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Àj 39: ùÓœ‰bíu‰æb
({… §5.7)

ùÓœ‰bÈí(4É: (linear dependence) ªâ

à-ì2íu‰æb�¾5.

ì2. JÓœ‰b Y1 D Y2 í‚�M}�Ñ µ1 D

µ2, † Y1 D Y2 íu‰æb (covariance)

Cov(Y1, Y2)
def
= E[(Y1 − µ1)(Y2 − µ2)]

Å 1. |Cov(Y1, Y2)| B×ªû|B#í(4É:

(larger linear dependence). òhíÜâà-:

(1) Cov(Y1, Y2) Ñ£Mªû| “ç Y2 ↑” 4óç

k “ç Y1 ↑”, àÇý.

(2) Cov(Y1,Y2) ÑŠMªû| “ç Y2 ↑” 4óç

k “ç Y1 ↓”, àÇý.

(3) Cov(Y1, Y2) Ñ 0 ªû|Ì(4É:, àÇý.
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Å 2. ÄÑ Cov(Y1, Y2) D�¾�� (scale of

measurement) �É, ]Ì¶TÑ(4É:í"ú�¾

(absolute measure), ?¹, Ì¶òQâwMzp¤M

ƒ�u×´uü, Odà-í™Ä“(ªZ¾5. ì2ó

É[b (correlation coefficient)

ρ
def
=

Cov(Y1, Y2)

σ1σ2

w2 σ1 D σ2 }�Ñ Y1 D Y2 í™ÄÏ.

óÉ[b ρ í4”:

(1) −1 ≤ ρ ≤ 1.

(2) óÉ[b ρ í¯UDu‰æb Cov(Y1, Y2) í

¯Uó°. Ä¤,

(ii) ρ > 0 ªû| “Y2 ↑” 4óçk “Y1 ↑”, /

ρ ↑ 1 [ýB(4£óÉ; ρ = 1 [ýê1óÉ

(perfect correlation), ¤vF�õrÊø£

é0íò(,.

(ii) ρ = 0 ªû| “Éu‰æbJ£ÌóÉ (no

correlation)”.
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(iii) ρ < 0 ªû| “Y2 ↑” 4óçk “Y1 ↓”,

/ ρ ↓ −1 [ýB(4ŠóÉ; ρ = −1 [ýê

1óÉ, ¤vF�õrÊøé0ÑŠíò(,.

ÇøjZkl�u‰æbít�à-ìÜFH.

ìÜ 5.10. IùÓœ‰b Y1 D Y2 í‚�M}�Ñ

µ1 D µ2. †

Cov(Y1, Y2) = E(Y1Y2) − µ1µ2

C
= E(Y1Y2) − E(Y1)E(Y2)

?¹,

Cov(Y1, Y2) = (
	í‚�M)− (_�‚�Mí
	)

<„> ;Wu‰æbíì2J£‚�Mí(44”,

Cov(Y1, Y2)

= E[(Y1 − µ1)(Y2 − µ2)]

= E[Y1Y2 − µ1Y2 − µ2Y1 + µ1µ2]

= E(Y1Y2) − µ1E(Y2) − µ2E(Y1) + µ1µ2

= E(Y1Y2) − µ1µ2 − µ2µ1 + µ1µ2

= E(Y1Y2) − µ1µ2
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W 1. wQù“éæD�»íWä, w2 (Y1, Y2) í

joint pdf

f(y1, y2) =

{
3y1, 0 ≤ y2 ≤ y1 ≤ 1
0, w…

t° Cov(Y1, Y2).

<j> â‡ÞíWä, ˛°)

E(Y1) =
3

4
D E(Y2) =

3

8
]cÛl� E(Y1Y2). ÄÑ joint pdf f(y1, y2) Ê

–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ y1

,¦M 3y1, w…Ëj¦M 0, FJ;WÓœ‰bƒbí

‚�Mt�,

E(Y1Y2) =
∫ ∞

−∞

∫ ∞

−∞
y1y2f(y1, y2)dy2dy1

=
∫ 1

0

∫ y1

0
y1y2(3y1)dy2dy1

=
∫ 1

0
3y2

1

[
1

2
y2
2

∣∣∣∣y1

y2=0

]
dy1

=
∫ 1

0
3y2

1 ·
1

2
y2
1dy1

=
3

2
·
1

5
y5
1

∣∣∣∣1
y1=0

=
3

10
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Ä¤, Y1 D Y2 íu‰æb

Cov(Y1, Y2) = E(Y1Y2) − E(Y1)E(Y2)

=
3

10
−

3

4
·
3

8

=
48 − 45

160
=

3

160

Å. ÄÑ×í Y2 Mcª?êÞÊ×í Y1 M5-, /

×í Y1 Mû_×íò�M f(y1, y2), ]òh,, Y1
D Y2 íu‰æb@Ñ£.

