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({… §5.8)

Óœ‰b Y1, Y2, . . . , Yn í(4ƒbÑ

a1Y1 + a2Y2 + · · · + anYn

w2 a1, a2, . . . , an Ñ�b, k��ıD��øı2}�

|Û, ]�.b«nw‚�M, ‰æb, Dù(4 ¯Èí

u‰æbà-H.

ìÜ 5.12. I Y1, Y2, . . . , Yn í‚�M

E(Yi) = µi, i = 1,2, . . . , n

/ X1, X2, . . . , Xm í‚�M

E(Xj) = ξj, j = 1,2, . . . , m

ì2

U1 =
n∑

i=1

aiYi

/

U2 =
m∑

j=1

bjXj
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w2 a1, a2, . . . , an D b1, b2, . . . , bm Ñ�b. †-�

®�A
:

(a) ‚�Mí(44”,

E(U1) =
n∑

i=1

aiµi
C
=

n∑
i=1

aiE(Yi)

?¹, (4 ¯í‚�M�k‚�Mí(4 ¯.

(b) (4 ¯í‰æb,

Var(U1) =
n∑

i=1

a2
i Var(Yi) +

2
∑

1≤i<j≤n

aiajCov(Yi, Yj)

(c) ù(4 ¯Èíu‰æb,

Cov(U1, U2) =
n∑

i=1

m∑
j=1

aibjCov(Yi, Xj)

<„> (a) ÖŸT¬í!�, ªN¬Ö‰¾Óœ‰bƒb

í‚�Mt�J£	} (©/8”) ¸Ú‹ (×à8”)
í(44”„5, I.

2 2×bçÍ:PM



œ0D$l(105-) Àj 40: Óœ‰b(4ƒbí‚�MD‰æb

(b) ;W‰æbíì2, U1 íì2 J£ (a),

Var(U1) = E[(U1 − E(U1))
2]

= E


 n∑

i=1

aiYi −
n∑

i=1

aiµi

2


QO, ¯9,�2ü�Uqís_Ú‹¸1
Ç, )

Var(U1) = E


 n∑

i=1

ai(Yi − µi)

2


= E

 n∑
i=1

a2
i (Yi − µi)

2+

∑
1≤i6=j≤n

aiaj(Yi − µi)(Yj − µj)


y;W (a) í‚�M(44”, ,�óçk

Var(U1) =
n∑

i=1

a2
i E[(Yi − µi)

2] +∑
1≤i6=j≤n

aiajE[(Yi − µi)(Yj − µj)]

=
n∑

i=1

a2
i Var(Yi) +∑
1≤i6=j≤n

aiajCov(Yi, Yj) (1)
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w2|(ø_�UA
4;W‰æbDu‰æbíì2.
¢ÄÑ

Cov(Yi, Yj) = E[(Yi − µi)(Yj − µj)]

= E[(Yj − µj)(Yi − µi)]

= Cov(Yj, Yi) (2)

]ø (1) �2�U¬i�ù_Ú‹¸2ó°íá¯9, 1

züí—™[Ê‡Þ, )

Var(U1) =
n∑

i=1

a2
i Var(Yi) +

2
∑

1≤i<j≤n

aiajCov(Yi, Yj)

(c) ;Wu‰æbíì2, ‚�Mí(44”, U1 D U2
íì2, 1%cÜ¯9(, )

Cov(U1, U2)

= E{[U1 − E(U1)][U2 − E(U2)]}

= E


 n∑

i=1

ai(Yi − µi)

  m∑
j=1

bj(Xj − ξj)


= E

 n∑
i=1

m∑
j=1

aibj(Yi − µi)(Xj − ξj)


=

n∑
i=1

m∑
j=1

aibjE[(Yi − µi)(Xj − ξj)]
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w2�ú_�UA
4uø�ù_�U2×�Uqí�ä


Ç(í!‹. |(, y;Wu‰æbíì2, â,�)

Cov(U1, U2) =
n∑

i=1

m∑
j=1

aibjCov(Yi, Xj)

?¹, s_(4 ¯íu‰æb�k¤s_(4 ¯ó


ºú(íu‰æbí(4 ¯.

