªœ�¶|üM

f(−2) = 0 D f(2) = 0

ÌÑ 0, øšü. Ä¤, rÞ|üMÑ 0, êÞÊù_õ

x = −2 D x = 2

‘ïìÜ (Fermat’s Theorem). J f Êøq¶õ

c ��¶”M/ª微 (?¹, f ′(c) æÊ), †

f ′(c) = 0

<„> q f Ê x = c ��¶|×M (°Üª„ç f Ê

x = c ��¶|üMí8$). †根W�¶|×Míì2,

æÊø δ > 0 U)úF�í

x ∈ (c− δ, c + δ)

7 2×bçÍ:PM



陽p»çÍ微	}(99ç��) Àj 16: ”MDÌMìÜ

wƒbM

f(x) ≤ f(c) (1)

¢ f ′(c) æÊ. ¤4Rû|

f ′(c) = lim
x→c

f(x)− f(c)

x− c

= lim
x→c+

f(x)− f(c)

x− c
≤ lim

x→c+
0 = 0 (2)

,�2í.�U ≤ AuÄÑ, ç x → c+ v, }母

x− c > 0

/ x }Ê (c− δ, c + δ) q. y根W (1) �, ç

x ∈ (c− δ, c + δ) v, )}ä

f(x)− f(c) < 0

], ¾差¼

f(x)− f(c)

x− c
=

(−)

(+)
< 0

°Ü, ç x → c− v, ¾差¼

f(x)− f(c)

x− c
=

(−)

(−)
> 0
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],

f ′(c) = lim
x→c−

f(x)− f(c)

x− c
≥ lim

x→c−
0 = 0 (3)

¯9 (2) �D (3) �, )

f ′(c) ≤ 0 / f ′(c) ≥ 0

Ä¤,

f ′(c) = 0

註 1. ç f ′(c) æÊv, “f ′(c) = 0” u “f Êq¶

õ c ��¶”M” í.b‘K, 7Ýk}‘K.

Ýk}‘Kí¥W: 5?

f(x) = x3

†

f ′(x) = 3x2

FJ,

f ′(0) = 3(0)2 = 0

Ohôà-íÇ$:
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) f Ê x = 0 ³��¶”M (?¹, Ê x = 0 m.ß

Þ�¶|×M6.ßÞ�¶|üM). 6ÿuz,

“f ′(c) = 0” .øì\„Ê x = c ��¶”M.

註 2. “f ′(c) = 0” u.b‘K4�gk “J

f ′(c) 6= 0, †Ê x = c .}ßÞ�¶”M”. Ä¤, 找

�¶”MÉÛ針úµ< f ′(x) = 0 (�®�~() íq¶

õ x V找, 6ÿuz, �®�~( (⇔ f ′(x) = 0) í

q¶õußÞ�¶”Mí`²õ (candidate).

註 3. �¶”M6ª?êÞÊ.ª微íõ,, àW 2 í

õ x = −2 D x = 2.

註 4. �¶”M6ª?êÞÊ«õ,.

摘b. àS找�¶”M? �-�úácÛ5?íõ:

1. 針ú f ′(x) = 0 íq¶õ x OG, ¥< x u`²

õ (candidates) (], .øì·}ßÞ�¶”M,
Ûbªø¥üw).

2. �Œûƒb.æÊíõ.
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3. �Œ«õ.

ù. ÌMìÜ (The Mean Value Theorem)

5?

f(x) = x2, 0 ≤ x ≤ 1

¬ùõ (0,0) D (1,1) í’(斜0Ñ

f(1)− f(0)

1− 0
=

1− 0

1− 0
= 1

ÄÑ f Ê (0,1) qª微, ]Ê (0,1) qí©øõ·�

~(. 根WÇ$, ø¤’(�WË²¬-j��v, }D

f íÇ$ó~køõ (c, f(c)). 6ÿuz, æÊø

c ∈ (0,1)

U)

¬ (c, f(c)) í~( ‖ ¬ù«õí’(

?¹,

f ′(c) =
f(1)− f(0)

1− 0

¥ÿuÌMìÜíqñ.
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½. c ÑS? u´öíæÊ? ´ucuÇ$顯ý它íæ

Ê7˛?

