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({… §5.4)

ì2. ùÓœ‰b Y1, Y2 ó�Ö
 (mutually

independent) J/ÑJúL<í a < b, c < d,

P (a ≤ Y1 ≤ b, c ≤ Y2 ≤ d)

= P (a ≤ Y1 ≤ b)P (c ≤ Y2 ≤ d)

¤ì2óçkà-íì2 (J cdf íi�Võ):

ì2. q

(Y1, Y2) ∼ joint cdf F (y1, y2)

/

Y1 ∼ F1(y1) D Y2 ∼ F2(y2)

† Y1 D Y2 ó�Ö
J/ÑJúL<í (y1, y2),

F (y1, y2) = F1(y1)F2(y2)

´†, ˚ Y1, Y2 Ñ.Ö
 (dependent).

?ªâ pmf D pdf íi�‡iÖ
D´, à-Híì

Ü.
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ìÜ 5.4. q

(Y1, Y2) ∼ joint pmf p(y1, y2)

/ Y1 D Y2 í marginal pmf }�Ñ p1(y1) D

p2(y2). † Y1 D Y2 ó�Ö
J/ÑJúL<í

(y1, y2),

p(y1, y2) = p1(y1)p2(y2)

q

(Y1, Y2) ∼ joint pdf f(y1, y2)

/ Y1 D Y2 í marginal pdf }�Ñ f1(y1) D

f2(y2). † Y1 D Y2 ó�Ö
J/ÑJúL<í

(y1, y2),

f(y1, y2) = f1(y1)f2(y2)

W 1. wQ §5.3 2ãº}íWä, w2 joint pmf

p(y1, y2) à-:

y1
y2 0 1 2 Total
0 0 3/15 3/15 6/15
1 2/15 6/15 0 8/15
2 1/15 0 0 1/15

Total 3/15 9/15 3/15
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ÄÑ

p(0,0) = 0

/

p1(0) = 3/15, p2(0) = 6/15

FJ

p(0,0) 6= p1(0)p2(0)

7) Y1 D Y2 .ó�Ö
.

W 2. q Y1 D Y2 í joint pdf

f(y1, y2) =

{
6y1y2

2, 0 ≤ y1 ≤ 1,0 ≤ y2 ≤ 1
0, w…

t„ Y1 D Y2 ó�Ö
.

<„> íl, ªhô| joint pdf f(y1, y2) Ê–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ 1

,¦M 6y1y2
2, w…Ëj¦M 0, àÇFý.

QOª;W,HíhôJ£ marginal pdf ì2, }�

°| Y1 D Y2 í marginal pdf, 1JìÜ 5.4 FH
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í pdf i�‡i|Ö
4. úk 0 ≤ y1 ≤ 1,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2

=
∫ 1

0
6y1y2

2dy2

= 6y1 ·
1

3
y3
2

∣∣∣∣1
y2=0

= 2y1

ç y1 < 0 C y1 > 1 v,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2 =

∫ ∞

−∞
0dy2 = 0

Ä¤, ã¯,H, Y1 í marginal pdf

f1(y1) =

{
2y1, 0 ≤ y1 ≤ 1
0, w…

(1)

°Ü, úk 0 ≤ y2 ≤ 1,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ 1

0
6y1y2

2dy1

= y2
2 · 3y2

1

∣∣∣1
y1=0

= 3y2
2

úk y2 < 0 C y2 > 1,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1 =

∫ ∞

−∞
0dy1 = 0
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FJ, ¯9,ù�, ) Y2 í marginal pdf

f2(y2) =

{
3y2

2, 0 ≤ y2 ≤ 1
0, w…

(2)

|(, â (1) �£ (2) �, )

f1(y1)f2(y2)

=


(2y1)(3y2

2) = 6y1y2
2, 0 ≤ y1 ≤ 1,

0 ≤ y2 ≤ 1
(2y1)(0) C (0)(3y2

2)
C (0)(0) = 0, w…

= f(y1, y2)

], Y1 D Y2 ó�Ö
.

