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Àj 6: lbš…õí	x
({… §2.6)

çš…˛ÈíF�š…õbÝ�×, /A	�Ôuõ¦D

.ª?v, lb (counting) ¶ø}uø�l�œ0í

�^j¶, àlb|š…˛ÈÖ� N _ó°ª?í

(equiprobable) š…õ, 1/9K A Ö� na _š…

õ, †

P (A) =
na

N

C
=

|A|
|S|

â ¯}&ê�ílb¶à-:

ìÜ 2.1 (mn 
). qøˇñqÖ m _jÖ

a1, a2, . . . , am

/ÇøˇñqÖ n _jÖ

b1, b2, . . . , bn

†â©øˇñ2²|øjÖ7$Aøú (pair) v, $A

íúbÑ

mn = m × n
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<„> ø¤ùˇñíjÖ�A-�í[�:

ÄÑ©ú {ai, bj} ú@ƒø_j�, /u� mn _j�,

]ª$A mn ú.

Å. mn 
ªR�ƒL<_bíÕ¯ (ˇñ), à� 3 _

Õ¯, }�Ñ {a1, a2, . . . , am}, {b1, b2, . . . , bn} £

{c1, c2, . . . , cp}, †â©øÕ¯²|øjÖ7$Aø_ú

j (triplet) v, uª$A mnp _új .

ÑSà¤? ÄÑ©ø_új (ai, bj, ck) óçkøú

((ai, bj), ck), w2� mn ú (ai, bj) (;WìÜ 2.1)

£ p _jÖ ck. yâìÜ 2.1, ª) mn × p = mnp

ú ((ai, bj), ck). Ä¤, ,új bÑ mnp.

W 1. IÕøú�äíš…õ = øú (x, y), x: �ø

_�äí!‹, Ñ {1,2, . . . ,6} 2íøb, y: �ù_�

äí!‹, Ñ {1,2, . . . ,6} 2íøb. ]

|S| = 6 × 6 = 36

IÕø�$úŸíš…õ = ø_új (x, y, z),

x, y, z ÌÑ {£, ¥} 2íøå‚. ]

|S| = 2 × 2 × 2 = 8
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W 2. qøõðÑp“L² 20 AíÞn. .5?Á�

/cqc� 365 _.°íÞn.

(a) t° |S|.

(b) q©ø� 20 AÞní ¯·uó°ª?ËêÞ

(equiprobable), t° 20 A2, ©AíÞn·.

°íœ0.

<j> (a) p“L² 20 A5Þníš…õ = ø_ 20

j (20-tuple)

(a1, a2, . . . , a20)

w2 a1, a2, . . . , a20 }�[ý� 1 A, � 2 A, . . .,

� 20 AíÞn, ÌÑ {1,2, . . . ,365} (ø� 365 Ù

í™ýÕ¯) 2íøb. ½µ@à mn 
, )

|S| = (365)(365) · · · (365)︸ ︷︷ ︸
u 20 á

= (365)20

w2�ø_ 365 [ý a1 íª?²¶, �ù_ 365 [

ý a2 íª?²¶, . . ., � 20 _ 365 [ý a20 íª

?²¶.
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cqF�š…õÌuó°ª?í, †úLøš…õ Ei,

P (Ei) =
1

(365)20

(b) I9K A = 20 A2©AíÞnÌ.°. A 2íø

š…õ = ø_ 20 j (a1, a2, . . . , a20), w2 a1

âøÖ 365 _bíÕ¯2²|, a2 âøÖ 364 _bí

Õ¯2²| (Ûp¥²|5 a1, .�… (a1) ÑS, ”-

5b� 364 _), a3 âøÖ 363 _bíÕ¯2²|

(Ûp¥²|5 a1 D a2, .�…bÑS, ”-5bÑ

363 _), . . ., a20 âøÖ (365 − 19) = 346 _b

íÕ¯2²| (p¥l‡²|5 a1, . . . , a19, .�…b

ÑS, ”-5bu� 346 _). ½µUà mn 
, )

na = |A| = (365)(364)(363) · · · (346)

]

P (A) =
na

N
=

(365)(364) · · · (346)

(365)20
= 0.5886

(ÄÑcq©øš…õÌuó°ª?ËêÞ)

Å. %�øõðíš…õªJø�¯Uíé§[ý5. ¤

vš…õí,bÿ�kú@¯Uª\§�í.°j¶b,

ªâ-�ìÜl�|.

