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Àj 22: œ0‚ƒb
({… §3.10)

°cbMÓœ‰bíœ0}Ó£wF4”íø�à	xÑ

œ0‚ƒb (probability-generating function, �

˚ pgf), ì2à-:

ì2 1. q Y ÑøcbMÓœ‰b, w pmf à-:

P (Y = i) = pi, i = 0,1,2, . . .

† Y íœ0‚ƒb (pgf)

P (t)
def
= E(tY )

= p0 + p1t + p2t2 + p3t3 + · · ·

=
∞∑

i=0

pit
i

ç P (t) �Ìv.

Å. ÄÑ P (t) í�Ç�2, ti í[bÑ

pi = P (Y = i)

]˚ P (t) Ñœ0‚ƒb.
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ì2 2. Óœ‰b Y í k ¼¼
�Ï (kth

factorial moment)

µ[k]
def
= E[Y (Y − 1)(Y − 2) · · · (Y − k + 1)]

w2 k = 1,2,3, . . .

Å. ;W¼
�Ïíì2, ø¼¼
�Ï

µ[1] = E(Y ) = µ

�ßÑ Y í‚�M, /ù¼¼
�Ï

µ[2] = E[Y (Y − 1)]

uø_àk°ùá, �SD³#Óœ‰bí‰æbí�ä.

ìÜ 3.13. qcbMÓœ‰b Y í pgf Ñ P (t),
†

dkP (t)

dtk

∣∣∣∣∣
t=1

= P (k)(1)

= µ[k]

= E[Y (Y − 1) · · · (Y − k + 1)]

<„> íl;Wœ0‚ƒbíì2,

P (t) = p0 + p1t + p2t2 + p3t3 + · · ·+ pktk + · · ·
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QO;Wø_9õ: ç P (t) æÊv, �}D¸ª>²,

)

P (1)(t) = p1 + 2p2t + 3p3t2 + · · · +
kpktk−1 + · · ·

P (2)(t) = (2)(1)p2 + (3)(2)p3t + · · · +
(k)(k − 1)pktk−2 + · · ·

...

P (k)(t) = k(k − 1) · · · (2)(1)pk +

(k + 1)(k) · · · (2)pk+1t + · · ·

=
∞∑

y=k

y(y − 1)(y − 2) · · · (y − k + 1) ·

pyty−k

...

|(, Hp t = 1, )

P (1)(1) = p1 + 2p2 + 3p3 + · · · + kpk + · · ·
= E(Y ) = µ[1]

P (2)(1) = (2)(1)p2 + (3)(2)p3 + · · · +
(k)(k − 1)pk + · · ·

= E[Y (Y − 1)] = µ[2]

...
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P (k)(1) =
∞∑

y=k

y(y − 1) · · · (y − k + 1)py

= E[Y (Y − 1) · · · (Y − k + 1)]

= µ[k]

W 1. t° Y ∼ geometric(p) íœ0‚ƒb (pgf)

P (t).

<j> ;W pgf íì2J£Óœ‰bíƒbí‚�Mt

�,

P (t) = E(tY )

=
∞∑

y=1

typ(y), (ÄÑ p(0) = 0)

=
∞∑

y=1

tyqy−1p

=
p

q

∞∑
y=1

(qt)y

=
p

q
·

qt

1 − qt
(ÄÑ�ª�b)

=
pt

1 − qt

ç |qt| < 1, ?óçk −1/q < t < 1/q v.
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W 2. tJ Y ∼ geometric(p) í pgf P (t) °w

‚�M µ D‰æb σ2.

<j> ;Wø¼¼
�Ïíì2J£ìÜ 3.13,

µ = E(Y ) = µ[1]

= P (1)(1)

=
d

dt

[
pt

1 − qt

]∣∣∣∣∣
t=1

=
p(1 − qt) − (−q)pt

(1 − qt)2

∣∣∣∣∣
t=1

=
p

(1 − qt)2

∣∣∣∣∣
t=1

=
p

(1 − q)2
=

p

p2
=

1

p

¢

E(Y (Y − 1)) = µ[2]

=
d

dt

[
p

(1 − qt)2

]∣∣∣∣∣
t=1

=
2pq

(1 − qt)3

∣∣∣∣∣
t=1

=
2pq

(1 − q)3
=

2pq

p3
=

2q

p2
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],

E(Y 2) = E[Y (Y − 1)] + E(Y )

=
2q

p2
+

1

p
=

1 + q

p2

Ä¤,

Var(Y ) = E(Y 2) − [E(Y )]2

=
1 + q

p2
−

1

p2

=
q

p2
=

1 − p

p2
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