W 3. q (Y1, Y2) í joint pdf

f(y1, y2) =

{
2, 0 ≤ y2 ≤ y1 ≤ 1
0, w…

t„ Y1 D Y2 .Ö
.

<„> ÄÑ joint pdf f(y1, y2) cÊ–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ y1
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,Ñ£/¦MÑ 2, àÇý, ]úk 0 ≤ y1 ≤ 1,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2

=
∫ y1

0
2dy2

= 2y2

∣∣∣y1

y2=0
= 2y1

¢ç y1 < 0 C y1 > 1 v,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2 =

∫ ∞

−∞
0dy2 = 0

Ä¤, ¯9,Hù�, ) Y1 í marginal pdf

f1(y1) =

{
2y1, 0 ≤ y1 ≤ 1
0, w…

(3)

°Ü, ÄÑ–� R ?ªJ®�j�[ýA

R :

{
0 ≤ y2 ≤ 1
y2 ≤ y1 ≤ 1

àÇý, ]úk 0 ≤ y2 ≤ 1,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ 1

y2

2dy1

= 2y1

∣∣∣1
y1=y2

= 2(1 − y2)
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¢úk y2 < 0 C y2 > 1,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1 =

∫ ∞

−∞
0dy1 = 0

FJ, Y2 í marginal pdf

f2(y2) =

{
2(1 − y2), 0 ≤ y2 ≤ 1
0, w…

(4)

QO, ç 0 < y1 ≤ y2 < 1 v, ?¹, Ê–�

R1 :

{
0 < y1 < 1
y1 ≤ y2 < 1

,, àÇý, â (3) �D (4) �, ª)

f1(y1)f2(y2) = (2y1)(2(1 − y2)) 6= 0

Í7Ê°ší–� R1 ,, º)|

f(y1, y2) = 0

], Y1 D Y2 .Ö
.

Å. (1) ÊW 3 2, ° f1(y1) v, y2 í	}”ÌD

y1 �É; ° f2(y2) v, y1 í	}”ÌD y2 �É, ¥

uû_.Ö
íŸÄ.

(2) W 2 2, ° f1(y1) D f2(y2) v, 	}”ÌÌÑ

�b, 7.§ y1 D y2 í	à, ]ó�Ö
.
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ìÜ 5.5. q (Y1, Y2) í joint pdf f(y1, y2) c

Ê–�

R :

{
a ≤ y1 ≤ b
c ≤ y2 ≤ d

,¦£M, w2 a, b, c, d ÌÑ�b, /Êw…Ëjí¦

MÑ 0. † Y1 D Y2 ó�Ö
J/ÑJ

f(y1, y2) = g(y1)h(y2)

w2 g(y1) cÑ y1 íÝŠƒb, h(y2) cÑ y2 íÝ

Šƒb.

<„> I.

Å. ìÜ 5.5 íiõ: .Ûb°| marginal pdf, É

b?ø f(y1, y2) }jAø_Ó y1 íƒb (.ÀÊbç

�ä,, ?¨�7ì2�) Dø_Ó y2 íƒbí
	¹

ª, ÝB¤ùƒb?.ÛbÑ pdf.

W 4. q (Y1, Y2) í joint pdf

f(y1, y2) =

{
2y1, 0 ≤ y1 ≤ 1,0 ≤ y2 ≤ 1
0, w…

t„ Y1 D Y2 ó�Ö
.
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<„> ÄÑ f(y1, y2) cÊ–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ 1

,Ñ£ (R íiäÑ�b) /I

g(y1) =

{
y1, 0 ≤ y1 ≤ 1
0, w…

D

h(y2) =

{
2, 0 ≤ y2 ≤ 1
0, w…

ª)

g(y1)h(y2)

=


(y1)(2) = 2y1, 0 ≤ y1 ≤ 1,

0 ≤ y2 ≤ 1
(y1)(0) C (0)(2)
C (0)(0) = 0, w…

= f(y1, y2)

Ä¤, âìÜ 5.5, Y1 D Y2 ó�Ö
, ÖÍ g(y1) D

h(y2) Ì.u pdf.

