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q©/Óœ‰b

Y1, Y2, . . . , Yn
iid∼ cdf F (y) J£ pdf f(y)

†§å(í!‹

Y(1), Y(2), . . . , Y(n)

˚T�å$l¾ (order statistics), w2 Y(i) [ý�

i _üíÓœ‰b, ?¹,

Y(1) = min(Y1, Y2, . . . , Yn) ≤ Y(2) ≤ · · · ≤
Y(n−1) ≤ Y(n) = max(Y1, Y2, . . . , Yn)

Å. ÄÑÓœ‰bu©/í, ,�2í “=” ª�I¥,

7ŸA

Y(1) < Y(2) < · · · < Y(n−1) < Y(n)

�å$l¾í}Óà-H.

(1) Y(n) í cdf FY(n)
(y) D pdf g(n)(y).
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ÄÑ

Y(n) = max(Y1, Y2, . . . , Yn)

]úL<íõb y,(
Y(n) ≤ y

)
⇔ (Y1 ≤ y, Y2 ≤ y, . . . , Yn ≤ y)

Ä¤, ;W cdf íì2, J£,Hí�g9K, Y(n) í

cdf

FY(n)
(y) = P

(
Y(n) ≤ y

)
= P (Y1 ≤ y, Y2 ≤ y, . . . , Yn ≤ y)

= P (Y1 ≤ y)P (Y2 ≤ y) · · ·P (Yn ≤ y)

= [F (y)]n , −∞ < y < ∞

w2�ú_�UA4ÄÑ Y1, Y2, . . . , Yn ó�Ö,

�û_�UA4ÄÑ…b�u°í cdf F (y). QO,

siú y �}, ) Y(n) í pdf

g(n)(y) =
d

dy

[
FY(n)

(y)
]

= n [F (y)]n−1 · F ′(y)

= n [F (y)]n−1 f(y), −∞ < y < ∞

w2|(ø_�UA4ÄÑ…b�u°í pdf f(y).

(2) Y(1) í cdf FY(1)
(y) D pdf g(1)(y).
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ÄÑ

Y(1) = min(Y1, Y2, . . . , Yn)

]úkL<íõb y,(
Y(1) > y

)
⇔ (Y1 > y, Y2 > y, . . . , Yn > y)

FJ, ;W cdf íì2, ìÕíœ0t�, J£,Hí�

g9K, Y(1) í cdf

FY(1)
(y) = P

(
Y(1) ≤ y

)
= 1 − P

(
Y(1) > y

)
= 1 − P (Y1 > y, Y2 > y, . . . , Yn > y)

= 1 − P (Y1 > y)P (Y2 > y) · · ·
P (Yn > y)

= 1 − [1 − F (y)]n , −∞ < y < ∞
w2�û_�UA4ÄÑ Y1, Y2, . . . , Yn ó�Ö,
�ü_�UA4ÄÑ…b�u°í cdf F (y) /úk

i = 1,2, . . . , n, −∞ < y < ∞,

P (Yi > y) = 1 − P (Yi ≤ y) = 1 − F (y)

F_. QO, siú y �}, ) Y(1) í pdf

g(1)(y) =
d

dy

[
FY(1)

(y)
]

= −n [1 − F (y)]n−1 · [−f(y)]

= n [1 − F (y)]n−1 f(y), −∞ < y < ∞
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(3) Y(1), Y(2), . . . , Y(n) í joint pdf

g(1)(2)···(n)(y1, y2, . . . , yn)

òhí°¶: q y1 < y2 < · · · < yn. ¦ ∆y Dü,

I9K

B =
(
y1 < Y(1) < y1 + ∆y,

y2 < Y(2) < y2 + ∆y, . . . ,

yn < Y(n) < yn + ∆y
)

úk {1,2, . . . , n} íLø�§� (i1, i2, . . . , in), I

9K

A(i1,i2,...,in) = (y1 < Yi1 < y1 + ∆y,

y2 < Yi2 < y2 + ∆y, . . . ,

yn < Yin < y + ∆y)

u� n! �.°í9K. Ê ∆y Dü-, ¤ n! _9KÑ

�½, /Ê Y1, Y2, . . . , Yn °}Óícq-, ¤ n! _9

Kíœ0Ì�k P
(
A(1,2,...,n)

)
, Ä7)|

P (B) = P

 ∪
(i1,i2,...,in)

A(i1,i2,...,in)


= n!P

(
A(1,2,...,n)

)
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¢Ê Y1, Y2, . . . , Yn ó�Öícq-, ,�óçk

P (B) = n!P (y1 < Y1 < y1 + ∆y)
P (y2 < Y2 < y2 + ∆y) · · ·

P (yn < Yn < yn + ∆y)

¢ÄÑ ∆y Dü, ]úk i = 1,2, . . . , n,

P (yi < Yi < yi + ∆y) =
∫ yi+∆y

yi

f(t)dt

≈ f(yi)∆y

Ä7â,�û|

P (B) ≈ n! [f(y1)∆y] [f(y2)∆y] · · · [f(yn)∆y]
= n!f(y1)f(y2) · · · f(yn)(∆y)n (1)

