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Àj 47: �²¶
({… §6.4)

ø. ]Óƒbí�²

q h(y) Ñø]Óƒb/ Y ∼ fY (y). I U = h(Y ),
† U í cdf

FU(u) = P (U ≤ u) = P (h(Y ) ≤ u)

ÄÑ h Ñ]Ó, ]ªû| h í¥ƒb h−1 æÊ/6u

]Ó, Ä7ø,��úá2$A9Kí.�Usi¦ h−1

(, ª)ó°.�Uí�g9KJ£�gí�ä

FU(u) = P
(
h−1(h(Y )) ≤ h−1(u)

)
|(, ;W h−1 D h �Ñ¥ƒbí4”J£ Y í cdf
íì2, ,�óçk

FU(u) = P
(
Y ≤ h−1(u)

)
= FY

(
h−1(u)

)
Ä¤, hÓœ‰b U í pdf

fU(u) =
d

du
FU(u)

=
d

du
FY

(
h−1(u)

)
= fY

(
h−1(u)

) d

du
h−1(u)

�p
= fY

(
h−1(u)

) dh−1

du
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!�. J�²¶°œ0}Óí¥	:

(1) üì h(y) Ñ]Óƒb, 1â h(y) = u j y, )

h í¥ƒb

y = h−1(u)

(2) ø y = h−1(u) HpŸVíÓœ‰b Y í pdf

fY (y) q, 1
J dh−1

du , )hÓœ‰b U í pdf

fU(u) = fY

(
h−1(u)

) dh−1

du

Å. Ûb·< fU(u) Ñ£í¸ˇ, ¤4â fY (y)

F²ì.

W 1. qÓœ‰b Y í pdf

fY (y) =

{
2y, 0 ≤ y ≤ 1
0, w…

I U = 3Y − 1. tJ�²¶° U í pdf.

<j> ;WhÓœ‰b U íì2,

h(y) = 3y − 1
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Ñø]Óƒb, ]I

3y − 1 = u

j y, )

y =
u + 1

3

Ä¤, h í¥ƒb

h−1(u) =
u + 1

3

(2) ÄÑ

d

du
h−1(u) =

1

3

FJ, ;Wt�, hÓœ‰b U í pdf

fU(u) = fY

(
h−1(u)

) dh−1

du

= fY

(
u + 1

3

)
1

3
(1)

ÄÑŸÓœ‰b Y í pdf fY (y) Ê–È 0 ≤ y ≤ 1
,¦M 2y, w…Ëj¦M 0, ]ç

0 ≤
u + 1

3
≤ 1

?¹,

−1 ≤ u ≤ 2

3 2×bçÍ:PM
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v, â (1) �)

fU(u) = 2
(

u + 1

3

)
1

3
=

2

9
(u + 1)

ç u+1
3 < 0 C u+1

3 > 1, ?¹, u < −1 C u > 2

v, â (1) �)

fU(u) = 0 ·
1

3
= 0

Ä¤, ã¯,H, ) U í pdf

fU(u) =

{
2
9(u + 1), −1 ≤ u ≤ 2
0, w…

ù. ]Áƒbí�²

q h(y) Ñø]Áƒb/ Y ∼ fY (y). I U = h(Y ),

† U í cdf

FU(u) = P (U ≤ u) = P (h(Y ) ≤ u)

ÄÑ h Ñ]Á, ]ªû| h í¥ƒb h−1 æÊ/6u

]Á, Ä7ø,��úá2$A9Kí.�Usi¦ h−1

(, ª)ó¥.�Uí�g9KJ£�gí�ä

FU(u) = P
(
h−1(h(Y )) ≥ h−1(u)

)
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|(, y;W h−1 D h �Ñ¥ƒbí4”, ìÕ9Kí

œ0t�, J£ Y í cdf íì2, ,�óçk

FU(u) = P
(
Y ≥ h−1(u)

)
= 1 − P

(
Y ≤ h−1(u)

)
= 1 − FY

(
h−1(u)

)
Ä¤, ú u �}, )hÓœ‰b U í pdf

fU(u) =
d

du
FU(u)

=
d

du

[
1 − FY

(
h−1(u)

)]
= −fY

(
h−1(u)

) d

du
h−1(u)

�p
= −fY

(
h−1(u)

) dh−1

du

¢ÄÑ h−1 Ñ]Á, ]

dh−1

du
< 0

Ä7

−
dh−1

du
=

∣∣∣∣∣dh−1

du

∣∣∣∣∣
/,�ªZŸA

fU(u) = fY

(
h−1(u)

) ∣∣∣∣∣dh−1

du

∣∣∣∣∣
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Å. ã¯‡Hís��², J h(y) ÊÕ¯

{y : fY (y) > 0} (˚T Y í support)

,Ñ]ÓC]Á (cÑù�2íø�, .ª¢]Ó/¢]

Á), †hÓœ‰b U = h(Y ) í pdf

fU(u) = fY

(
h−1(u)

) ∣∣∣∣∣dh−1

du

∣∣∣∣∣
w2 h−1(u) Ñ h(y) í¥ƒb. ¥	à-:

(1) °¥ƒb y = h−1(u).

