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單元 25: 代入法 (積分形式的連鎖規則)
({… §7.1)

I

f(x) = sin (3x2 + 1)

½. f ′(x) ÑS?

©�d†: I

u = 3x2 + 1, f(u) = sinu

†

sin (3x2 + 1) = f(u(x))

FJ,

d

dx
sin (3x2 + 1) =

df

du
·
du

dx
= cosu · (6x)

= cos (3x2 + 1) · 6x

,H°û函bj¶í¥²¬˙Tý|l�∫
6x cos(3x2 + 1) dx
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í	}j¶: I

u = 3x2 + 1

ªû|

du

dx
= 6x ⇒ ì2�}� du = 6x dx

Í(ø u D du HpŸ\	函b, ª)ø“�(/ñq°

¥û函bí\	函b cosu, à-H:∫
cos(3x2 + 1)︸ ︷︷ ︸

cosu

·6xdx︸ ︷︷ ︸
du

=
∫

cosu du

= sinu + C

= sin (3x2 + 1) + C

註. ,H°.ì	}íÉœ4uJø_çí�äJ£óÉ

í¾HpŸ\	函b, 7øw“�Añq°¥û函bí型

�. Ä¤, ªcÜAà-í

Hp¶: J u = g(x) †�}� du = g′(x)dx /∫
f [g(x)]g′(x)dx =

∫
f(u)du

註. Hp¶í�ÿ: ç\	函b2�ø¶}u剩ì¶}

(¯A函b) íq¶函bíû函bCw純¾倍bv, Hp¶

uø_|òQ5¾í	}x巧.
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W 1. °-�®á.ì	}.

(a)
∫

(2x + 1) ex2+x dx

(b)
∫ 1

x lnx
dx

(c)
∫ 2x + 3

x2 + 3x
dx

<j> (a) ÄÑ\	函b2í 2x + 1 剛ßu剩ì¶}

(¯A函b) íq¶函b x2 + x íû函b, ¤4Tý: I

u = x2 + x

â¤û|

du

dx
= (2x + 1) C du = (2x + 1)dx

ø u D du Hp, )

Ÿ� =
∫

ex2+x︸ ︷︷ ︸
eu

(2x + 1)dx︸ ︷︷ ︸
du

=
∫

eudu

= eu + C

= ex2+x + C
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(b) °	}íø_½bÉœ4u<…?‰, ¤ªN¬ÖŸ

í*37Tô5. à, Ûb<…|

Ÿ� =
∫ 1

lnx
·
1

x
dx

/\	函b2í 1
lnx Ñø¯A函b, wq¶函b lnx í

û函b剛ßÿuÿu剩ìí¶} 1
x. Ä¤, àHp¶, I

u = lnx ⇒ du =
1

x
dx

),

Ÿ� =
∫ 1

lnx︸ ︷︷ ︸
1/u

·
1

x
dx︸ ︷︷ ︸

du

=
∫ 1

u
du

= ln |u|+ C

= ln | lnx|+ C

(c) D (b) üæÑ°øé型, ÄÑª<…|

Ÿ� =
∫ 1

x2 + 3x
· (2x + 3)dx

J£\	函b2í 1
x2+3x

Ñø¯A函b, wq¶函bí

û函b剛ßu剩ìí¶} 2x + 3. ¤4TýSàHp¶,
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]I

u = x2 + 3x ⇒ du = (2x + 3)dx

1)

Ÿ� =
∫ 1

x2 + 3x︸ ︷︷ ︸
1/u

· (2x + 3)dx︸ ︷︷ ︸
du

=
∫ 1

u
du

= ln |u|+ C

= ln |x2 + 3x|+ C

註. cÜ‡ÞíWä, ª)à-í	}é型:

(1)
∫

g′(x)eg(x) dx = eg(x) + C

ÄÑI

u = g(x) ⇒ du = g′(x)dx

ª)

Ÿ� =
∫

eg(x)︸ ︷︷ ︸
eu

· g′(x)dx︸ ︷︷ ︸
du

=
∫

eu du

= eu + C

= eg(x) + C
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(2)
∫

g′(x)

g(x)
dx = ln |g(x)|+ C

ÄÑI

u = g(x) ⇒ du = g′(x)dx

ª)

Ÿ� =
∫ 1

g(x)︸ ︷︷ ︸
1/u

· g′(x)dx︸ ︷︷ ︸
du

=
∫ 1

u
du

= ln |u|+ C

= ln |g(x)|+ C

W 2. t°-�®á.ì	} (du .}剛ß|ÛÊ\	

函b2, Oßƒ只差ø_純¾	Ää).

