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({… §6.3)

ø. À‰¾

q Y ∼ f(y) / U = g(Y ) Ñø Y íƒb. † U

í cdf

FU(u) = P (U ≤ u)

= P (g(Y ) ≤ u)

= P (Y ∈ {y : g(y) ≤ u})

=
∫
{y:g(y)≤u}

f(y)dy

QO, â¤ª) U í pdf

fU(u) =
d

du
FU(u)

W 1. qÓœ‰b Y í pdf

f(y) =

{
2y, 0 ≤ y ≤ 1
0, w…

t° U = 3Y − 1 í pdf fU(u).
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<j> (1) ° cdf FU(u): íl, ;W cdf íì2J

£ U íì2, øhÓœ‰b U í cdf JŸÓœ‰b Y
[ý, ª)

FU(u) = P (U ≤ u)

= P (3Y − 1 ≤ u)

= P

(
Y ≤

u + 1

3

)
= P

(
Y ∈

{
y : y ≤

u + 1

3

})
=

∫ (u+1)/3

−∞
f(y)dy

y;W Y í pdf f(y) Ê–È

I : 0 ≤ y ≤ 1

,¦M 2y, w…Ëj¦M 0, ªâ,�í	},ä)|,
ç u+1

3 < 0, ?¹, u < −1 v,

FU(u) =
∫ (u+1)/3

−∞
0dy = 0

ç 0 ≤ u+1
3 ≤ 1, ?¹, −1 ≤ u ≤ 2 v,

FU(u) =
∫ 0

−∞
0dy +

∫ (u+1)/3

0
2ydy

= y2
∣∣∣(u+1)/3

0

=
(

u + 1

3

)2
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ç u+1
3 > 1, ?¹, u > 2 v,

FU(u)

=
∫ 0

−∞
0dy +

∫ 1

0
2ydy +

∫ (u+1)/3

1
0dy

= y2
∣∣∣1
0

= 1

Ä¤, ã¯,H, )hÓœ‰b U í cdf

FU(u) =


0, u < −1(

u+1
3

)2
, −1 ≤ u ≤ 2

1, u > 2

/Ç$à-.

Å. 0 ≤ Y ≤ 1 óçk −1 ≤ U = 3Y − 1 ≤ 2.

(2) ° pdf fU(u): ;W pdf D cdf íÉ[, )

fU(u) =
d

du
FU(u)

=

{
2
9(u + 1), −1 ≤ u < 2
0, w…

Å. AWð„Ê u = −1 v, FU(u) uª�í/

F ′
U(−1) = 0
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ù. Â‰¾

q (Y1, Y2) ∼ f(y1, y2) / U = h(Y1, Y2), 4ø

Y1 D Y2 íƒb, † U í cdf

FU(u)

= P (U ≤ u)

= P (h(Y1, Y2) ≤ u)

= P ((Y1, Y2) ∈ {(y1, y2) : h(y1, y2) ≤ u})

=
∫∫

{(y1,y2):h(y1,y2)≤u}
f(y1, y2)dy1dy2

QO, â¤ª) U í pdf

fU(u) =
d

du
FU(u)

W 2. qÂ‰¾Óœ‰b (Y1, Y2) í joint pdf

f(y1, y2) =

{
3y1, 0 ≤ y2 ≤ y1 ≤ 1
0, w…

(a) t° U = Y1 − Y2 í pdf; (b) tJ U í pdf

° E(U) (=3/8, J‡)ƒí��).

<j> (a) l° FU(u): ;W cdf íì2J£ U í

ì2, øhÓœ‰b U í cdf JŸÓœ‰b Y1 D Y2

4 2×bçÍ:PM



œ0D$l(105-) Àj 46: }Óƒb¶

[ý, )

FU(u)

= P (U ≤ u)

= P (Y1 − Y2 ≤ u)

= P ((Y1, Y2) ∈ {(y1, y2) : y1 − y2 ≤ u})

=
∫∫

{(y1,y2):y1−y2≤u}
f(y1, y2)dy1dy2

y;W (Y1, Y2) í joint pdf f(y1, y2) Ê–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ y1

,¦M 3y1, w…Ëj¦M 0, J£,�2í	}–�

{(y1, y2) : y1 − y2 ≤ u}
Ñøé0Ñ 1, dWi�Ñ u íò( y1 − y2 = u í˝

,j, àÇý, ª)|, ç u < 0 v,

FU(u) =
∫∫

y1−y2≤u
0dy1dy2 = 0

ç 0 ≤ u ≤ 1 v,

FU(u) =
∫∫

{y1−y2≤u}∩R
0dy1dy2 +∫∫

{y1−y2≤u}∩R
3y1dy1dy2

=
∫∫

{y1−y2≤u}∩R
3y1dy1dy2
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¢;WÇý, ,�óçk

