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Àj 35: iÒ£‘Kœ0}Ó
({… §5.3)

ì2. (a) q:¯×àÓœ‰b

(Y1, Y2) ∼ joint pmf p(y1, y2)

† Y1 íiÒœ0”¾ƒb (marginal pmf)

p1(y1)
def
= P (Y1 = y1)

=
∑
y2

P (Y1 = y1, Y2 = y2)

=
∑
y2

p(y1, y2)

w2Ú‹¸í¸ˇu°QF�ª?í y2; °Ü, Y2 í

marginal pmf

p2(y2)
def
= P (Y2 = y2)

=
∑
y1

P (Y1 = y1, Y2 = y2)

=
∑
y1

p(y1, y2)

(b) q:¯©/Óœ‰b

(Y1, Y2) ∼ joint pdf f(y1, y2)

1 2×bçÍ:PM



œ0D$l(105-) Àj 35: iÒ£‘Kœ0}Ó

† Y1 íiÒœ0ò�ƒb (marginal pdf)

f1(y1)
def
=

∫ ∞

−∞
f(y1, y2)dy2

/ Y2 í marginal pdf

f2(y2)
def
=

∫ ∞

−∞
f(y1, y2)dy1

W 1. â 3 Pu¸öº, 2 P¬3öº, D 1 PÖ
ö

º2, L² 2 A Aøãº}. I Y1 = ãº}2u¸

öºb/ Y2 = ãº}2¬3öºb. t° Y1 D Y2

í joint pmf, 1° Y1 í marginal pmf.

<j> ;WÖá}Ó,

p(1,1) = P (Y1 = 1, Y2 = 1)

=

(
3
1

) (
2
1

) (
1
0

)
(
6
2

)
=

3 · 2
15

=
6

15

°Ü, ª)w…íœ0Mà-H,

p(0,0) = P (²|sPÖ
öº)

= P (∅) = 0

2 2×bçÍ:PM



œ0D$l(105-) Àj 35: iÒ£‘Kœ0}Ó

p(0,1) =

(
3
0

) (
2
1

) (
1
1

)
(
6
2

) =
2

15

p(0,2) =

(
3
0

) (
2
2

) (
1
0

)
(
6
2

) =
1

15

p(1,0) =

(
3
1

) (
2
0

) (
1
1

)
(
6
2

) =
3

15

p(2,0) =

(
3
2

) (
2
0

) (
1
0

)
(
6
2

) =
3

15

J£

p(1,2) = p(2,1) = p(2,2) = P (∅) = 0

¤4ÄÑãº}Éâ 2 A A, 1ª�[à-:

y1
y2 0 1 2 Total
0 0 3/15 3/15 6/15
1 2/15 6/15 0 8/15
2 1/15 0 0 1/15

Total 3/15 9/15 3/15

¢;WiÒœ0”¾ƒbíì2, Y1 í marginal pmf
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à-:

p1(0) = p(0,0) + p(0,1) + p(0,2)

= 0 +
2

15
+

1

15
=

3

15

p1(1) = p(1,0) + p(1,1) + p(1,2)

=
3

15
+

6

15
+ 0 =

9

15
/

p1(2) = p(2,0) + p(2,1) + p(2,2)

=
3

15
+ 0 + 0 =

3

15

ÌÑ®Wáí¸. ÄÑ0k[�íêi (�i), ]˚Ti

Òœ0”¾ƒb (marginal pmf). °Ü, ®�áí¸

Ñ Y2 í marginal pmf, /Pk[�í¬i.

W 2. q:¯©/Óœ‰b (Y1, Y2) í joint pdf

f(y1, y2) =

{
2y1, 0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 1
0, w…

tú f(y1, y2) íÇ$, 1° Y1 D Y2 í marginal

pdf.

<j> f(y1, y2) íÇ$à-Fý.
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hô:

(1) Ú	j²Ñ “�Wk y2-W” v, Y1 í

marginal pdf Ñúi$}Ó, àÇFý.