(2) l� dh−1

du .

(3) ø y = h−1(u) HpŸÓœ‰b Y í pdf

fY (y) 1
J

∣∣∣∣dh−1

du

∣∣∣∣, )hÓœ‰b U í pdf

fU(u) = fY

(
h−1(u)

) ∣∣∣∣∣dh−1

du

∣∣∣∣∣

W 2. qÓœ‰b Y í pdf

fY (y) =

{
2y, 0 ≤ y ≤ 1
0, w…
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t° U = −4Y + 3 í pdf.

<j> I

u = h(y) = −4y + 3

4ø]Áíƒb. j y, )

y =
3 − u

4
= h−1(u)

/

dh−1

du
= −

1

4

Ä¤, U í pdf

fU(u) = fY

(
h−1(u)

) ∣∣∣∣∣dh−1

du

∣∣∣∣∣
= fY

(
3 − u

4

)
1

4
(2)

¢ÄÑ fY (y) Ê–È 0 ≤ y ≤ 1 ,¦M 2y, w…Ëj

¦M 0, ]ç

0 ≤
3 − u

4
≤ 1

?¹,

−1 ≤ u ≤ 3
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v, â (2) �)

fU(u) = 2
(
3 − u

4

)
1

4
=

1

8
(3 − u)

Çç 3−u
4 < 0 C 3−u

4 > 1, ?¹, u < −1 C u > 3

v, â (2) �)

fU(u) = 0 ·
1

4
= 0

Ä¤, ã¯,H, )hÓœ‰b U í pdf

fU(u) =

{
1
8(3 − u), −1 ≤ u ≤ 3
0, w…

ú. Ö‰¾8”í�²

ÔWzpà-.

W 3. qÓœ‰b (Y1, Y2) í joint pdf

f(y1, y2) =

{
e−(y1+y2), 0 ≤ y1,0 ≤ y2
0, w…

t° U = Y1 + Y2 í pdf.

<j> }Aà-íù¥	:
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(1) ° Y1 D U í joint pdf g(y1, u).

(2) yâ g(y1, u) °| U í marginal pdf
fU(u).

}�ÌHà-.

(1) 	ì Y1 = y1 ≥ 0, †

U = y1 + Y2
def
= h(Y2)

4ø Y2 íƒb. I u = y1 + y2. j y2, )

y2 = u − y1 = h−1(u)

/

dh−1

du
= 1

Ä¤, Y1 D U í joint pdf

g(y1, u) = f
(
y1, h−1(u)

) ∣∣∣∣∣dh−1

du

∣∣∣∣∣
= f(y1, u − y1) · 1 (3)

¢ÄÑ f(y1, y2) Ê–�

R :

{
0 ≤ y1
0 ≤ y2

9 2×bçÍ:PM
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,¦M e−(y1+y2), w…Ëj¦M 0, ]ç 0 ≤ y1 /

0 ≤ u − y1, ?¹, (y1, u) Ê–�

R1 :

{
0 ≤ y1
y1 ≤ u

qv, â (3) �)

g(y1, u) = e−(y1+u−y1) · 1 = e−u

ç y1 < 0 C u − y1 < 0, ?¹, (y1, u) Ê R1 qv,
â (3) �)

g(y1, u) = 0 · 1 = 0

Ä¤, ã¯,H, ) Y1 D U í joint pdf

g(y1, u) =

{
e−u, 0 ≤ y1 ≤ u
0, w…

(2) ÄÑ–� R1 ªJ®�j�ZŸA

R1 :

{
0 ≤ u
0 ≤ y1 ≤ u

]úk u ≥ 0, ø g(y1, u) ú y1 	}, ) U í

marginal pdf

fU(u) =
∫ ∞

−∞
g(y1, u)dy1

=
∫ u

0
e−udy1

= e−uy1

∣∣∣u
y1=0

= ue−u
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ç u < 0 v,

fU(u) =
∫ ∞

−∞
g(y1, u)dy1 =

∫ ∞

−∞
0dy1 = 0

Ä¤, ã¯,H, )hÓœ‰b U í pdf

fU(u) =

{
ue−u, u ≥ 0
0, u < 0

<Çj> (œòQ; à}Óƒb¶). (1) ° FU(u): ;

W cdf íì2J£ U íì2, øhÓœ‰b U JŸÓ

œ‰b Y1 D Y2 [ý, )

FU(u)

= P (U ≤ u)

= P (Y1 + Y2 ≤ u)