FU(u) =
∫∫

R
3y1dy1dy2 −∫∫

{u≤y1−y2≤1}∩R
3y1dy1dy2

= 1 −
∫∫

{u≤y1−y2≤1}∩R
3y1dy1dy2

w2�ù_�U¬i�øáí 1 4uÄÑ 3y1 Ê–�

R ,í	}�ß�k joint pdf f(y1, y2) Êc_�Þ

,íêc	}, ]Ñ 1 F_; �ùáí	}–�

{u ≤ y1 − y2 ≤ 1} ∩ R

ª[ýA {
u ≤ y1 ≤ 1
0 ≤ y2 ≤ y1 − u

Ä¤, â,�ª)

FU(u) = 1 −
∫ 1

u

∫ y1−u

0
3y1dy2dy1

= 1 −
∫ 1

u
3y1

[
y2

∣∣∣y1−u

y2=0

]
dy1

= 1 −
∫ 1

u
3y1(y1 − u)dy1

= 1 −
(
y3
1 −

3

2
y2
1u

)∣∣∣∣1
u

=
3

2
u −

1

2
u3 =

1

2
(3u − u3)
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ç u > 1 v, âÇý, )

FU(u) =
∫∫

{y1−y2≤u}∩R
0dy1dy2 +∫∫

{y1−y2≤u}∩R
3y1dy1dy2

=
∫∫

R
3y1dy1dy2 = 1

], ã¯,H, )hÓœ‰b U í cdf

FU(u) =


0, u < 0
1
2(3u − u3), 0 ≤ u ≤ 1
1, u > 1

/Ç$à-. Ä¤, U í pdf

fU(u) =
d

du
FU(u)

=

{
3
2(1 − u2), 0 < u ≤ 1
0, w…

wÇ$à-.

(b) ;W‚�Míì2, U í‚�M

E(U) =
∫ ∞

−∞
ufU(u)du

=
∫ 1

0
u ·

3

2
(1 − u2)du

=
3

2

(
u2

2
−

u4

4

)∣∣∣∣∣
1

0
=

3

8
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W 3. q Y1 D Y2 Ñø×üÑ n = 2 íÓœš…

(random sample), /¦Ak}ÓÑ unif(0,1) í‚

ñ, ?¹,

Y1, Y2
iid∼ unif(0,1)

t° U = Y1 + Y2 í pdf.

<j> (1) ° Y1 D Y2 í joint pdf f(y1, y2): Ä

Ñ Y1 D Y2 ÌÑ unif(0,1) }Ó, ?¹,

Yi ∼ f(y) =

{
1, 0 ≤ y ≤ 1
0, w…

, i = 1,2

/ Y1 D Y2 ó�Ö
, ]

f(y1, y2) = f(y1)f(y2)

=

{
1, 0 ≤ y1 ≤ 1,0 ≤ y2 ≤ 1
0, w…

(2) ° FU(u): ;W cdf íì2J£ U íì2, øh

Óœ‰b U í cdf JŸÓœ‰b Y1 D Y2 [ý, )

FU(u)

= P (U ≤ u)

= P (Y1 + Y2 ≤ u)

= P ((Y1, Y2) ∈ {(y1, y2) : y1 + y2 ≤ u})

=
∫∫

{(y1,y2):y1+y2≤u}
f(y1, y2)dy1dy2
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y;W (Y1, Y2) í joint pdf f(y1, y2) Ê–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ 1

,¦M 1, w…Ëj¦M 0, J£,�2í	}–�

{(y1, y2) : y1 + y2 ≤ u}

Ñøé0Ñ −1, óWi�Ñ u íò( y1 + y2 = u í

˝-j, àÇý, ª)|, ç u ≤ 0 v,

FU(u) =
∫∫

y1+y2≤u
0dy1dy2 = 0

ç 0 ≤ u ≤ 1 v,

FU(u) =
∫∫

{y1+y2≤u}∩R
1dy1dy2 (1)

¢,�2í	}–�

{y1 + y2 ≤ u} ∩ R

ª[ýA

R1 :

{
0 ≤ y1 ≤ u
0 ≤ y2 ≤ u − y1

], Ê\	ƒbÑ 1 í8”-, â (1) �)

FU(u) = R1 íÞ	 =
1

2
u2
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ç 1 < u ≤ 2 v,

FU(u) =
∫∫

{y1+y2≤u}∩R
1dy1dy2 (2)

w	}–�ª[ýA R21 ∪ R22, w2

R21 :

{
0 ≤ y1 ≤ u − 1
0 ≤ y2 ≤ 1

/

R22 :

{
u − 1 ≤ y1 ≤ 1
0 ≤ y2 ≤ u − y1

], Ê\	ƒbÑ 1 í8”-, â (2) �)

FU(u) = (R21 ∪ R22) íÞ	

= 1 − R2 íÞ	

w2–�

R2 :