(2) Ú	j²Ñ “�Wk y1 W” v, Y2 í

marginal pdf ÑÌG}Ó, àÇFý.

õÒ°¶à-:

(1) Y1 í marginal pdf: úk 0 ≤ y1 ≤ 1,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2

=
∫ 1

0
2y1dy2

= 2y1y2

∣∣∣1
y2=0

= 2y1

úk y1 < 0 C y1 > 1,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2

=
∫ ∞

−∞
0dy2 = 0
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Ä¤, ã¯,H, Y1 í marginal pdf

f1(y1) =

{
2y1, 0 ≤ y1 ≤ 1
0, w…

àÇFý.

(2) Y2 í marginal pdf: úk 0 ≤ y2 ≤ 1,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ 1

0
2y1dy1

= y2
1

∣∣∣1
y1=0

= 1

Ç y2 < 0 C y2 > 1 v,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ ∞

−∞
0dy1 = 0

Ä¤, ã¯,H, ) Y2 í marginal pdf

f2(y2) =

{
1, 0 ≤ y2 ≤ 1
0, w…

àÇFý.
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ì2. q:¯×àÓœ‰b

(Y1, Y2) ∼ joint pmf p(y1, y2)

/ Y1 D Y2 í marginal pmf }�Ñ p1(y1) D

p2(y2). †#ì Y2 = y2 -, Y1 í‘Kœ0”¾ƒb

(conditional pmf)

p(y1|y2)
def
= P (Y1 = y1|Y2 = y2)

=
P (Y1 = y1, Y2 = y2)

P (Y2 = y2)

=
p(y1, y2)

p2(y2)

ç p2(y2) > 0 v.

Å. J p2(y2) = 0 v, † p(y1|y2) „ì2.

°Ü, #ì Y1 = y1 -, Y2 í conditional pmf

p(y2|y1)
def
= P (Y2 = y2|Y1 = y1)

=
P (Y1 = y1, Y2 = y2)

P (Y1 = y1)

=
p(y1, y2)

p1(y1)

ç p1(y1) > 0 v.
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Å. J p1(y1) = 0 v, † p(y2|y1) „ì2.

W 3. wQW 1, t°#ì Y2 = 1 -, Y1 í‘Kœ0

”¾ƒb (conditional pmf), ?¹, çãº}2�ø

AÑ¬3öºv, u¸öºbí‘K}Ó.

<j> âW 1, joint pmf p(y1, y2) £ marginal

pmf p1(y1), p2(y2) à-[:

y1
y2 0 1 2 Total
0 0 3/15 3/15 6/15
1 2/15 6/15 0 8/15
2 1/15 0 0 1/15

Total 3/15 9/15 3/15

QO, °#ì Y2 = 1, Y1 í conditional pmf

p(y1|Y2 = 1) v, ÉÛõ (Y2 = 1) Fú@í�¹ª,

à-H.

p(0|Y2 = 1) =
p(0,1)

p2(1)
=

2/15

8/15
=

1

4

J£

p(1|Y2 = 1) =
p(1,1)

p2(1)
=

6/15

8/15
=

3

4
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¸

p(2|Y2 = 1) =
p(2,1)

p2(1)
=

0

8/15
= 0

Ä¤, #ì Y2 = 1, Y1 í conditional pmf

p(y1|Y2 = 1) =

{
1
4, y1 = 0
3
4, y1 = 1

°Ü, #ì Y2 = 0, Y1 í conditional pmf

p(y1|Y2 = 0) =

{
1
2, y1 = 1
1
2, y1 = 2

J£#ì Y2 = 2 v, Y1 í conditional pmf

p(y1|Y2 = 2) = 1, y1 = 0

Å 1. 	ì#ìí Y2 = y2 v, conditional pmf
p(y1|y2) …™Ñøª?MÑ y1 íÓœ‰bí pmf.