= P ((Y1, Y2) ∈ {(y1, y2) : y1 + y2 ≤ u})

=
∫∫

{(y1,y2):y1+y2≤u}
f(y1, y2)dy1dy2

y;W (Y1, Y2) í joint pdf f(y1, y2) Ê–�

R :

{
0 ≤ y1
0 ≤ y2

,¦M e−(y1+y2), w…Ëj¦M 0, J£,�2í	}

–�

{(y1, y2) : y1 + y2 ≤ u}

11 2×bçÍ:PM
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Ñøé0Ñ −1, dWi�Ñ u íò( y1 + y2 = u í

˝-j, àÇý, ª)|, ç u < 0 v,

FU(u) =
∫∫

y1+y2≤u
0dy1dy2 = 0

ç 0 ≤ u v,

FU(u) =
∫∫

{y1+y2≤u}∩R
0dy1dy2 +∫∫

{y1+y2≤u}∩R
e−(y1+y2)dy1dy2

=
∫∫

{y1+y2≤u}∩R
e−(y1+y2)dy1dy2

w2í	}–�

{(y1, y2) : y1 + y2 ≤ u} ∩ R

ª[ýA {
0 ≤ y1 ≤ u
0 ≤ y2 ≤ u − y1

Ä¤, â,�ª)

FU(u) =
∫ u

0

∫ u−y1

0
e−(y1+y2)dy2dy1

=
∫ u

0
−e−(y1+y2)

∣∣∣u−y1

y2=0
dy1

=
∫ u

0

(
e−y1 − e−u

)
dy1

= −e−y1 − e−uy1

∣∣∣u
0

= 1 − e−u − ue−u

12 2×bçÍ:PM
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|(, ã¯,H, )hÓœ‰b U í cdf

FU(u) =

{
1 − e−u − ue−u, u ≥ 0
0, u < 0

(2) ° fU(u): ;W pdf D cdf íÉ[, hÓœ‰b

U í pdf

fU(u)

=
d

du
FU(u)

=

{
e−u − e−u + ue−u = ue−u, u ≥ 0
0, w…

W 4. qÓœ‰b (Y1, Y2) í joint pdf

f(y1, y2) =


2(1 − y1), 0 ≤ y1 ≤ 1,

0 ≤ y2 ≤ 1
0, w…

(a) t° U = Y1Y2 í pdf, D (b) tJ U í pdf

° E(U).

<j> 	ì 0 < Y1 = y1 ≤ 1, †

U = y1Y2
def
= h(Y2)
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4ø Y2 íƒb. I u = y1y2. j y2, )

y2 =
u

y1
= h−1(u)

/

dh−1

du
=

1

y1

FJ, Y1 D U í joint pdf

g(y1, u) = f
(
y1, h−1(u)

) ∣∣∣∣∣dh−1

du

∣∣∣∣∣
= f

(
y1,

u

y1

) ∣∣∣∣∣ 1y1

∣∣∣∣∣ (4)

¢ÄÑ f(y1, y2) Ê–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ 1

,¦M 2(1 − y1), /Êw…Ëj¦M 0, ]ç

0 < y1 ≤ 1 / 0 ≤ u
y1

≤ 1, ?¹, (y1, u) Ê–�

R1 :

{
0 < y1 ≤ 1
0 ≤ u ≤ y1

qv, â (4) �)

g(y1, u) = 2(1 − y1)

∣∣∣∣∣ 1y1

∣∣∣∣∣ = 2(1 − y1)
1

y1

14 2×bçÍ:PM
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ç (y1 ≤ 0 C y1 > 1) C
(

u
y1

< 0 C u
y1

> 1
)
, ?

¹, (y1, u) Ê R1 qv, â (4) �)

g(y1, u) = 0 ·
∣∣∣∣∣ 1y1

∣∣∣∣∣ = 0

Ä¤, ã¯,H, ) Y1 D U í joint pdf

g(y1, u) =

{
2(1 − y1)

1
y1

, 0 < u ≤ y1 ≤ 1

0, w…

(2) ÄÑ–� R1 ªJ®�j²ZŸA

R1 :

{
0 < u ≤ 1
u ≤ y1 ≤ 1

]úk 0 < u ≤ 1, ø g(y1, u) ú y1 	}, ) U í

marginal pdf

fU(u) =
∫ ∞

−∞
g(y1, u)dy1

=
∫ 1

u
2(1 − y1)

1

y1
dy1

= 2 ln |y1| − 2y1

∣∣∣1
u

= 2(u − lnu − 1)

