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單元 23: 微積分基本定理
({… §6.2)

ø. �	}!…ìÜ (�ø¶})

ìÜ. (FTC, part 1). J函b f Ê£–È [a, b] ,

©/. ì2

F (x) =
∫ x

a
f(u)du, a ≤ x ≤ b

(根W‡øÀjíìÜ, F (x) uæÊ, �<2í.) †¤

øhì2í函b F (x) Ê£–È [a, b] ,©/, ÊÇ–

È (a, b) ,ª� /

d

dx
F (x) = f(x)

?即,

d

dx

∫ x

a
f(u)du = f(x)

註 1. òh,ízp (Ã�í„p4‚à”值ìÜ, 2È

值ìÜ, ~¡õ� 297-298 Ü): úk a ≤ x ≤ b,

F (x) =
∫ x

a
f(u)du

= f(u) Ê [a, x] ,Fˇ|–�í¯UÞ	
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àÇý, ¤4øÞ	½æ.

½. F (x) í‰“àS? íl,

F ′(x) = lim
h→0

F (x + h)− F (x)

h

= lim
h→0

1

h

[∫ x+h

a
f(u)du−

∫ x

a
f(u)du

]

= lim
h→0

1

h

[∫ x

a
f(u)du +

∫ x+h

x
f(u)du

−
∫ x

a
f(u)du

]
= lim

h→0

1

h

∫ x+h

x
f(u)du (1)

¤4ø~(½æ. ¢ç h → 0 v,∫ x+h

x
f(u)du

= f(u) Ê [x, x + h] Fˇ|–�í¯UÞ	

≈ f(x)h (2)

FJ, ¯併 (1) �D (2) �, )

dF (x)

dx
= lim

h→0

1

h

∫ x+h

x
f(u)du

≈ lim
h→0

1

h
[f(x)h]

= f(x)
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註 2. â��

d

dx

∫ x

a
f(u)du = f(x)

)ø	}D�}互Ñ¥«�, àÇý.

註 3. FTC (part 1) íR�:

(a)
d

dx

∫ h(x)

a
f(u)du = f(h(x)) · h′(x)

ÑSà¤? I

F (v) =
∫ v

a
f(u)du

† ∫ h(x)

a
f(u)du = F (h(x))

Ä¤, 根W©�d†J£ FTC (part 1), ?即,

F ′(v) = f(v)

)

d

dx

∫ h(x)

a
f(u)du =

d

dx
F (h(x))

= F ′(h(x)) · h′(x)
= f(h(x)) · h′(x)
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(b)
d

dx

∫ b

g(x)
f(u)du = −f(g(x)) · g′(x)

ÑSà¤? 根W‡øÀjí黎曼	}í4”J£R�

(a),

d

dx

∫ b

g(x)
f(u)du =

d

dx

[
−

∫ g(x)

b
f(u)du

]

= −
d

dx

∫ g(x)

b
f(u)du

= −f(g(x)) · g′(x)

(c)
d

dx

∫ h(x)

g(x)
f(u)du

= f(h(x))h′(x)− f(g(x))g′(x)

ÑSà¤? L²øõ a U) f(x) Ê	}¸ˇq©/,
†根W‡øÀjí黎曼	}í4”J£R� (a),

Ÿ� =
d

dx

[∫ a

g(x)
f(u)du +

∫ h(x)

a
f(u)du

]

=
d

dx

[∫ h(x)

a
f(u)du−

∫ g(x)

a
f(u)du

]
= f(h(x))h′(x)− f(g(x))g′(x)

W 1. t°-�®áíû函b.
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(a) F (x) =
∫ x

0
(sinu− e−u)du, x > 0

(b) G(x) =
∫ x2

0
(u3 − 2)du, x > 0

(c) H(x) =
∫ 1

sinx
u2du, x ∈ R

(d) K(x) =
∫ x3

x2
eudu, x ∈ R

<j> (a) ÄÑ‡ú u > 0, f(u) = sinu− e−u u

©/í, ]根W FTC (part 1),

F ′(x) = sinx− e−x

(b) ÄÑúk u > 0, g(u) = u3 − 2 u©/í, ]根

W FTC (part 1) íR� (a),

G′(x) =
[
(x2)3 − 2

]
·
(
x2

)′
= 2x(x6 − 2)
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(c) ç u ∈ R v, h(u) = u2 u©/í, FJ根W