Å 2. ‘Kœ0”¾ƒb (conditional pmf)
p(y1|y2) ÓO Y2 íhôM7‰.

Å 3. #ì Y1 = y1, Y2 í conditional pmf à-:

p(y2|Y1 = 0) =

{
2
3, y2 = 1
1
3, y2 = 2
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p(y2|Y1 = 1) =

{
1
3, y2 = 0
2
3, y2 = 1

J£

p(y2|Y1 = 2) = 1, y2 = 0

?¥@|	ì#ìí Y1 = y1, p(y2|y1) …™Ñøª?

MÑ y2 íÓœ‰bí pmf, J£ÓO Y1 íhôM7

‰.

Å 4. J Y1 D Y2 Ñ:¯©/Óœ‰b, †Ì¶ì2

P (Y1 = y1|Y2 = y2) C P (Y2 = y2|Y1 = y1), Ä

Ñ¤v P (Y2 = y2) D P (Y1 = y1) Ì0Ñ 0. Oª

N¬à-ì2í‘KÚ	}Óƒb (conditional cdf)
OG.

ì2. q:¯©/Óœ‰b

(Y1, Y2) ∼ joint pdf f(y1, y2)

†#ì Y2 = y2, Y1 í conditional cdf

F (y1|y2)
def
= P (Y1 ≤ y1|Y2 = y2)

Å. 	ì#ìM Y2 = y2, conditional cdf
F (y1|y2) Ñø y1 íƒb, /…™Ñøª?MÑ y1 í

Óœ‰bí cdf.
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°Ü, #ì Y1 = y1, Y2 í conditional cdf

F (y2|y1)
def
= P (Y2 ≤ y2|Y1 = y1)

Å. 	ì#ìí Y1 = y1, F (y2|y1) …™Ñøª?M

Ñ y2 íÓœ‰bí cdf.

Å. ÄÑ Y2 rÊ y2 Ë¡ü–Èíœ0¡Nk

f2(y2)dy2

]ârœ0
í–1,

F (y1) = P (Y1 ≤ y1)

=
∫ ∞

−∞
P (Y1 ≤ y1|Y2 = y2)f2(y2)dy2

=
∫ ∞

−∞
F (y1|y2)f2(y2)dy2 (1)

¢ÄÑ Y1 í marginal pdf Ñ f1(y1), ]

F (y1) = P (Y1 ≤ y1)

=
∫ y1

−∞
f1(t1)dt1

=
∫ y1

−∞

[∫ ∞

−∞
f(t1, y2)dy2

]
dt1

=
∫ ∞

−∞

[∫ y1

−∞
f(t1, y2)dt1

]
dy2 (2)
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ªœ (1) �D (2) �, )

F (y1|y2)f2(y2) =
∫ y1

−∞
f(t1, y2)dt1

C

F (y1|y2) =
∫ y1

−∞

f(t1, y2)

f2(y2)
dt1

FJ, â cdf D pdf 5ÈíÉ[, ª˚,�2í\	ƒ

b

f(y1, y2)

f2(y2)

Ñ#ì Y2 = y2 -, Y1 í conditional pdf, 1J

f(y1|y2) [ý5. £�ì2à-.

ì2. q:¯©/Óœ‰b

(Y1, Y2) ∼ joint pdf f(y1, y2)

/ Y1 D Y2 í marginal pdf }�Ñ f1(y1) D
f2(y2). †úL<U) f2(y2) > 0 í y2, #ì

Y2 = y2, Y1 í conditional pdf

f(y1|y2)
def
=

f(y1, y2)

f2(y2)

Å. 	ì#ìí Y2 = y2, f(y1|y2) …™Ñøª?M

Ñ y1 íÓœ‰bí pdf. ¢ÓO Y2 íhôM7‰.
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°Ü, úL<U) f1(y1) > 0 í y1, #ì Y1 = y1,
Y2 í conditional pdf

f(y2|y1)
def
=

f(y1, y2)

f1(y1)

Å. 	ì#ìí Y1 = y1, f(y2|y1) …™Ñøª?M

Ñ y2 íÓœ‰bí pdf. ¢ÓO Y1 íhôM7‰.

