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Àj 43: ‘K‚�M
({… §5.11)

‘K‚�Míì2j�DÀ‰¾‚�Mó°, É.¬uø

iÒœ0ò�ƒb (Cœ0”¾ƒb, marginal pdf,

C pmf) ²A‘Kœ0ò�ƒb (C‘Kœ0”¾ƒb,

conditional pdf, C pmf), à-H.

ì2. JÂ‰¾Óœ‰b

(Y1, Y2) ∼ joint pdf f(y1, y2)

†#ì Y2 = y2, g(Y1) í‘K‚�M (conditional

expection)

E[g(Y1)|Y2 = y2]
def
=

∫ ∞

−∞
g(y1)f(y1|y2)dy1

w2 f(y1|y2) Ñ#ì y2, Y1 í conditional pdf,

?¹,

f(y1|y2) =
f(y1, y2)

f2(y2)

/

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

Ñ Y2 í marginal pdf.
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JÂ‰¾Óœ‰b

(Y1, Y2) ∼ joint pmf p(y1, y2)

†#ì Y2 = y2, g(Y1) í‘K‚�M

E[g(Y1)|Y2 = y2]
def
=

∑
y1

g(y1)p(y1|y2)

w2 p(y1|y2) Ñ#ì y2, Y1 í conditional pmf,
?¹,

p(y1|y2) =
p(y1, y2)

p2(y2)

/

p2(y2) =
∑
y1

p(y1, y2)

Ñ Y2 í marginal pmf.

W 1. q (Y1, Y2) í joint pdf

f(y1, y2) =

{
1/2, 0 ≤ y1 ≤ y2 ≤ 2
0, w…

t° E(Y1|Y2 = 1.5).

<j> (1) ° f(y1|y2): íl, joint pdf f(y1, y2)
Ê–�

R :

{
0 ≤ y2 ≤ 2
0 ≤ y1 ≤ y2
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,¦M 1
2, w…Ëj¦M 0, ]úk 0 ≤ y2 ≤ 2,

f2(y2) =
∫ ∞

−∞
f(y1, y2)dy1

=
∫ y2

0

1

2
dy1

=
1

2
y1

∣∣∣∣y2

0
=

1

2
y2

ç y2 < 0 C y2 > 2 v,

f2(y2) =
∫ ∞

−∞
0dy1 = 0

FJ, Y2 í marginal pdf

f2(y2) =

{
1
2y2, 0 ≤ y2 ≤ 2
0, w…

¢ conditional pdf f(y1|y2) Éì2Ê f2(y2) 6= 0

v, ]ç 0 < y2 ≤ 2, #ì Y2 = y2, Y1 í

conditional pdf

f(y1|y2) =
f(y1, y2)

f2(y2)

=


1/2
y2/2 = 1

y2
, 0 ≤ y1 ≤ y2

0
y2/2 = 0, w…

ç y2 ≤ 0 C y2 > 2 v, ÄÑ f2(y2) = 0, ]

conditional pdf f(y1|y2) „ì2.
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(2) â‘K‚�Míì2, úL<í 0 < y2 ≤ 2,

E(Y1|Y2 = y2) =
∫ ∞

−∞
y1f(y1|y2)dy1

=
∫ y2

0
y1

(
1

y2

)
dy1

=
1

y2
·
1

2
y2
1

∣∣∣∣y2

y1=0

=
1

y2
·
1

2
y2
2 =

1

2
y2

w2�ù_�UA
4ÄÑ‡ø�2 conditional pdf

f(y1|y2) cÊ 0 ≤ y1 ≤ y2 ,¦M 1
y2

, w…Ëjí¦

MÑ 0 F_. Ä¤, #ì Y2 = 1.5 v, Y1 í‘K‚�

M

E(Y1|Y2 = 1.5) = E(Y1|Y2 = y2)
∣∣∣
y2=1.5

=
1

2
y2

∣∣∣∣
y2=1.5

=
1.5

2
= .75

Å 1. #ì Y2 = y2, E(Y1|Y2 = y2) …™ÿuø_

y2 íƒb, à,Wí

E(Y1|Y2 = y2) =
1

2
y2
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Ä¤, 5? Y2 íF�ª?Mv, ªe‘K‚�M

E(Y1|Y2)

ÑÓœ‰b Y2 íƒb, à,Wí

E(Y1|Y2) =
1

2
Y2

] E(Y1|Y2) ?ÑøÓœ‰b, w‚�MD‰æbà-

HíùìÜ.