W 2. q (Y1, Y2) í joint pdf

f(y1, y2) =

{
2y1, 0 ≤ y1 ≤ 1,0 ≤ y2 ≤ 1
0, w…

t° Cov(Y1, Y2).

<j> k §5.1 W 1 2, {l�|

E(Y1) =
2

3
, E(Y2) =

1

2
, J£ E(Y1Y2) =

1

3
], Y1 D Y2 íu‰æb

Cov(Y1, Y2) = E(Y1Y2) − E(Y1)E(Y2)

=
1

3
−

2

3
·
1

2

=
1

3
−

1

3
= 0

5 2×bçÍ:PM



œ0D$l(105-) Àj 39: ùÓœ‰bíu‰æb

Ä¤, Y1 D Y2 . (Ì) óÉ (no correlation).

Å. ¤W2, Y1 D Y2 ó�Ö
.

½. Ö
4
?⇒ ÌóÉ.

�. }, à-ìÜFH.

ìÜ 5.11. J Y1 D Y2 ó�Ö
, †

Cov(Y1, Y2) = 0

<„> ;WìÜ 5.10 íu‰æbt�,

Cov(Y1, Y2) = E(Y1Y2) − µ1µ2

= E(Y1)E(Y2) − E(Y1)E(Y2)

= 0

w2�ù_�UA
4ÄÑ Y1 D Y2 ó�Ö
, âìÜ

5.9 )

E(Y1Y2) = E(Y1)E(Y2)

F_.
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Å. “⇐” .A
, ?¹, Cov(Y1, Y2) = 0 .\„

Y1 D Y2 ó�Ö
. ¥Wà-.

W 3. q (Y1, Y2) í joint pmf à-[:

y1
y2 −1 0 +1
−1 1/16 3/16 1/16
0 3/16 0 3/16

+1 1/16 3/16 1/16

t„ Cov(Y1, Y2) = 0 O Y1 D Y2 º.ó�Ö
.

<„> (i) Y1 D Y2 .ó�Ö
: íl,

p1(−1) =
1

16
+

3

16
+

1

16
=

5

16
/

p2(−1) =
1

16
+

3

16
+

1

16
=

5

16

O

p(−1,−1) =
1

16
6= p1(−1) · p2(−1) =

25

256
â¤, —Jzp Y1 D Y2 .ó�Ö
.

(ii) Y1 í marginal pmf Ñ

p1(−1) =
5

16
, p1(0) =

6

16
, p1(1) =

5

16
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â¤û| Y1 í‚�M

E(Y1) = −1 ·
5

16
+ 0 ·

6

16
+ 1 ·

5

16
= 0

°Ü, Y2 í marginal pmf Ñ

p2(−1) =
5

16
, p2(0) =

6

16
, p2(1) =

5

16

FJ, Y2 í‚�M

E(Y2) = −1 ·
5

16
+ 0 ·

6

16
+ 1 ·

5

16
= 0

¢;WÓœ‰bƒbí‚�Mt�,

E(Y1Y2)

=
1∑

y1=−1

1∑
y2=−1

y1y2p(y1, y2)

= −1 · −1 ·
1

16
+ −1 · 0 ·

3

16
+ −1 · 1 ·

1

16
+

0 · −1 ·
3

16
+ 0 · 0 · 0 + 0 · 1 ·

3

16
+

1 · −1 ·
1

16
+ 1 · 0 ·

3

16
+ 1 · 1 ·

1

16

=
(

1

16
−

1

16

)
+ 0 +

(−1

16
+

1

16

)
= 0
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Ä¤, Y1 D Y2 íu‰æb

Cov(Y1, Y2) = E(Y1Y2) − E(Y1)E(Y2)

= 0 − (0)(0) = 0

Oº.ó�Ö
.
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