QO, J Y(1), Y(2), . . . , Y(n) í joint pdf íi�,
Ê ∆y Dü-,

P (B) =
∫ y1+∆y

y1

∫ y2+∆y

y2

· · ·
∫ yn+∆y

yn

g(1)(2)···(n)(t1, t2, . . . , tn)

dtn · · · dt2dt1
≈ g(1)(2)···(n)(y1, y2, . . . , yn)(∆y)n (2)

|(, ªœ (1) �£ (2) �, )

g(1)(2)···(n)(y1, y2, . . . , yn)

=


n!f(y1)f(y2) · · · f(yn), y1 ≤ y2 ≤ · · ·

≤ yn

0, w…
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w2�U¬i×�Uí�ù�A4ÄÑ

Y(1) < Y(2) < · · · < Y(n)

]ç y1 ≤ y2 ≤ · · · ≤ yn .Av, B = ∅ F_.

(4) úk 1 ≤ k ≤ n, � k _�å$l¾ Y(k) í pdf

g(k)(y).

òhí°¶: úk −∞ < yk < ∞, ç ∆y Düv, à

Çý,

P (yk < Y(k) < yk + ∆y)

≈ P (Y1, Y2, . . . , Yn 2� (k − 1) _ük yk, ø

_�k yk D yk + ∆y È, (n − k) _×k yk)

QO, ÄÑ Y1, Y2, . . . , Yn ÑÖ°}Ó, ],�2¡N

¯U¬iíœ0Ñúá}Ó, w2rÊ�øéíœ0Ñ

F (yk)

� (k − 1) _; rÊ�ùéíœ0¡Nk

f(yk)∆y

�ø_; rÊ�úéíœ0Ñ

1 − F (yk)
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� (n − k) _, Ä7)|

P (yk < Y(k) < yk + ∆y)

≈
(

n

k − 1,1, n − k

)
[F (yk)]

k−1 ·

f(yk)∆y · [1 − F (yk)]
n−k

=
n!

(k − 1)!(n − k)!
[F (yk)]

k−1 f(yk) ·

[1 − F (yk)]
n−k ∆y (3)

¢â Y(k) í marginal pdf íi�, Ê ∆y Dü-,

P (yk < Y(k) < yk + ∆y) ≈ g(k)(yk)∆y (4)

Ä¤, ªœ (3) �D (4) �, )

g(k)(yk) =
n!

(k − 1)!(n − k)!
[F (yk)]

k−1 ·

[1 − F (yk)]
n−k f(yk)

w2 −∞ < yk < ∞.

(5) úL<í 1 ≤ j < k ≤ n, Y(j) D Y(k) í joint
pdf g(j)(k)(yj, yk).

òhí°¶: ° (4), àÇý, ç −∞ < yj < yk < ∞
v, Y1, Y2, . . . , Yn 2, Ûb� (j − 1) _ük yj, _

�íœ0Ñ

F (yj)
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ø_�k yj D yj + ∆y È, wœ0¡Nk

f(yj)∆y

(k − 1 − j) _�k yj D yk È, _�íœ0Ñ

F (yk) − F (yj)

ø_�k yk D yk + ∆y È, wœ0¡Nk

f(yk)∆y

J£ (n − k) _×k yk, _�íœ0Ñ

1 − F (yk)

Ä7 Y(j) D Y(k) í joint pdf

g(j)(k)(yj, yk)

=
n!

(j − 1)!(k − 1 − j)!(n − k)!

[
F (yj)

]j−1
·[

F (yk) − F (yj)
]k−1−j

[1 − F (yk)]
n−k ·

f(yj)f(yk), −∞ < yj < yk < ∞

W 1. q/�ÚäÉKí?·

Y ∼ f(y) =

{
1

100e−y/100, y > 0
0, w…
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w2íÀPÑüv. J/Í$âù_Ö«Tí¤�ÉK

J�:j� (in series)  A, ?¹, Ébw2ø_ÉK

;7, ¤Í$ÿ;7. I X Ñ¤Í$í?·. t° X

í pdf.

<j> ÄÑ�:, ]

X = min(Y1, Y2)

w2 Yi = � i _ÉKí?·, …bÖ°}Ó/u°í

cdf

F (y) =

{
1 − e−y/100, y > 0
0, w…

FJ, ât�CÇý, X í pdf

fX(y) = g(1)(y) = 2 [1 − F (y)] f(y) (5)

y;W pdf f(y) D cdf F (y) Ê y > 0 v, }�¦M

1

100
e−y/100 D 1 − e−y/100

w…Ëj¦M 0, â (5) �) X í pdf

fX(y) =

{
2 · e−y/100 · 1

100e−y/100, y > 0
0, w…

=

{
1
50e−y/50, y > 0
0, w…

(6)
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Å. â (6) �ø, �:$AíÍ$?·

X = min(Y1, Y2) ∼ exp(50)

â¤û|

E(X) = 50 =
100

2

Í7úk i = 1,2,  AÍ$íÉK i í?·

Yi ∼ exp(100)

J£ÉK�Ì?·

E(Yi) = 100

ºÑÍ$�Ì?·íùI.