4 2×bçÍ:PM



œ0D$l(105-) Àj 6: lbš…õí	x

ì2 1. r _.°ÓK (object) íø�åé§

(ordered arrangement) ˚Tø§�

(permutation). â n _.°ÓK2, øŸ²¦ r _

§�í,j¶bJ Pn
r [ý5.

ìÜ 2.2. â n _.°ÓK2, øŸ²¦ r _§�í

,j¶b

Pn
r = n(n − 1)(n − 2) · · · (n − r + 1)

=
n!

(n − r)!

<„> “F°5,j¶b” = “ø n _.°ÓK/Ê

([Ê) .°P0,í,j¶b”. ½µ@à mn 
, [

Ê�ø_P0íÓK, � n �²¶; [Ê�ù_P0íÓ

K� (n − 1) �²¶ (p¥˛²|í�ø_ÓK); . . . ;
[Ê� r _P0íÓK, � (n − r + 1) �²¶. Ä¤

.°é§í,j¶b

Pn
r = n(n − 1) · · · (n − r + 1)

J¼
 (factorial) [ýv,

Pn
r = n(n − 1) · · · (n − r + 1)

(n − r)!

(n − r)!

=
n!

(n − r)!
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w2

n! = n(n − 1) · · · (2)(1) / 0! = 1

W 3. â 30 ±º	±À2, J.[� (without

replacement) íj�²| 3 P. � 1 P‚|6)Ý

$100, � 2 P $50, � 3 P $25. t½¤õð�Öý

_š…õ.

<j> ÄÑJ.[�j�, /ÝÀb.°, “,š…õb”

= “â n = 30 _A±2, øŸ²| r = 3 ±í§�,

b” . Ä¤,

|S| = P30
3 = (30)(29)(28) = 24,360

W 4. qø _T“Ö� 4 _¥	, wßåªL<é§,

Dkªœ©øé§í _vÈ, ½ÛªœÖý�.°í 

_T“?

<j> , _T“b = “â n = 4 _¥	2, øŸ²

| r = 4 _í§�,b”. Ä¤,

, _T“b = P4
4 =

4!

0!
= (4)(3)(2)(1) = 24
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Å. ø n _.°ÓK, }’A®�w×üí k _.ó>

ˇ í,j¶b, ªâ-�ìÜl�|.

ìÜ 2.3. ø n _.°ÓK}’A×üÑ

n1, n2, . . . , nk í k _.ó>íˇ í,j¶b

N =

(
n

n1 n2 · · · nk

)
=

n!

n1!n2! · · ·nk!

w2

k∑
i=1

ni = n

<„> “ø_}’” óçk “ø� n _P02, ‡ n1

_[� 1 ˇ 2íjÖ, � 2 ˇ [ÊQOí n2 _P

0, . . ., � k _ˇ [Ê|( nk _P0/.5?ˇ 

qí§�”. FJ, � N �[0¶. ‡ú©ø�[0¶,
5?®ˇ qí§�(, Ìª$Aø_â n _.°ÓKF

ßÞí§�, â mn 
, u)

N · (n1!)(n2!) · · · (nk!)

�.°í§�.

¢Lø�§�Ìª\eÑw‡ n1 _jÖZA� 1 ˇ ,
QO n2 _jÖZA� 2 ˇ , . . ., |( nk _jÖZ
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A� k _ˇ , 7°Qk‡H$A§�íj¶2. Ä¤,

ª),§�b

Pn
n (= n!) = N · n1! · n2! · · ·nk!

j5, )

N =
n!

n1!n2! · · ·nk!

def
=

(
n

n1 n2 · · · nk

)

Å.
(

n

n1 n2 · · · nk

)
˚TÖjá[b

(multinomial coefficient), ÄÑ…|ÛÊÖjá

(y1 + y2 + · · · + yk) í n Ÿj�Ç�2:

(y1 + y2 + · · · + yk)
n =∑

(n1,...,nk)

(
n

n1 n2 · · · nk

)
y

n1
1 y

n2
2 · · · ynk

k

w2‹¶¯U
∑

°QF�Å—

ni ≥ 0, i = 1, . . . k / n1 + · · · + nk = n

í (n1, n2, . . . , nk).