{
u − 1 ≤ y1 ≤ 1
u − y1 ≤ y2 ≤ 1

4øs$ÅÑ (2− u) í�8òiúi$. Ä¤, â,�

)

FU(u) = 1 −
1

2
(2 − u)2

= 1 − 2 + 2u −
1

2
u2

= −
1

2
u2 + 2u − 1

10 2×bçÍ:PM



œ0D$l(105-) Àj 46: }Óƒb¶

ç u > 2 v, âÇý, )

FU(u) =
∫∫

{y1+y2≤u}∩R
0dy1dy2 +∫∫

{y1+y2≤u}∩R
1dy1dy2

=
∫∫

R
1dy1dy2 = 1

], ã¯,H, )hÓœ‰b U í cdf

FU(u) =


0, u < 0
1
2u2, 0 ≤ u ≤ 1

−1
2u2 + 2u − 1, 1 < u ≤ 2

1, u > 2

/Ç$à-.

Å. Î7JÞ	íi�l�Õ, ?ªòQ	} (1) �D

(2) �, ¬˙à-: â (1) �£w	}–�

R1 :

{
0 ≤ y1 ≤ u
0 ≤ y2 ≤ u − y1

), ç 0 ≤ u ≤ 1 v,

FU(u) =
∫ u

0

∫ u−y1

0
1dy2dy1

=
∫ u

0
(u − y1)dy1

= uy1 −
1

2
y2
1

∣∣∣∣u
0

=
1

2
u2
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â (2) �£w	}–� R21 ∪ R22 = R \ R2, w2

R2 :

{
u − 1 ≤ y1 ≤ 1
u − y1 ≤ y2 ≤ 1

ª), ç 1 < u ≤ 2 v,

FU(u) =
∫∫

R
1dy1dy2 −

∫∫
R2

1dy1dy2

= 1 −
∫ 1

u−1

∫ 1

u−y1

dy2dy1

= 1 −
∫ 1

u−1
(1 − u + y1)dy1

= 1 −
(

y1 − uy1 +
1

2
y2
1

∣∣∣∣1
y1=u−1

)
ø,�2í y1 Hp	},-ä, 1cÜ“�, )

FU(u) = 1 −
[(

1 − u +
1

2

)
−(

u − 1 − u2 + u +
1

2
(u − 1)2

)]
= 1 −

[
1 − u +

1

2
− u + 1 + u2 − u

−
1

2
u2 + u −

1

2

]
= 1 −

[
2 − 2u +

1

2
u2

]
= −

1

2
u2 + 2u − 1
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D‡Hí!‹ø_.

(3) ° fU(u): ;W pdf D cdf íÉ[, hÓœ‰b

U í pdf

fU(u) =
d

du
FU(u)

=


u, 0 ≤ u ≤ 1
2 − u, 1 < u ≤ 2
0, w…

/Ç$à-.

ú. Ö‰¾ °ÜR�, q

(Y1, Y2, . . . , Yn) ∼ f(y1, y2, . . . , yn)

/

U = h(Y1, Y2, . . . , Yn)

4ø Y1, Y2, . . ., Yn íƒb, † U í cdf

FU(u)

= P (U ≤ u)

= P (h(Y1, Y2, . . . , Yn) ≤ u)

= P ((Y1, Y2, . . . , Yn) ∈ R)

=
∫

· · ·
∫
R

f(y1, y2, . . . , yn)dy1dy2 · · · dyn
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w2–�

R : {(y1, y2, . . . , yn) : h(y1, y2, . . . , yn) ≤ u}
QO, â¤ª) U í pdf

fU(u) =
d

du
FU(u)

Å. qÓœ‰b Y ∼ pdf fY (y) (C cdf FY (y)) /

U = h(Y ) = Y 2. † U í cdf

FU(u) = P (U ≤ u) = P (Y 2 ≤ u)

8” 1. u < 0:

P (Y 2 ≤ u) = P (Y ∈ {y : y2 ≤ u})
= P (∅) = 0

8” 2. u ≥ 0:

P (Y 2 ≤ u) = P (−
√

u ≤ Y ≤
√

u)

= P (Y ∈ {y : −
√

u ≤ y ≤
√

u})

=
∫ √

u

−
√

u
fY (y)dy

= FY (
√

u) − FY (−
√

u)

àÇý. ¯98” 1 D8” 2, )hÓœ‰b U í cdf

FU(u) =

{
FY (

√
u) − FY (−

√
u), u ≥ 0

0, w…
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Ä¤, U í pdf

fU(u) =
d

du
FU(u)

=


F ′

Y (
√

u)(
√

u)′−
F ′

Y (−
√

u)(−
√

u)′, u > 0
0, w…

=


fY (

√
u)

(
1

2
√

u

)
−

fY (−
√

u)
(
− 1

2
√

u

)
, u > 0

0, w…

=

{ 1
2
√

u

[
fY (

√
u) + fY (−

√
u)

]
, u > 0

0, w…

W 4. qÓœ‰b Y í pdf

fY (y) =

{
y+1
2 , −1 ≤ y ≤ 1

0, w…

t° U = Y 2 í pdf.