Å. úLøÓœ‰b Z, âu‰æbD‰æbíì2,

Cov(Z, Z) = E{[Z − E(Z)][Z − E(Z)]}
= Var(Z) (3)

]â (3) �, (c) ít�, J£ (2) �, %cÜ(, )

Var(U1) = Cov(U1, U1)

=
n∑

i=1

n∑
j=1

aiajCov(Yi, Yj)

=
n∑

i=1

a2
i Cov(Yi, Yi) +

2
∑

1≤i<j≤n

aiajCov(Yi, Yj)

=
n∑

i=1

a2
i Var(Yi) +

2
∑

1≤i<j≤n

aiajCov(Yi, Yj)
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¤4 (b) í!‹. FJ, (b) Ñ (c) íøÔW.

W 1. wQù“éæD�»íWä, w2 (Y1, Y2) í

joint pdf

f(y1, y2) =

{
3y1, 0 ≤ y2 ≤ y1 ≤ 1
0, w…

t°”ìù“ª0 Y1 − Y2 í‰æb.

<j> íl, âìÜ 5.12 (b), )

Var(Y1 − Y2)

= Var(Y1) + Var(Y2) − 2Cov(Y1, Y2)

¢â‡W, ø Y1 í marginal pdf

f1(y1) =

{
3y2

1, 0 ≤ y1 ≤ 1
0, w…

Ä¤, Y1 íù¼�Ï

E(Y 2
1 ) =

∫ ∞

−∞
y2
1f1(y1)dy1

=
∫ 1

0
y2
1(3y2

1)dy1

=
3

5
y5
1

∣∣∣∣1
0

=
3

5
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â‡W, ¢ø

E(Y1) =
3

4

]

Var(Y1) =
3

5
−

(
3

4

)2
=

48 − 45

80
=

3

80
°Ü, â‡W, ø Y2 í marginal pdf

f2(y2) =

{
3
2(1 − y2

2), 0 ≤ y2 ≤ 1
0, w…

FJ, Y2 íù¼�Ï

E(Y 2
2 ) =

∫ ∞

−∞
y2
2f2(y2)dy2

=
∫ 1

0
y2
2 ·

3

2
(1 − y2

2)dy2

=
3

2

(
1

3
y3
2 −

1

5
y5
2

)∣∣∣∣1
0

=
3

2

(
1

3
−

1

5

)
=

6

30
=

1

5
â‡W, ?ø

E(Y2) =
3

8

]

Var(Y2) =
(
1

5

)
−

(
3

8

)2
=

64 − 45

320
=

19

320
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|(, â‡W)

Cov(Y1, Y2) =
3

160

Ä¤,

Var(Y1 − Y2)

= Var(Y1) + Var(Y2) − 2Cov(Y1, Y2)

=
3

80
+

19

320
− 2 ·

3

160

=
12 + 19 − 12

320
=

19

320

W 2. I Y1, Y2, . . . , Yn ó�Ö
/

E(Yi) = µ, i = 1,2, . . . , n

J£

Var(Yi) = σ2, i = 1,2, . . . , n

ì2

Y
def
=

1

n

n∑
i=1

Yi

¤4ø Yi í(4 ¯, [bÌÑ 1
n. t„

E(Y ) = µ
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/

Var(Y ) =
σ2

n

<„> ;WìÜ 5.12 (a) í‚�M(44”,

E(Y ) =
n∑

i=1

1

n
E(Yi)

=
1

n

n∑
i=1

E(Yi)

=
1

n

n∑
i=1

µ =
1

n
· nµ = µ

w2�ú_�UA
4;Wcq�u°í‚�M µ F_.

Å. ÊRû‚�Mí¬˙2³�àƒÖ
4ícq, ?¹,
úL<íÓœ‰b, Éb…b�u°í‚�M µ, †¥<

Óœ‰b�ÌMí‚�M E(Y ) = µ.

QO, ;WìÜ 5.12 (b) í(4 ¯‰æbít�,

Var(Y ) =
n∑

i=1

(
1

n

)2
Var(Yi) +

2
∑

1≤i<j≤n

(
1

n

)2
Cov(Yi, Yj)
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¢ÄÑç i 6= j v, Yi D Yj ó�Ö
, 7û_

Cov(Yi, Yj) = 0

J£;Wcq…b�u°í‰æb σ2, ]â,�ª)

Var(Y ) =
1

n2

n∑
i=1

σ2 + 2
∑

1≤i<j≤n

(
1

n2

)
(0)

=
1

n2
· nσ2 =

σ2

n

Å. 9õ,, ÊRû‰æbí¬˙2, Éœ4ÊkúkL

<í i 6= j, Cov(Yi, Yj) = 0 ¥øœÿí‘K, ¹ªR

û|!�, 7.Ûb “ó�Ö
” ¥øœ#í‘K.