ç u ≤ 0 C u > 1 v,

fU(u) =
∫ ∞

−∞
g(y1, u)dy1 =

∫ ∞

−∞
0dy1 = 0

15 2×bçÍ:PM
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Ä¤, ã¯,H, )hÓœ‰b U í pdf

fU(u) =

{
2(u − lnu − 1), 0 < u ≤ 1
0, w…

(b) ;W‚�Míì2,

E(U) =
∫ ∞

−∞
ufU(u)du

=
∫ 1

0
2u(u − lnu − 1)du

=
∫ 1

0
2u2du −

∫ 1

0
2u lnudu −

∫ 1

0
2udu

w2�øáD�úáíì	}}�Ñ∫ 1

0
2u2du =

2

3
u3

∣∣∣∣1
0

=
2

3
J£ ∫ 1

0
2udu = u2

∣∣∣1
0

= 1

/%â}¶	}£˚.®ìÜ, )�ùáí¡	}∫ 1

0
2u lnudu = u2 lnu −

1

2
u2

∣∣∣∣1
0

=
[
(1)2 ln 1 −

1

2
(1)2

]
−[

lim
c→0+

c2 ln c −
1

2
(0)

]
= −

1

2

16 2×bçÍ:PM
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|(ø¤úá	}íMHp,�, )

E(U) =
2

3
−

(
−

1

2

)
− 1 =

1

6

<Çj (a)> (òQà}Óƒb¶). (1) ° FU(u): ;

W cdf íì2J£ U íì2, øhÓœ‰b U JŸÓ

œ‰b Y1 D Y2 [ý, )

FU(u) = P (U ≤ u)

= P (Y1Y2 ≤ u)

= P ((Y1, Y2) ∈ {(y1, y2) : y1y2 ≤ u})

=
∫∫

{(y1,y2):y1y2≤u}
f(y1, y2)dy1dy2

y;W (Y1, Y2) í joint pdf f(y1, y2) Ê–�

R :

{
0 ≤ y1 ≤ 1
0 ≤ y2 ≤ 1

,¦M 2(1 − y1), w…Ëj¦M 0, J£,�2í	}

–�

{(y1, y2) : y1y2 ≤ u}

Ê u < 0 v, ÑÊ� 2 D� 4 ïÌqÂ�(

y1y2 = u í˝,jD¬-j; Ê u = 0 v, Ñ� 2 D

� 4 ïÌ; Ê u > 0 v, ÑÊ� 1 D� 3 ïÌqÂ�

17 2×bçÍ:PM
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( y1y2 = u Dè™Wu°ˇ|í–�J£� 2 D� 4
ïÌ, àÇý, Ä7ª)|, ç u ≤ 0 v,

FU(u) =
∫∫

y1y2≤u
0dy1dy2 = 0

ç 0 < u ≤ 1 v,

FU(u) =
∫∫

{y1y2≤u}∩R
0dy1dy2 +∫∫

{y1y2≤u}∩R
2(1 − y1)dy1dy2

=
∫∫

{y1y2≤u}∩R
2(1 − y1)dy1dy2

w	}–�ª[ýA R11 ∪ R12, w2

R11 :

{
0 ≤ y1 ≤ u
0 ≤ y2 ≤ 1

/

R12 :

{
u ≤ y1 ≤ 1
0 ≤ y2 ≤ u/y1

¢ R11 ∪ R12 = R \ R1 w2–�

R1 :

{
u ≤ y1 ≤ 1
u/y1 ≤ y2 ≤ 1

Ä¤, â,�)

FU(u) = 1 −
∫∫

R1

2(1 − y1)dy1dy2

18 2×bçÍ:PM
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w2�U¬ií 1 A
4uÄÑ¤á�k joint pdf
f(y1, y2) = 2(1− y1) Êc_ support R ,í	},
]Ñ 1 F_. y;W	}–� R1 í[ý�, ,�¢ó

çk

FU(u) = 1 −
∫ 1

u

∫ 1

u/y1

2(1 − y1)dy2dy1

= 1 −
∫ 1

u
2(1 − y1)y2

∣∣∣1
y2=u/y1

dy1

= 1 −
∫ 1

u

[
2(1 − y1) − 2

u

y1
+ 2u

]
dy1

= 1 − [2(1 + u)(1 − u) −
(1 − u2) − 2u(− lnu)]

= 1 − [1 − u2 + 2u lnu]

= u2 − 2u lnu

ç u > 1 v,

FU(u) =
∫∫

{y1y2≤u}∩R
0dy1dy2 +∫∫

{y1y2≤u}∩R
2(1 − y1)dy1dy2

=
∫∫

R
2(1 − y1)dy1dy2 = 1

Ä¤, ã¯,H, )hÓœ‰b U í cdf

FU(u) =


0, u ≤ 0
u2 − 2u lnu, 0 < u ≤ 1
1, u > 1

19 2×bçÍ:PM
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(2) ° fU(u): ;W pdf D cdf íÉ[, hÓœ‰b

U í pdf

fU(u) =
d

du
FU(u)

=

{
2(u − lnu − 1), 0 < u ≤ 1
0, w…

20 2×bçÍ:PM