FTC (part 1) íR� (a) C (b),

H ′(x) = −
d

dx

∫ sinx

1
u2du

= −(sinx)2 · (sinx)′

= − cosx · (sinx)2

(d) úF�í u ∈ R, k(x) = eu ·u©/í, ]根W

FTC (part 1) íR� (c),

K′(x) = ex3
·
(
x3

)′
− ex2

·
(
x2

)′
= 3x2ex3

− 2xex2

ù. ¥û函bD.ì	} (Antiderivatives and

Indefinite Integrals)

ÄÑ

d

dx

∫ x

a
f(u)du = f(x)

] ∫ x

a
f(u)du
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u f(x) íø_¥û函b. Ä¤, f(x) íø般¥û函b

(general antiderivative) Ñ∫ x

a
f(u)du + C

[ýA
=

∫
f(x)dx

1˚ ∫
f(x)dx

Ñ f í.ì	} (indefinite integral).

註 1. f í.ì	}∫
f(x)dx =

∫ x

a
f(u)du + C

ÿu f íø般¥û函b, 即ø函bðíU)

d

dx

(∫
f(x)dx

)
= f(x)

註 2. f íì	}∫ b

a
f(x)dx = f Ê [a, b] ,í黎曼¸í”Ì

�køb.

W 2. t°-�®á.ì	}.
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(a)
∫

x2 +
√

x

x
dx

(b)
∫ 1

sin2 x− 1
dx

(c)
∫ √

x + ex/2 dx

<j> (a) lø\	函b“�A x + x−1/2, )

Ÿ� =
∫

x + x−1/2dx

=
∫

xdx +
∫

x−1/2dx

=
1

2
x2 + 2x1/2 + C

(b) “�(,

Ÿ� =
∫ 1

− cos2 x
dx

= −
∫

sec2 xdx

= − tanx + C
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(c) N¬Má	},

Ÿ� =
∫

x1/2dx +
∫

e(1/2)xdx

=
2

3
x3/2 + 2ex/2 + C

註 3. 另Õø<°.ì	} (¥û函b) íd†.

1.
∫

axdx =
1

ln a
ax + C

ÄÑ

d

dx

1

ln a
ax =

1

ln a

d

dx
ax

=
1

ln a
ln a · ax

= ax

2.
∫

csc2 xdx = − cotx + C

ÄÑ

d

dx
(− cotx) = −(− csc2 x)

= csc2 x
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3.
∫

secx tanxdx = secx + C

ÄÑ

d

dx
secx = secx tanx

4.
∫

cscx cotxdx = − cscx + C

ÄÑ

d

dx
(− cscx) = −(− cscx cotx)

= cscx cotx

5.
∫

tanxdx = ln | secx|+ C

ÄÑ

d

dx
ln | secx| =

1

secx
(secx)′

=
1

secx
secx tanx

= tanx

6.
∫

cotxdx = − ln | cscx|+ C
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ÄÑ

d

dx
(− ln | cscx|) = −

1

cscx
(− cscx cotx)

= cotx

7.
∫ 1

1 + x2
dx = tan−1 x + C

ÄÑ

d

dx
tan−1 x =

1

1 + x2

8.
∫ 1√

1− x2
dx = sin−1 x + C

ÄÑ

d

dx
sin−1 x =

1√
1− x2

W 3. t°-�®.ì	}.

(a)
∫

x2

x2 + 1
dx
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(b)
∫

sec (5x) tan (5x)dx

(c)
∫ 1√

1− (2x)2
dx

(d)
∫

52x(1− 5−2x)dx

<j> (a) ø\	函b“�Aª_àí$�, y根W_ç

í°.ì	}íd†°5, ¬˙à-:

Ÿ� =
∫ (x2 + 1)− 1

x2 + 1
dx

=
∫

1dx−
∫ 1

1 + x2
dx

= x− tan−1 x + C

(b) ÄÑ�ø_Ó¾	�b 5, ]«à_çíd†v, Û

bÎJ¤Ó¾, 7)

Ÿ� =
1

5
sec (5x) + C

(c) ¤TíÓ¾	�bÑ 2, ]«à_çíd†v, Ûb

ÎJ 2, 7)

Ÿ� =
1

2
sin−1 (2x)
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(d) %¬“�(, \	函b2�øáí�bu 5, /�ø

Ó¾	�b 2, ]

Ÿ� =
∫

52xdx−
∫

1dx

=
1

2
·

1

ln 5
· 52x − x + C

ú. �	}!…ìÜ (�ù¶})

ìÜ. (FTC, part 2). J f Ê£–È [a, b] ,©/

/ F (x) Ñ f(x) íLø¥û函b (C˚.ì	}) †∫ b

a
f(x)dx = F (b)− F (a)

[ýA
= F (x)|ba

6ÿuz, f Ê [a, b] íì	} (黎曼¸í”Ì) �k f

í.ì	}Ê	}”Ì a, b 值íÏ.