J c æÊ, †根Ww4”

f ′(c) = 2c = 1

j5, )

c =
1

2
∈ (0,1)

FJ, c üõæÊ. Ç

f

(
1

2

)
=

1

4

Ä¤, D¬ù«õí’(�Wí~(Ñ

y −
1

4
= 1

(
x−

1

2

)
?óçk

y = x−
1

4

ÌMìÜ (MVT). J f Ê閉–È [a, b] ,©//Ê

Ç–È (a, b) ,ª微, †Bý�ø c ∈ (a, b) U)

f(b)− f(a)

b− a
= f ′(c)
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?¹, ¬õ (a, f(a)) D (b, f(b)) í’(斜0 = ¬õ

(c, f(c)) í~(斜0.

註 1. �S<2: Êõ (a, f(a)) D (b, f(b)) ÈBý

æÊøõ (c, f(c)), U)¬¤õí~(D¬ (a, f(a))
D (b, f(b)) ùõí’(�W.

註 2. ÌMìÜuø “æÊ4” ìÜ, Ézp c íæÊ,
Bk��_J£Ê哪裡ÿ³>H. (¥ÿ˛%�rÖ½bí

@à7!)

½. àS„pÌMìÜ? l„pøÔW Rolle ìÜ. y

â Rolle ìÜ„pÌMìÜ.

Rolle ìÜ. q f Ê閉–È [a, b] ,©/, ÊÇ–È

(a, b) ,ª微/ f(a) = f(b), †BýæÊø

c ∈ (a, b) U)

f ′(c) = 0

註. ÑS Rolle ìÜuÌMìÜíøÔW? ÄÑÊÖ|

í‘K f(a) = f(b) -, Rolle ìÜí!�Ñ

f ′(c) = 0 =
f(b)− f(a)

b− a
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w2�øáD�úá�ßÿuÌMìÜí!�.

<Rolle ìÜí„p> }Aù_8況_�n�:

8況 1. f Ê [a, b] ,Ñ�b. †úF�í x ∈ (a, b),

f ′(x) =
d

dx
(�b) = 0

FJ, ìÜA.

8況 2. f Ê [a, b] ,.Ñ�b. ÄÑ f Ê閉–È

[a, b] ,©/, FJâ”MìÜ, æÊrÞ|×MD

rÞ|üM. ¢ÄÑ f Ê [a, b] ,.Ñ�b, †¤

ù”M.ó� (´†, rÞ|×M�krÞ|üM}

û_ f Ñ�b, 7Dcqpe).

ÄÑ f(a) = f(b), ]Ê«õ|ÖÉ?�ø_rÞ

”M (|×MC|üM, O.uù6). Ä¤, Ê

(a, b) qBý�øq¶õ c }ßÞrÞ”M.

¢rÞ”M6u�¶”M. FJÊq¶õ c FßÞ

írÞ”M6uø�¶”M. Ä¤, 根W‘ïìÜ,

ßÞ�¶”Míq¶õ c, wûƒb f ′(c) = 0, ]

)„.
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<ÌMìÜí„p> Ñ7?Uà Rolle ìÜ, .âì2

øhƒbUwÊ«õíƒbMó�. ], ì2hƒb

F (x) = f(x)−
f(b)− f(a)

b− a
(x− a)

âÇ$ø, w–14uø f(x) M-降ø_¯k x íª

Wí¾

(f(b)− f(a))
x− a

b− a

ÄÑŸƒb f(x) D (x− a) ÌÊ閉–È [a, b] ,©/

/ÊÇ–È (a, b) ,ª微, Ä¤hì2íƒb F (x) 6

Ê [a, b] ,©//Ê (a, b) ,ª微. ¢

F (a) = f(a)−
f(b)− f(a)

b− a
(a− a) = f(a)

/

F (b) = f(b)−
f(b)− f(a)

b− a
(b− a) = f(a)

Ä¤, Êù«õíM F (a) = F (b).