ìÜ 5.14. I Y1 D Y2 ÑùÓœ‰b, †

E(Y1) = E[E(Y1|Y2)]

?¹, #ìLø	ìíÓœ‰b Y2 v, Y1 í‘K‚�M

í‚�M�k Y1 í (Ì‘K) ‚�M.

Å. �U¬iqµí‚�Mu#ì Y2, ‡ú Y1 í‘K

}Ó° Y1 í‚�M, ?¹, l°

E(Y1|Y2 = y2) =
∫ ∞

−∞
y1f(y1|y2)dy1

)ø y2 íƒb, yø y2 ²A Y2. Õµí‚�Mu‡

ú Y2 í}Ó°Óœ‰b E(Y1|Y2) (ø Y2 íƒb)
í‚�M, ?¹,

E[E(Y1|Y2)] =
∫ ∞

−∞
E(Y1|Y2 = y2)f2(y2)dy2
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<„> q (Y1, Y2) í joint pdf Ñ f(y1, y2), / Y1

D Y2 í marginal pdf }�Ñ f1(y1) D f2(y2).
†;W‚�Míì2J£‘K pdf íì2Fû|í0�

�

f(y1, y2) = f(y1|y2)f2(y2)

)

E(Y1) =
∫ ∞

−∞

∫ ∞

−∞
y1f(y1, y2)dy1dy2

=
∫ ∞

−∞

∫ ∞

−∞
y1f(y1|y2)f2(y2)dy1dy2

y;W Fubini ìÜ, ø,�íÂ‰b	} (double

integral) ZÑlú y1 	}, yú y2 	}í½	}

(iterated integral ), ),�óçk

E(Y1) =
∫ ∞

−∞
f2(y2)

[∫ ∞

−∞
y1f(y1|y2)dy1

]
dy2

QO, ;W‘K‚�Míì2, ,�í2�U¶}Ñ#ì

Y2 = y2 -, Y1 í‘K‚�M, ])

E(Y1) =
∫ ∞

−∞
E(Y1|Y2 = y2)f2(y2)dy2

|(, ;WÓœ‰bƒbí‚�Mt�, ,�í\	ƒb

ÑƒbM E(Y1|Y2 = y2) DßÞ¤Mí pdf f2(y2)
í
	, Ä7�k E(Y1|Y2) í‚�M, ?¹,

E(Y1) = E[E(Y1|Y2)]
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W 2. qø‘ _(í¹�l•Ñ, ©ÙÓœ‚š|

n = 10 _ß¹1lb¡jíß¹b Y , J©Ùíß¾u

×í (?¹, ±×k n = 10), /I p = hôƒ¡jí

œ0 (?¹, ¡j0), †

Y ∼ b(n, p)

O p .u	ìíMºu©ÙÊ [0,1/4] ÈÌGË‰�,
?¹,

p ∼ unif
(
0,

1

4

)
t° Y í‚�M.

<j> ;Wæ<, Ê˛ø¡j0 p í‘K-,

Y ∼ b(n, p)

]

E(Y |p) = np

Ä¤, â‘K‚�Míi� (#ì p 5-), ;WìÜ

5.14, 1ø,�Hp, ª) Y íÌ‘K‚�M

E(Y ) = E[E(Y |p)]
= E(np)

= nE(p)

= n ·
0 + 1/4

2
=

n

8
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w2Jb�ù_�UA
4ÄÑ

p ∼ unif
(
0,

1

4

)
F_. ç n = 10 v,

E(Y ) =
10

8
= 1.25

FJÊÅ‚hô-, ©Ù�Ì}v| 1.25 _¡j¹.

Å 2. #ì Y2 = y2, Y1 í‘K‰æbªJéNj�

ì2, ?¹, ø Y1 í marginal pdf (C pmf) ²A

Y1 í conditional pdf (C pmf), à-H:

Var(Y1|Y2 = y2)

= E(Y 2
1 |Y2 = y2) − [E(Y1|Y2 = y2)]

2

?¹, “‘Kù¼�Ï” Á¥ “‘Kø¼�Ïí�j”.