W 2. wQW 1. JÍ$â1: (in parallel)  A,

?¹, ù_ÉKr;7, Í$n;¥. t°Í$?· X

í pdf.

<j> ÄÑ1:, ]

X = max(Y1, Y2)

Ä¤, ât�CÇý, X í pdf

fX(y) = g(2)(y) = 2F (y)f(y) (7)

10 2×bçÍ:PM
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y;W pdf f(y) D cdf F (y) Ê y > 0 v, }�¦M

1

100
e−y/100 D 1 − e−y/100

w…Ëj¦M 0, â (7) �) X í pdf

fX(y)

=

{
2 ·

(
1 − e−y/100

)
· 1
100e−y/100, y > 0

0, w…

=

{
1
50

(
e−y/100 − e−y/50

)
, y > 0

0, w…
(8)

Å. â (8) ø, â1:$AíÍ$?·

X = max(Y1, Y2)

.uNbÓœ‰b.

W 3. q Y1, Y2, . . . , Y5 Ñøâ unif(0,1) }ÓF²

|íÓœš…. t° (a) Y(2) í pdf, J£ (b) Y(2)
D Y(4) í joint pdf.

<j> íl, âæ<, Y1, Y2, . . . , Y5 ÑÖ°}Ó/u

°í pdf

f(y) =

{
1, 0 ≤ y ≤ 1
0, w…
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J£u°í cdf

F (y) =


0, y < 0
y, 0 ≤ y ≤ 1
1, y > 1

¤4ÄÑâ cdf íì2J£ pdf f(y) í¦M, ç

y < 0 v,

F (y) =
∫ y

−∞
f(t)dt =

∫ y

−∞
0dt = 0

ç 0 ≤ y ≤ 1 v,

F (y) =
∫ 0

−∞
0dt +

∫ y

0
1dt = y

J£ç y > 1 v,

F (y) =
∫ 0

−∞
0dt +

∫ 1

0
1dt +

∫ y

1
0dt = 1

F_.

(a) ât�CÇý, úk −∞ < y2 < ∞, Y(2) í pdf

g(2)(y2) =
5!

1!1!3!
F (y2) [1 − F (y2)]

3 f(y2)

y;W pdf f(y) D cdf F (y) í¦M8”, ç

y2 < 0 v, â,�)

g(2)(y2) = 20(0)(1 − 0)3(0) = 0

12 2×bçÍ:PM
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ç 0 ≤ y2 ≤ 1 v,

g(2)(y2) = 20(y2)(1 − y2)
3(1)

= 20y2(1 − y2)
3

ç y2 > 1 v,

g(2)(y2) = 20(1)(1 − 1)3(0) = 0

Ä¤, ã¯,H, ) Y(2) í pdf

g(2)(y2) =

{
20y2(1 − y2)

3, 0 ≤ y2 ≤ 1
0, w…

Å. â (a) í!�,

Y(2) ∼ Beta(2,4)

øO7k, J

Y1, Y2, . . . , Yn
iid∼ unif(0,1)

†� k _�å$l¾ (kth order statistics)

Y(k) ∼ Beta(k, n − k + 1)

ÑSà¤? ;Wt�CÇý, úk −∞ < yk < ∞,
Y(k) í pdf

g(k)(yk) =
n!

(k − 1)!(n − k)!
[F (yk)]

k−1 ·

[1 − F (yk)]
n−kf(yk)

13 2×bçÍ:PM
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y;W pdf f(y) D cdf F (y) í¦M8”, à° (a)
íRû¬˙, â,�) Y(k) í pdf

g(k)(yk)

=


Γ(n+1)

Γ(k)Γ(n−k+1)y
k−1
k ·

(1 − yk)
(n−k+1)−1, 0 ≤ yk ≤ 1

0, w…

�ßÿu Beta(k, n − k + 1) í pdf. Ä¤, úk

1 ≤ k ≤ n, � k _�å$l¾

Y(k) ∼ Beta(k, n − k + 1)

(b) ;Wt�CÇý, úk −∞ < y2 < y4 < ∞,
Y(2) D Y(4) í joint pdf

g(2)(4)(y2, y4) =
5!

1!1!1!1!1!
F (y2) ·

[F (y4) − F (y2)] ·
[1 − F (y4)]f(y2)f(y4)

y;W pdf f(y) D cdf F (y) í¦M8”, à° (a)
íRû¬˙, â,�) Y(2) D Y(4) í joint pdf

g(2)(4)(y2, y4)

=

{
5!y2(y4 − y2)(1 − y4), 0 ≤ y2 < y4 ≤ 1
0, w…
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