], 根W Rolle ìÜ, BýæÊø c ∈ (a, b) U)

F ′(c) = 0. ¤4óçk

F ′(x)
∣∣∣
x=c

= f ′(x)−
f(b)− f(a)

b− a

∣∣∣∣∣
x=c

= 0
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Ä¤, â|(ø_��)

f ′(c) =
f(b)− f(a)

b− a

R� 1. (Corollary 1). J f 閉–È [a, b] ,©//

ÊÇ–È (a, b) ,ª微1U)úF�í x ∈ (a, b), û

ƒb f ′(x) ÌÅ—

m ≤ f ′(x) ≤ M

†

m(b− a)︸ ︷︷ ︸
-ä

≤ f(b)− f(a) ≤ M(b− a)︸ ︷︷ ︸
,ä

?¹, ªàV,l f(b)− f(a) í,-ä.

<„> 根WÌMìÜ, æÊ c ∈ (a, b) U)

f(b)− f(a) = f ′(c)(b− a)

¢ÄÑ b− a > 0 /根Wcq m ≤ f ′(c) ≤ M , ªû

|

m(b− a) ≤ f ′(c)(b− a) ≤ M(b− a)

¤4óçk

m(b− a) ≤ f(b)− f(a) ≤ M(b− a)
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W 3. t„

| sin b− sin a| ≤ |b− a|

<„> ÄÑ sinx Êc_õb(,u©//ª微í, FJ

Å—ÌMìÜí‘K. ]úL<ùõb a D b, ·æÊø

c �k a D b 5È, U)

sin b− sin a = (cos c)(b− a)

ø,�s邊¦"úM, )

| sin b− sin a| = | cos c| · |b− a| ≤ |b− a|

R� 2. J f Ê閉–È [a, b] ,©//ÊÇ–È

(a, b) ,ª微1úF�í x ∈ (a, b), wûƒb

f ′(x) = 0. † f Ê閉–È [a, b] ,恆Ñ�b.

<„> úLø x ∈ (a, b], 閉–È [a, x] ⊆ 閉–È

[a, b], FJ, f Ê閉–È [a, x] ,©//ÊÇ–È

(a, x) ,ª微, (ÄÑ f Êy×í¸圍 [a, b] q�,述4

”), �ÿuz, Å—ÌMìÜí‘K. ]根WÌMìÜ,

æÊ c ∈ (a, x), U)

f(x)− f(a)

x− a
= f ′(c) = 0 (âcq‘K)
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FJâ,�, úLø x ∈ (a, b], f(x) = f(a). Ä¤,

úF�í x ∈ [a, b], f(x) = f(a), ?¹, f Ê [a, b]

,恆Ñ�b.

W 4. q f Ê [−1,1] ,©//Ê (−1,1) ,ª微,

J£ f(1) = 2 /úF�í x ∈ (−1,1), f ′(x) = 0.

t° f(x).

<j> ÄÑ f Å—R� 2 í‘K, ] f Ñø�b. ¢Ä

Ñ f(1) = 2, FJªRû|úF�í x ∈ [−1,1],

f(x) = 2.

W 5. (§5.1 *3æ 56). q

f(x) = f0erx, x ∈ R

†根W©鎖d†,

f ′(x) = f0 · rerx = rf(x)

?¹, f(x) Å—微}j˙�

df

dx
= rf(x) (4)

J£�áM f(0) = f0. t„

f(x) = f0erx
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u微}j˙� (4) íñøj, ?¹, J r Ñø�b, /

f uøª微ƒb1Å—

df

dx
= rf(x), x ∈ R (5)

J£�áM f(0) = f0, †

f(x) = f0erx, x ∈ R

<„> q f u (5) íj/ì2øhƒb

F (x) = f(x)e−rx, x ∈ R

根W¶d†D©鎖d†,

F ′(x) = f ′(x)e−rx + f(x)
(
e−rx

)′
= f ′(x)e−rx + f(x) · (−r)e−rx

= e−rx[f ′(x)− rf(x)]

= 0, x ∈ R

w2|(ø_�UA4ÄÑ f Å—微}j˙� (5).
Ä¤, 根WR� 2, F (x) Êc_õb(,恆Ñø�b.
],

F (x) = F (0) = f(0)e−r·0 = f(0) = f0

QO, 根W,�J£hƒbíì2, )

f0 = f(x)e−rx
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Ä¤, s邊°J erx, ÿ„)

f(x) = f0erx
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