(a)
∫

4x
√

x2 + 1 dx

(b)
∫

tanx dx
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<j> (a) ílª<…|\	函b2, ¯A函bíq¶函

bÑ x2 + 1, ]I

u = x2 + 1 ⇒ du = 2xdx

ÖÍ du .}剛ßu\	函b2剩ìí¶}, O僅差ø_

純¾	Ää, ]ª|c7)

Ÿ� =
∫

2
√

x2 + 1 · (2x)dx

=
∫

2
√

udu

= 2 ·
2

3
u3/2 + C

=
4

3
(x2 + 1)3/2 + C

(b) ílªøŸ�Z寫A∫ sinx

cosx
dx

ÄÑwÑø}�, ]根W註j2í	}é型C<…|¯A

函bíq¶函b, ªI

u = cosx ⇒ du = − sin dx

Ä¤, 根W du _çË|c純¾	Ää(, ª)

Ÿ� =
∫ −1

cosx
· (− sinx)dx

=
∫ −1

u
du
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ø_熟2í.ì	}�ä. ]根Wú@í	}d†, ªø

¥	})

Ÿ� = − ln |u|+ C

= − ln | cosx|+ C

= ln | cosx|−1 + C

= ln | secx|+ C

ø_‡ÞÀjFT¬í.ì	}íd†.

註. °Ü, ªû|∫
cotxdx = ln | sinx|+ C

W 3. t°-�®á.ì	}.

(a)
∫

x
√

2x − 1 dx

(b)
∫

tanx sec2 x dx

(c)
∫

g′(x)

[g(x)]2 + 1
dx
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(d)
∫ √

1 + lnx
lnx

x
dx

<j> Hp¶íÉœÊk_çË²¦ u, J_kªø\	

函b2剩ìí¶}寫A du íø_純¾	, 7øŸ�“�

Aø_ªJUà˛ød†°	}í�ä. ²¦ u í熟*

£Äü˙�ª%âÖ*37.iËTô.

(a) ¤½æí困ØTÊk根Uq�Öáí¸C差, 7.u

僅僅øá, 7?øwZ寫A純¾乘J x1/2, Í(y°.ì

	}. Ä¤, ‡ú¤困ØT, ª5?I

u = 2x − 1

†

du = (2x − 1)′dx = 2dx

C

dx =
1

2
du

J£

x =
1

2
(u + 1)

QO, ø,Þ®áHp, U\	函bâŸVJ x ÑA‰b

í型�, êrËZAJ u ÑA‰bí型�, 7)

Ÿ� =
∫ 1

2
(u + 1) ·

√
u ·

1

2
du
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cÜ1Má	}, )

Ÿ� =
1

4

∫ (
u3/2 + u1/2

)
du

=
1

4

(
2

5
u5/2 +

2

3
u3/2

)
+ C

=
1

10
(2x − 1)5/2 +

1

6
(2x − 1)3/2 + C

C

Ÿ� =
∫ 1

2
x︸︷︷︸

(u+1)/2

·
√

2x − 1︸ ︷︷ ︸√
u

·2dx︸︷︷︸
du

=
1

2

∫ 1

2
(u + 1)

√
udu

=
1

4

∫ (
u3/2 + u1/2

)
du

...

(b) I

u = tanx ⇒ du = (tanx)′dx = sec2 xdx

Ä¤,

Ÿ� =
∫

udu

=
1

2
u2 + C

=
1

2
tan2 x + C

10 2×bç系:PM



¹p»ç系�	}(99ç��) Àj 25: Hp¶

CI

u = secx ⇒ du = (secx)′dx = secx tanxdx

J£

Ÿ� =
∫

secx · secx tanxdx

=
∫

udu

=
1

2
u2 + C

=
1

2
sec2 x + C

註. ¤ùj¶í��ÊÕ$,N乎.°, Oõ”,它bu

ó°í, ÄÑ根Wúi0��

sec2 x = 1 + tan2 x

�ù_j¶F)í��

1

2
sec2 x + C =

1

2
(1 + tan2 x) + C

=
1

2
tan2 x +

(
1

2
+ C

)
=

1

2
tan2 x + C

¤4ÄÑ 1
2 + C 6uLø�b, ]ªJ C �ÀË[ý,

7)ƒ�ø_j¶l�|í��. ¥�ÊÕ$,N乎.°,
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7õ”,uó°í!‹íÛ象, u}|Ûí, ¦�ªàø

<0��zp它buøší.