W 5. q (Y1, Y2) í joint pdf

f(y1, y2) =

{
3y1, 0 ≤ y2 ≤ y1 ≤ 1
0, w…
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t„ Y1 D Y2 .ó�Ö
.

<„> ÄÑ f(y1, y2) cÊ–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ y1

,Ñ£, O R íiä.Ñ�b, ?¹, .æÊ�b a, b,
c, d U) f(y1, y2) ÊiäÑ�bíj$–�

R :

{
a ≤ y1 ≤ b
c ≤ y2 ≤ d

,Ñ£, .¯¯ìÜ 5.5 í‘K, ].?àìÜ 5.5 V‡

iu´Ö
, ÓÍ f(y1, y2) Êbç�ä,D‡Wí8”

øš, ÌÑ (ø�b)·(ø‰b). Ä¤, Ûb;WìÜ 5.4
J pdf íi�VTÜ.

íl, úk 0 ≤ y1 ≤ 1,

f1(y1) =
∫ ∞

−∞
f(y1, y2)dy2

=
∫ y1

0
3y1dy2

= 3y1y2

∣∣∣y1

y2=0
= 3y2

1

°vúk y1 < 0 C y1 > 1,

f1(y1) =
∫ ∞

−∞
0dy2 = 0
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Ä¤, Y1 í marginal pdf

f1(y1) =

{
3y2

1, 0 ≤ y1 ≤ 1
0, w…

(5)

°Ü, ÄÑ–� R ?ªJ®�j�[ýA

R :

{
0 ≤ y2 ≤ 1
y2 ≤ y1 ≤ 1

àÇý, ]úk 0 ≤ y2 ≤ 1,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ 1

y2

3y1dy1

=
3

2
y2
1

∣∣∣∣1
y1=y2

=
3

2
(1 − y2

2)

¢úk y2 < 0 C y2 > 1,

f2(y2) =
∫ ∞

−∞
0dy1 = 0

FJ, Y2 í marginal pdf

f2(y2) =

{
3
2(1 − y2

2), 0 ≤ y2 ≤ 1
0, w…

(6)

|(, ç 0 < y1 ≤ y2 < 1, ?¹, Ê–�

R1 :

{
0 < y1 < 1
y1 ≤ y2 < 1
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,, àÇý, â (5) �£ (6) �, ª)

f1(y1)f2(y2) = (3y2
1)

(
3

2
(1 − y2

2)
)
6= 0

OÊ°ší–� R1 ,, º)|

f(y1, y2) = 0

], Y1 D Y2 .ó�Ö
.

Å. R�: q

Y1 ∼ F1(y1), Y2 ∼ F2(y2), . . . , Yn ∼ Fn(yn)

/

(Y1, Y2, . . . , Yn) ∼ F (y1, y2, . . . , yn)

†

Y1, Y2, . . . , Yn

ó�Ö
J/ÑJúF�í (y1, y2, . . . , yn),

F (y1, y2, . . . , yn) = F1(y1)F2(y2) · · ·Fn(yn)

?¹, joint cdf �k®A cdf í
	; ?óçkúkF

�í (y1, y2, . . . , y2),

p(y1, y2, . . . , yn) = p1(y1)p2(y2) · · · pn(yn)
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(×à8”) ?¹, joint pmf �k®A pmf í
	;

CúF�í (y1, y2, . . . , yn),

f(y1, y2, . . . , yn) = f1(y1)f2(y2) · · · fn(yn)

(©/8”), ?¹, joint pdf �k®A pdf í
	.
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