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Àj 48: �Ï‚ƒb¶
({… §6.5)

¤j¶4;Wà-íñø4ìÜ.

ìÜ 6.1. (ñø4). IÓœ‰b X í mgf Ñ

mX(t) /Óœ‰b Y í mgf Ñ mY (t). J mX(t)

D mY (t) ÌÊø_J 0 Ñ2-í–ÈqæÊ/ó�,

?¹, æÊø a > 0, U)úkF�í t ∈ (−a, a),

mX(t) = mY (t)

†

X
D
= Y

W 1. qÓœ‰b Y ∼ N(µ, σ). t„

Z
def
=

Y − µ

σ
∼ N(0,1)

<„> J‡°¬ Y − u í mgf

mY −µ(t) = exp
(
1

2
σ2t2

)
w2 −∞ < t < ∞.
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Ä¤, ;W mgf íì2, Z í mgf

mZ(t) = E
(
etZ

)
= E

{
exp

[
t

σ
(Y − µ)

]}
7,��ß�k Y − µ í mgf Ê t

σ íM, ?¹, úk

−∞ < t < ∞,

mZ(t) = mY −µ

(
t

σ

)
= exp

(
1

2
σ2 ·

t2

σ2

)
= exp

(
1

2
t2

)
�ßÿu N(0,1) í mgf. ], ;W mgf íñø4,

Z ∼ N(0,1)

W 2. I Z ∼ N(0,1). t° Z2 íœ0}Ó.

<j> ;W mgf íì2J£Óœ‰bíƒbí‚�Mt

�, Z2 í mgf

mZ2(t) = E

(
etZ2

)
=

∫ ∞

−∞
etz2

f(z)dz

=
∫ ∞

−∞
etz2

·
1√
2π

e−z2/2dz (1)
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QO, cÜ,�2Nbƒbí¶}, ª), ç t < 1/2 v,

etz2
· e−z2/2 = exp

[
−

z2

2
(1 − 2t)

]

= exp

−
z2

2
[
(1 − 2t)−1/2

]2


Ä¤, â,�£ (1) �, úk t < 1/2, )

mZ2(t)

=
∫ ∞

−∞

1√
2π

exp

−
z2

2
[
(1 − 2t)−1/2

]2
 dz

= (1 − 2t)−1/2
∫ ∞

−∞

1√
2π(1 − 2t)−1/2

·

exp

−
z2

2
[
(1 − 2t)−1/2

]2
 dz

= (1 − 2t)−1/2(1) = (1 − 2t)−1/2

w2�ú_�UA
4ÄÑ�ù_�U¬ií\	ƒb�

ßu N
(
0, (1 − 2t)−1/2

)
í pdf, Ä7êcí	}�

k 1 F_. ÄÑ gamma(α, β) í mgf Ñ

(1 − βt)−α, t < 1/β

FJâ,�ø Z2 í mgf �ßÿu gamma(1/2,2)
í mgf. ¢ χ2(n) í}Óÿu gamma

(
n
2,2

)
. ],

3 2×bçÍ:PM



œ0D$l(105-) Àj 48: �Ï‚ƒb¶

;W mgf íñø4,

Z2 ∼ χ2(1)

°Ö
Óœ‰bí¸í}Óv, �Ï‚ƒb¶uøóç�

àíj¶, à-H.

ìÜ 6.2. I Y1, Y2, . . . , Yn Ñó�Ö
íÓœ‰b,
/w mgf }�Ñ mY1

(t), mY2
(t), . . ., mYn(t). J

U = Y1 + Y2 + · · · + Yn

† U í mgf

mU(t) = mY1
(t) × mY2

(t) × · · · × mYn(t)

<„> ;W mgf íì2J£ U íì2, U í mgf

mU(t) = E
(
etU

)
= E

[
et(Y1+Y2+···+Yn)

]
= E

(
etY1 · etY2 · · · etYn

)
ÄÑ Y1, Y2, · · · , Yn ó�Ö
, ] “_�Óœ‰bƒb

í
	‚�M” �k “_�Óœ‰bƒbí‚�M
	”,
Ä7â,�)

mU(t) = E
(
etY1

)
× E

(
etY2

)
× · · · × E

(
etYn

)
= mY1

(t) × mY2
(t) × · · · × mYn(t)
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W 3. ø_9õÑ, Êø#ìívÈq,

èîb ∼ Poisson }Ó

/I Y1 = �ø_èîƒ®ívÈ, Y2 = �ù_èî

D�ø_èîíÈ½vÈ, . . ., Yn = � n _èîD�

(n − 1) _èîíÈ½vÈ, àÇý, †

Y1, Y2, . . . , Yn
iid∼ exp(θ)

?¹, Y1, Y2, . . . , Yn ó�Ö
/úk i = 1,2, . . . , n,

fYi
(yi) =

{
1
θe−yi/θ, yi > 0
0, w…

t°� n _èîƒ®ívÈ U í}Ó.