<„> I

G(x) =
∫ x

a
f(u)du

†根W FTC (part 1),

G′(x) = f(x)
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Ä¤, G(x) Ñ f íø¥û函b. ¢ÄÑ F (x) ?Ñ f

íø¥ûb, FJ

G(x) =
∫ x

a
f(u)du

= F (x) + C (3)

H x = a, )

G(a) =
∫ a

a
f(u)du

= F (a) + C

â¤û|

0 = F (a) + C

],

C = −F (a)

Ä¤, ø,�Hp (3) �, )∫ x

a
f(u)du = F (x)− F (a)

|(, H x = b, )∫ b

a
f(u)du = F (b)− F (a)

W 4. t°-�®áì	}.
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(a)
∫ 1

0

(
x2 −

√
x

)
dx

(b)
∫ 5

1

1

x
dx

(c)
∫ 3

0
2xex2

dx

(d)
∫ 1

−1
e−|s|ds

<j> 根W�	}!…ìÜ (�ù¶}), âl°|\	

函bí.ì	}, yø	}”ÌHp°Ï值, ®áí°j

¬˙à-.

(a) ÄÑ x2 −
√

x Ê£–È [0,1] ,©/, ]â

FTC (part 2),

Ÿ� =
1

3
x3 −

2

3
x3/2

∣∣∣∣1
0

=
(
1

3
−

2

3

)
− (0− 0)

= −
1

3
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(b) ÄÑ 1
x Ê£–È [1,5] ,©/, ]

Ÿ� = ln |x|
∣∣∣5
1

= ln5− ln 1

= ln5

(c) ÄÑ 2xex2
Ê£–È [0,3] ,©/, ]

Ÿ� = F (x)
∣∣∣3
0

w2

F (x) = ex2

(ÑSà¤? ƒñ‡Ñ¢, ³�püíd†ª°| F (x),

]Ûb某�˙�í猜測. 根W�	}í�… (%ð), \	

函b含øNb函b, 7Nb函b¢u唯øíø�wû函b

�kw…™í函b, Ä¤ø_¯Üí猜測à,�í F (x).

y‹,©�d†í25, \	函bí另ø¶} 2x 剛ßÿ

u x2 íû函b, 6)ƒ¯Üíj„. |(, ð„)

d

dx
ex2

= ex2 (
x2

)′
= 2xex2

剛ßÿu\	函b. Ä¤, ú F (x) í猜測u£üí.)

Q/J,í!‹,

Ÿ� = e3
2
− e0

2
= e9 − 1
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(d) \	函b含�"ú值v, Ì¶òQ°ì	}, ÛbN

¬_çË}j	}–�7 "ú值(, y°ì	}, ¬˙

à-H. íl,

Ÿ� =
∫ 0

−1
e−|s|ds +

∫ 1

0
e−|s|ds

QO, ÄÑ

s < 0, |s| = −s

J£

s > 0, |s| = s

]

,� =
∫ 0

−1
e−(−s)ds +

∫ 1

0
e−sds

=
∫ 0

−1
esds +

∫ 1

0
e−sds

= es
∣∣∣0
−1

+ (−e−s)
∣∣∣1
0

= (e0 − e−1) + (−e−1)− (−e0)

= 1− e−1 + 1− e−1

= 2− 2e−1

W 5. q ∫ x

0
f(t)dt = cos (2x) + a
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t° f(x) D a.

<j> siú x �}, 根W FTC (part 1) J£©�

d†, â

d

dx

∫ x

0
f(t)dt =

d

dx
[cos (2x) + a]

ªRû|

f(x) = − sin (2x) · 2 + 0

Ä¤,

f(x) = −2 sin (2x)

QO, H x = 0, )

0 =
∫ 0

0
f(t)dt = cos (2 · 0) + a = 1 + a

FJ,

a = −1

註 1. Uà�	}!…ìÜv f(x) ÛbÊ£–È,©

/, ´†}|˜.