Å 1. J f2(y2) = 0, † f(y1|y2) „ì2. °Ü,
J f1(y1) = 0, f(y2|y1) ?„ì2.

Å 2. ã¯ conditional cdf D conditional pdf
íì2, )

F (y2|y1) =
∫ y2

−∞
f(t2|y1)dt2

D

F (y1|y2) =
∫ y1

−∞
f(t1|y2)dt1

W 4. qøïeœqÖ Y2 ‹�íïe/�»¾Ñ Y1
‹�, ] Y1 ≤ Y2. ¢

(Y1, Y2) ∼ f(y1, y2) =

{
1
2, 0 ≤ y1 ≤ y2 ≤ 2
0, w…
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t° (a) #ì Y2 = y2, Y1 í conditional pdf, J

£ (b) P (�»¾ ≤ 1/2| œÂqÖ1.5).

<j> (a) l° Y2 í marginal pdf f2(y2): íl

joint pdf f(y1, y2) Ê–�

R :

{
0 ≤ y2 ≤ 2
0 ≤ y1 ≤ y2

,¦£M 1
2, w…Ëj¦MÑ 0, àÇý.

Å. ÄÑ R íÞ	Ñ 1
2(2)(2) = 2, FJ

(Y1, Y2) ∼ unif(R)

QO, ç 0 ≤ y2 ≤ 2 v,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ y2

0

1

2
dy1

=
1

2
y1

∣∣∣∣y2

y1=0
=

1

2
y2

ç y2 < 0 C y2 > 2 v,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ ∞

−∞
0dy1 = 0
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Ä¤, ã¯,H, Y2 í marginal pdf

f2(y2) =

{
1
2y2, 0 ≤ y2 ≤ 2
0, w…

|(, ;W conditional pdf íì2, úk

0 < y2 ≤ 2 (ÄÑ¤v f2(y2) > 0), #ì Y2 = y2,
Y1 í conditonal pdf

f(y1|y2) =
f(y1, y2)

f2(y2)

=


1/2

(1/2)y2
= 1

y2
, 0 ≤ y1 ≤ y2

0
(1/2)y2

= 0, w…
(3)

¢ y2 ≤ 0 C y2 > 2 v, f(y1|y2) „ì2, ÄÑ¤v

f2(y2) = 0.

(b) ;Wæ<,

F° = P (Y1 ≤ 1/2|Y2 = 1.5)

=
∫ 1/2

−∞
f(y1|y2 = 1.5)dy1

=
∫ 1/2

0

1

1.5
dy1

=
1

1.5
y1

∣∣∣∣1/2

0
=

0.5

1.5
=

1

3
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w2�ù_�UA
4;WÅ 2, �ú_�UA
4;W

(3) �, )

f(y1|y2 = 1.5) =
1

1.5
, 0 ≤ y1 ≤ 1.5

F_.

Å. hô.° Y2 Mí‘Kœ0, à

P (Y1 ≤ 1/2|Y2 = 2) =
∫ 1/2

−∞
f(y1|y2 = 2)dy1

=
∫ 1/2

0

1

2
dy1

=
1

2
y1

∣∣∣∣1/2

y1=0
=

1

4

J£

P (Y1 ≤ 1/2|Y2 = 1/3)

=
∫ 1/2

−∞
f(y1|y2 = 1/3)dy1

=
∫ 1/3

0
3dy1

= 3y1

∣∣∣1/3

0
= 1

ø¯Üí!‹, w2�ù_�UA
4ÄÑ

f(y1|y2 = 1/3) = 3, 0 ≤ y1 ≤
1

3
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F_. ÇÕ, â¤W?¥@|‘Kœ0ÓO Y2 íhôM

7‰!!
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