Å 3. #ì Y2 = y2, Var(Y1|Y2 = y2) …™ÿuø

_ y2 íƒb. Ä¤, 5? Y2 íF�ª?Mv, ªe

Var(Y1|Y2) ÑÓœ‰b Y2 íƒb, ?¹, J

g(y2) = Var(Y1|Y2 = y2)

†

Var(Y1|Y2) = g(Y2)

8 2×bçÍ:PM



œ0D$l(105-) Àj 43: ‘K‚�M

]w…™?uøÓœ‰b, 7/w‚�M

E[Var(Y1|Y2)]

ªàkl� (Ì‘K) Var(Y1), à-ìÜFH.

ìÜ 5.15. I Y1 D Y2 ÑùÓœ‰b, †

Var(Y1) = E[Var(Y1|Y2)]+Var[E(Y1|Y2)] (1)

<„> íl, âÅ 2 DÅ 3 ø,

Var(Y1|Y2) = E(Y 2
1 |Y2) − [E(Y1|Y2)]

2

Ä¤,

E[Var(Y1|Y2)]

= E[E(Y 2
1 |Y2)] − E

{
[E(Y1|Y2)]

2
}

(2)

QO, ÄÑ E(Y1|Y2) Ñ Y2 íƒb, ]ªewÑøÓœ

‰b, 1â‰æbíì2, )

Var[E(Y1|Y2)]

= E
{
[E(Y1|Y2)]

2
}
− {E[E(Y1|Y2)]}2 (3)

|(, ø (2) �D (3) �ó‹, )

E[Var(Y1|Y2)] + Var[E(Y1|Y2)]

= E[E(Y 2
1 |Y2)] − {E[E(Y1|Y2)]}2

= E(Y 2
1 ) − [E(Y1)]

2 = Var(Y1)
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)„, w2�ú_�UA
4;W‰æbíì2; �ù_

�UA
4ÄÑJ Y2 ‘K“ (conditioning on Y2)
(, øìÜ 5.14 �ÀíR�, ?¹, øìÜ£„p2í

Y1 ²A Y 2
1 J£ y1 ²A y2

1, ª)

E[E(Y 2
1 |Y2)] = E(Y 2

1 )

�ßÿu‡ø�2�U¬ií�øá, J£òQ;WìÜ

5.14, ª)�U¬i�ùá×�Uqí

E[E(Y1|Y2)] = E(Y1)

F_.

Å 4. ÄÑ

Var(Y1|Y2) ≥ 0

]

E[Var(Y1|Y2)] ≥ 0

Ä¤, â (1) �, )

Var[E(Y1|Y2)] ≤ Var(Y1)

¤.��í½b<2à-H: Y1 í‘K‚�M

E(Y1|Y2) (ø Y2 íƒb, ]ÑøÓœ‰b) DÓœ‰

b Y1 �ó°í‚�M, ?¹,

E[E(Y1|Y2)] = E(Y1)
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OÓœ‰b E[Y1|Y2] º�œüí‰æb, ?¹,

Var[E(Y1|Y2)] ≤ Var(Y1)

]J#ìm7-íÓœ‰b E(Y1|Y2) ·HÓœÛïª

òQJÓœ‰b Y1 ·HV) ì.

W 3. wQW 2, w2#ì p v,

Y ∼ b(n, p)

/

p ∼ unif
(
0,

1

4

)
t° Var(Y ).

<j> ;Wæ<, #ì p v,

Y ∼ b(n, p)

/J

Y |p ∼ b(n, p)

[ý5, †‘K‚�M

E(Y |p) = np

/‘K‰æb

Var(Y |p) = np(1 − p)
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]âìÜ 5.15, )

Var(Y ) = E[Var(Y |p)] + Var[E(Y |p)]
= E[np(1 − p)] + Var(np)

QO, ;W(4 ¯í‚�M¸‰æbt�, ,�óçk

Var(Y )

= nE[p(1 − p)] + n2Var(p)

= n[E(p) − E(p2)] + n2Var(p) (4)

|(, ç

p ∼ unif
(
0,

1

4

)
v, p í‚�M

E(p) =
0 + 1/4

2
=

1

8
‰æb

Var(p) =
1

12

(
1

4
− 0

)2
=

1

192

J£ù¼�Ï

E(p2) = Var(p) + [E(p)]2

=
1

192
+

1

64

=
1 + 3

192
=

1

48
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1ø…bHp (4) �, )

Var(Y ) = n

[
1

8
−

1

48

]
+ n2 ·

1

192

=
5n

48
+

n2

192

Ä¤, ç n = 10 v,

Var(Y ) =
50

48
+

100

192
=

300

192
=

25

16
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