¥Wà-: q

f(x) =
1

x2
, x ∈ [−2,1], x 6= 0
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àÇý, éý| f(x) Ê x = 0 .©/.

íl, ÄÑÇ$Ê x-軸5,, 根Wì	}í�S<2,∫ 1

−2
f(x)dx = ˇ|–�íÞ	 > 0 (4)

J.�Œ f u´©/, 7貿ÍUàíu, })|∫ 1

−2

1

x2
dx = −

1

x

∣∣∣1
−2

= −1−
(−1

−2

)
= −1−

1

2
= −

3

2
< 0

D (4) �.¯ípeÛ象.

註. ø\	函b2íA‰b x �²A ax + b í(4�

²(, 根W©�d†, Î7ø¥û函b (.ì	}) í x

²A ax + b Õ, ´bÖÎø_ x í[b a, 6ÿuz,
˛ø ∫

f(x)dx = F (x) + C

† ∫
f(ax + b)dx =

1

a
F (ax + b) + C
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ÑSA
? ÄÑ根W.ì	}íì2, 即

F ′(x) = f(x)

J£©�d†,

d

dx

(
1

a
F (ax + b)

)
=

1

a
F ′(ax + b)(ax + b)′

=
1

a
f(ax + b)a

= f(ax + b)

]â.ì	}íì2,∫
f(ax + b)dx =

1

a
F (ax + b) + C

ÔW,

(1) ˛ø ∫
axdx =

1

ln a
ax + C

† ∫
3
√

2x−10dx =
1√

2 ln 3
3
√

2x−10 + C

(2) ˛ø ∫
secx tanxdx = secx + C
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† ∫
sec

(
2x + 3

5

)
tan

(
2x + 3

5

)
dx

=
5

2
sec

(
2x + 3

5

)
+ C

(3) ˛ø ∫
tanxdx = ln | secx|+ C

†∫
tan

(
7−

1

5
x

)
dx = −5 ln

∣∣∣∣sec (
7−

1

5
x

)∣∣∣∣ + C

(4) ˛ø ∫ 1

x
dx = ln |x|+ C

† ∫ 1

2− 3x
dx = −

1

3
ln |2− 3x|+ C

(5) ˛ø ∫ 1

1 + x2
dx = tan−1 x + C
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† ∫ 1

2 + 3x2
dx =

√
2

2
√

3
tan−1

√
3

2
x

 + C

(6) ˛ø ∫ 1√
1− x2

dx = sin−1 x + C

† ∫ 1√
2− 3x2

dx =
1√
3

sin−1

√
3

2
x

 + C

註. �	}!…ìÜ (�ø¶}) íÃ�„p: ì2

F (x) =
∫ x

a
f(u)du, a ≤ x ≤ b

†â (1) �ø,

F ′(x) = lim
h→0

1

h

∫ x+h

x
f(u)du (5)

àÇý.

根Wcq f Ê [a, b] ,©//ç h Düv,

[x, x + h] ⊂ [a, b]
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] f Ê [x, x + h] ,?©/, /â”值ìÜ, æÊ|ü

值 m = m(x, h) D|×值 M = M(x, h), [ý m

D M Ó x D h 7ì, 即

m ≤ f(u) ≤ M, u ∈ [x, x + h]

QO, 根Wì	}í.��, )∫ x+h

x
mdu ≤

∫ x+h

x
f(u)du ≤

∫ x+h

x
Mdu

即

mh ≤
∫ x+h

x
f(u)du ≤ Mh

°Î h, )

m ≤
1

h

∫ x+h

x
f(u)du ≤ M

yâ2È值ìÜ, 介kßÞ m D M í u 值È, æÊø

ch, çÍ ch ∈ [x, x + h], U)

f(ch) =
1

h

∫ x+h

x
f(u)du (6)

àÇý.

|(, ÄÑ x ≤ ch ≤ x + h, ]

lim
h→0

ch = x
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/â©/函bí”Ì4”£ (5) �, (6) �D,�, )

F ′(x) = lim
h→0

1

h

∫ x+h

x
f(u)du

= lim
h→0

f(ch) = f

(
lim
h→0

ch

)
= f(x)

即

d

dx

∫ x

a
f(u)du = f(x)
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