<j> â,ÞÅj, ç u > 0 v, hÓœ‰b U í pdf

fU(u) =
1

2
√

u
[fY (

√
u) + fY (−

√
u)]

y;WŸVíÓœ‰b Y í pdf fY (y) Ê–È

−1 ≤ y ≤ 1 ,¦M y+1
2 , w…Ëj¦M 0, )|, ç
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0 <
√

u ≤ 1, ?¹, 0 < u ≤ 1 v, −1 ≤ −
√

u < 0
J£

fU(u) =
1

2
√

u

[√
u + 1

2
+

−
√

u + 1

2

]
=

1

2
√

u

ç
√

u > 1, ?¹, u > 1 v, −
√

u ≤ −1 J£

fU(u) =
1

2
√

u
[0 + 0] = 0

ã¯,H, ç u > 0 v, U í pdf

fU(u) =

{ 1
2
√

u
, 0 < u ≤ 1

0, u > 1
(3)

ç u ≤ 0 v, ?â,ÞíÅj, )

fU(u) = 0 (4)

|(, ¯9 (3) �D (4) �, )hÓœ‰b U í pdf

fU(u) =

{ 1
2
√

u
, 0 < u ≤ 1

0, w…

W 5. I U ∼ unif(0,1). t°ø�² G(U), ?¹,
ø U íƒb, U)

G(U) ∼ exp(β)
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<j> (1) I Y ∼ exp(β), † Y í pdf

fY (y) =

{
1
βe−y/β, y ≥ 0

0, w…

J£ç y ≥ 0 v,

FY (y) =
∫ y

−∞
fY (t)dt

=
∫ y

0

1

β
e−t/βdt

= −e−t/β
∣∣∣y
0

= 1 − e−y/β

ç y < 0 v,

FY (y) =
∫ y

−∞
fY (t)dt =

∫ y

−∞
0dt = 0

Ä7 Y í cdf

FY (y) =

{
1 − e−y/β, y ≥ 0
0, w…

(2) ° FY (y) í¥ƒb F−1
Y (u): ç y ≥ 0 v,

F ′
Y (y) =

1

β
e−y/β > 0

] FY (y) ÑÃ�]Ó, FJ�¥ƒb F−1
Y (u), °¶à

-H. íl, I

FY (y) = u
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?¹,

1 − e−y/β = u, 0 < u < 1, y > 0

QO, j y. ø,�cÜ1¦ ln (, )

ln(1 − u) = ln
(
e−y/β

)
= −y/β

¹

y = −β ln(1 − u)

Ä¤, FY (y) í¥ƒb

F−1
Y (u) = −β ln(1 − u), 0 < u < 1

(3) ì2Óœ‰b

F−1
Y (U)

def
= −β ln(1 − U)

w2

U ∼ unif(0,1)

†

F−1
Y (U) ∼ exp(β)

¹ÑF°. ÑSà¤? íl, ÄÑ 0 < U < 1, )

−β ln(1 − U) = (−)(−) = (+)
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]ç y < 0 v,

P
(
F−1

Y (U) ≤ y
)
= P (∅) = 0 (5)

ç y ≥ 0 v,

P
(
F−1

Y (U) ≤ y
)

= P (−β ln(1 − U) ≤ y)

= P (ln(1 − U) ≥ −y/β)

ÄÑAÍNb exp(x) ÑÃ�]Ó, ]ø,�2�ù_�

U¬iq.��ísi¦AÍNb(, )

P
(
F−1

Y (U) ≤ y
)

= P
(
1 − U ≥ e−y/β

)
= P

(
U ≤ 1 − e−y/β

)
¢ÄÑ y > 0 ªû|

0 < 1 − e−y/β < 1

/

U ∼ unif(0,1)

],�óçk

P
(
F−1

Y (U) ≤ y
)

= FU

(
1 − e−y/β

)
= 1 − e−y/β (6)

|(, ¯9 (5) �D (6) �, ) F−1
Y (U) í cdf

P
(
F−1

Y (U) ≤ y
)
=

{
1 − e−y/β, y ≥ 0
0, w…
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�ßÿu exp(β) í cdf. Ä¤,

F−1
Y (U) = −β ln(1 − U) ∼ exp(β)

Å. W 5 íR�: q Y ∼ FY (y) / FY (y) �¥ƒb

F−1
Y (u). †

F−1
Y (U) ∼ FY (y)

w2 U ∼ unif(0,1), ?¹, F−1
Y (U) D Y �ó°í

}Ó.
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