(c) â\	函bí型�, 'AÍË}I

u = g(x) ⇒ du = g′(x)dx

J£

Ÿ� =
∫ 1

1 + [g(x)]2
· g′(x)dx

=
∫ 1

1 + u2
du

= tan−1 u + C

= tan−1 g(x) + C

(d) 根W累	í%ð, ÄÑ含根Uí¶}Ñø¯A函b,

]l5?I根Uqí�äÑ u, ?即,

u = 1 + lnx

†

du =
1

x
dx

J£

lnx = u − 1
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Ä¤, Hp(, ª)ƒJ u ÑA‰b7/œñq	}í�

ä, ¬˙à-:

Ÿ� =
∫ √

1 + lnx · lnx ·
1

x
dx

=
∫ √

u(u − 1)du

=
∫ (

u3/2 − u1/2
)

du

=
2

5
u5/2 −

2

3
u3/2 + C

=
2

5
(1 + lnx)5/2 −

2

3
(1 + lnx)3/2 + C

W 4. t°-�®áì	}.

(a)
∫ 2

1

3x2 + 1

x3 + x
dx

(b)
∫ 1

1/2

1

x2
e1/x dx

(c)
∫ π/6

0
cosx esinx dx
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(d)
∫ 9

4

2

x − 3
dx

<j> (a) j¶ 1: l°J x ÑA‰bí.ì	}, y

ø x í	}”ÌHp.

ÄÑ}ä剛ßu}母íû函b, ]I

u = x3 + x ⇒ du = (3x2 + 1)dx

J£ ∫ 3x2 + 1

x3 + x
dx =

∫ 1

u
du

= ln |u|+ C

= ln |x3 + x|+ C

â FTC (part 2),

Ÿ� = ln |x3 + x|
∣∣∣2
x=1

= ln |8 + 2| − ln |1 + 1|
= ln10− ln 2

= ln
(
10

2

)
= ln5

j¶ 2: òQJHp¶, øJ x ÑA‰bí�äZAJ u
ÑA‰bí�ä, 1ø x í	}”Ì²A u í	}”Ì,
y°ì	}.
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I

u = x3 + x ⇒ du = (3x2 + 1)dx

J£

x = 1 ⇒ u = 13 + 1 = 2

x = 2 ⇒ u = 23 + 2 = 10

Ä¤, ∫ 2

1

3x2 + 1

x3 + x
dx =

∫ 10

2

1

u
du

= ln |u|
∣∣∣10

u=2
= ln10− ln 2

= ln5

(b) \	函b�uFT¬í�ø�é型 g′(x)eg(x), ]I

u =
1

x
⇒ du = −

1

x2
dx

C

−du =
1

x2
dx

J£

x =
1

2
⇒ u =

1

1/2
= 2

x = 1 ⇒ u =
1

1
= 1
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FJ, ∫ 1

1/2

1

x2
e1/x dx = −

∫ 1

2
eu du

= −eu
∣∣∣1
2

= −e1 − (−e2)

= e2 − e

(c) D (b) üæu°øé型, ]I

u = sinx ⇒ du = cosxdx

J£

x = 0 ⇒ u = sin0 = 0

x =
π

6
⇒ u = sin

(
π

6

)
=

1

2
Ä¤, ∫ π/6

0
cosxesinx dx =

∫ 1/2

0
eu du

= eu
∣∣∣1/2

0

= e1/2 − 1

(d) ÄÑ}母íû函bu}äí純¾	, uFT¬í�ù

�é型, ]I

u = x − 3 ⇒ du = dx
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J£

x = 4 ⇒ u = 4− 3 = 1

x = 9 ⇒ u = 9− 3 = 6

Ä¤, ∫ 9

4

2

x − 3
dx =

∫ 6

1

2

u
du

= 2 ln |u|
∣∣∣6
1

= 2(ln 6− ln 1)

= 2 ln 6
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