W 3. q×àÓœ‰b

Y ∼ hypergeometric(N, r, n)

?¹, J.[�j�, â r _�7¸ (N − r) _.72,
L² n _, † Y Ñ²|í�7b. t° E(Y ) D
Var(Y ).

<j> “J.[�j�²| n _, hô�7b” óçk

“Oßå, J.[�j�øŸ²ø_, hô�7b, u n
Ÿ”, ?¹,

Y = X1 + X2 + · · · + Xn
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w2úk 1 ≤ i ≤ n,

Xi =

{
1, J� i Ÿ²|�7

0, w…

?óçk “â9l§�ßí n _72, ø_ø_Ëhô�

7b”. FJ, úk 1 ≤ i ≤ n, 9K

(Xi = 1) = 9l§�ßí n _72, � i _Ñ�7

?¹,

ø7 · · · ø7 �7 ø7 · · · ø7

P0: 1 · · · i − 1 i i + 1 · · · n

w2 “ø7” íæH.Ì, ªÑ�HC.H. ¢¤�§�

íj�Ñ, lâ r _�72²ø_[k� i _P0, yø

”-í (N − 1) _7§�ƒwFí (n − 1) _P0,,
]úk 1 ≤ i ≤ n,

P (Xi = 1)

=
r · (N − 1)(N − 2) · (N − (n − 1))

N(N − 1) · · · (N − (n − 1))

=
r

N
(4)

°Ü, úk 1 ≤ i 6= j ≤ n, 9K

(Xi = 1, Xj = 1) = 9l§�ßí n _72,

� i _D� j _.Ñ�7
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?¹,

ø7 · · · �7 · · · �7 · · · ø7

P0: 1 · · · i · · · j · · · n

w2 “ø7” íæH.Ì, ªÑ�HC.H. ¢¤�§�

íj�Ñ, lâ r _�72²|ù_§�k� i _D� j
_P0, yø”-í (N − 2) _7§�ƒwFí

(n − 2) _P0,, ]úk 1 ≤ i 6= j ≤ n,

P (Xi = 1, Xj = 1)

=
r(r − 1) · (N − 2)(N − 3) · · · (N − (n − 1))

N(N − 1)(N − 2) · · · (N − (n − 1))

=
r(r − 1)

N(N − 1)
(5)

Å. úk i 6= j, â (4) �D (5) �, )

P (Xi = 1, Xj = 1) =
r(r − 1)

N(N − 1)

6=
(

r

N

) (
r

N

)
= P (Xi = 1)P (Xj = 1)

] Xi D Xj .ó�Ö
.

QO, â (4) �ø, úk 1 ≤ i ≤ n,

Xi ∼ b

(
1,

r

N

)
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Ä¤, Xi í‚�M

E(Xi) = (1)
(

r

N

)
=

r

N
(6)

/‰æb

Var(Xi) = (1)
(

r

N

) (
1 −

r

N

)
=

r

N

(
1 −

r

N

)
(7)

â (5) �, úk 1 ≤ i 6= j ≤ n,

E(XiXj)

= 1 · P (XiXj = 1) + 0 · P (XiXj = 0)

= 1 · P (Xi = 1, Xj = 1)

=
r(r − 1)

N(N − 1)
(8)

FJ, â (6) �£ (8) �, úk 1 ≤ i 6= j ≤ n,

Cov(Xi, Xj) = E(XiXj) − E(Xi)E(Xj)

=
r(r − 1)

N(N − 1)
−

(
r

N

) (
r

N

)
=

r

N

(
r − 1

N − 1
−

r

N

)
= −

r

N

(
1 −

r

N

) (
1

N − 1

)
(9)
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|(, â (6) �, )

E(Y ) =
n∑

i=1

E(Xi) = n

(
r

N

)
J£â (7) �¸ (9) �, )

Var(Y )

=
n∑

i=1

Var(Xi) + 2
∑

1≤i<j≤n

Cov(Xi, Xj)

= n ·
r

N

(
1 −

r

N

)
+ 2 ·

n(n − 1)

2
·(

−
r

N

) (
1 −

r

N

) (
1

N − 1

)
= n

(
r

N

) (
1 −

r

N

) (
1 −

n − 1

N − 1

)
= n

(
r

N

) (
1 −

r

N

) (
N − n

N − 1

)
w2�ù_�UA
4ÄÑ‡ø�í�ø_Ú‹¯U2,

1 ≤ i ≤ n

u� n á, J£�ù_Ú‹¯U2,

1 ≤ i < j ≤ n

2u� (
n

2

)
=

n(n − 1)

2
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áF_.
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