<j> âæ<ø, � n _èîƒ®ívÈ

U = Y1 + Y2 + · · · + Yn

¢ÄÑ Y1, Y2, . . . , Yn ó�Ö
, /Êó°í

exp(θ) = gamma(1, θ)

}Ó-, úk i = 1,2, . . . , n, 7�í mgf

mYi
(t) = (1 − θt)−1, t < 1/θ

];WìÜ 6.2, ) U í mgf

mU(t) = mY1
(t) × mY2

(t) × · · · × mYn(t)

= (1 − θt)−n, t < 1/θ
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�ßÿu gamma(n, θ) í mgf. Ä¤, ;W mgf í

ñø4,

U ∼ gamma(n, θ)

/ pdf

fU(u) =

{
1

θnΓ(n)

(
un−1e−u/θ

)
, u > 0

0, w…

ìÜ 6.3. qÓœ‰b Y1, Y2, . . . , Yn ó�Ö
/ú

k i = 1,2, . . . , n,

Yi ∼ N(µi, σi)

I a1, a2, . . . , an Ñ�b. J

U =
n∑

i=1

aiYi

†

U ∼ N

 n∑
i=1

aiµi,

 n∑
i=1

a2
i σ2

i

1/2


<j> ˛ø Yi ∼ N(µi, σi), ]úk i = 1,2, . . . , n,
Yi í mgf

mYi
(t) = exp

(
µit +

1

2
σ2

i t2
)
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â¤ª)|, úk i = 1,2, . . . , n, aiYi í mgf

maiYi
(t) = E

(
eaitYi

)
= mYi

(ait)

= exp
[
µiait +

1

2
σ2

i (ait)
2
]

= exp
[
aiµit +

1

2
(a2

i σ2
i )t

2
]

Ä¤, ;WìÜ 6.2 J£,�, U í mgf

mU(t)

= ma1Y1
(t) × ma2Y2

(t) × · · · × manYn(t)

= exp
[
a1µ1t +

1

2
(a2

1σ2
1)t

2
]
·

exp
[
a2µ2t +

1

2
(a2

2σ2
2)t

2
]
· · ·

exp
[
anµnt +

1

2
(a2

nσ2
n)t

2
]

= exp

 n∑
i=1

aiµi

 t +
1

2

 n∑
i=1

a2
i σ2

i

 t2


FJ, ;W mgf íñø4, U Ñ‚�M�k

∑n
i=1 aiµi

/‰æb�k
∑n

i=1 a2
i σ2

i í�G}Ó, ?¹,

U ∼ N

 n∑
i=1

aiµi,

 n∑
i=1

a2
i σ2

i

1/2

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ìÜ 6.4. qÓœ‰b Y1, Y2, . . . , Yn ó�Ö
/ú

k i = 1,2, . . . , n,

Yi ∼ N(µi, σi)

¢úk i = 1,2, . . . , n, ì2

Zi =
Yi − µi

σi

†

V
def
=

n∑
i=1

Z2
i ∼ χ2(n)

<j> ÄÑúk i = 1,2, . . . , n,

Yi ∼ N(µi, σi)

]

Zi ∼ N(0,1)

/

Z2
i ∼ χ2(1)

Ä¤, úk i = 1,2, . . . , n, Z2
i í mgf

mZ2
i
(t) = (1 − 2t)−1/2, t < 1/2
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¢

Z2
1 , Z2

2 , . . . , Z2
n

®A}�Ñó�Ö
í

Y1, Y2, . . . , Yn

íƒb, ]

Z2
1 , Z2

2 , . . . , Z2
n

?ó�Ö
. FJ, ;WìÜ 6.2,

V
def
=

n∑
i=1

Z2
i

í mgf

mV (t) = mZ2
1
(t) × mZ2

2
(t) × · · · × mZ2

n
(t)

= (1 − 2t)−n/2, t < 1/2

�ßÿu gamma(n/2,2), 6ÿu χ2(n) í mgf.

Ä¤, ;W mgf íñø4,

V =
n∑

i=1

Z2
i ∼ χ2(n)
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