W 5. ø 20 P	A}ºƒ 4 �.°í	T2, w2�

1 �	T|Ú, Ûb 6 A, � 2, 3, 4 �}�Ûb 4,
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5, D 5 A. ��–Äk, Ê�˚Óœ}º-, º�/ø

�íí 4 P	AÌ\}ºƒ� 1 �	T. |jãº}ç

àS‡iu´t£í½æ?

<j> ll� “F�ª?í}º¶ N” = “ø n = 20
A}’A×üÑ n1 = 6, n2 = 4, n3 = 5, n4 = 5
í 4  í,j¶b”. ],

N =
(

20

6 4 5 5

)
=

20!

6!4!5!5!
JÑÓœN» (random assignment), †©øš…õ

íœ0Ñ 1/N . I9K A
def
= /ø�íí 4 AÌ\}

»ƒ� 1 �	T. †

P (A) =
|A|
N

¢ A óçkâ”-í 16 A2, ²| 2 Aƒ	T 1 (Ä

Ñ¤ 4 A˛\N»ƒ	T 1), ²| 4, 5, D 5 Aƒ	

T 2, 3, D 4. FJ,

|A| =
(

16

2 4 5 5

)
=

16!

2!4!5!5!
Ä¤,

P (A) =
|A|
N

=
16!/2!

20!/6!

=
6 · 5 · 4 · 3

20 · 19 · 18 · 17
= 0.0031
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R� (,!): JuÓœN», †¤ 4 AÌ\}ºƒ	

T 1 íœ0uøÝ�üíM 0.0031, 7�Í}êÞ, ]

�ÜâaOwt�4.

Å. �<8”-, š…õªâø�D§�ÌÉí (?¹,

§�Tàu.óÉí) ¯Uüw|, ¤v, ,š…õbª

â-�ìÜl�|.

ì2 2. â n _.°ÓK2, øŸ¦| r _í ¯

(combination) ,bÿu “â n _.°ÓK2, $A

×üÑ r íäÕ¯í,b”. ¤bJ Cn
r C

(
n
r

)
[ý5.

ìÜ 2.4. â n _.°ÓK2, (J.[�j�) ¦|

×üÑ r íÌå (unordered) äÕ¯í,bu(
n

r

)
= Cn

r =
Pn

r

r!
=

n!

r!(n − r)!

<„> â n _.°ÓK2, ¦| r _ ⇔ ø n _.°

ÓK}A×ü}�Ñ r D n − r í 2  . ],(
n

r

)
= Cn

r =

(
n

r (n − r)

)
=

n!

r!(n − r)!
=

Pn
r

r!
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Å.
(

n
r

)
˚Tùá[b (binomial coefficient), Ä

Ñw|ÛÊùá�Ç�2:

(x + y)n =
n∑

i=0

(
n

i

)
xiyn−i

W 6. â 5 PC~62, ²| 2 Pí,j¶bÑ

C5
2 =

(
5

2

)
=

5 · 4
1 · 2

= 10

I A = 2 P|7C~62, �ßøP\²2í9K, †

|A| = (2 P|762²|øPíj¶b) ·
(”- 3 P2²|øPíj¶b)

=
(
2

1

) (
3

1

)
= 2 · 3 = 6

Ä¤, ÊÓœ²¦-,

P (A) =
|A|
10

=
6

10
= 0.6

W 7. qøt−ª² M _º»ÀP (distributor) ¿

Œ, /Äe- n "¿À (orders) (n < M). ¢q©ø

º»ÀP)ƒLø"¿Àíœ}Ì�, /ŒÄk², QY

í¿Àb³�Ì„. I A = /øº»ÀP, à I, �ß

)ƒ k (k ≤ n) "¿Àí9K. t° P (A).
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<j> ÄÑ©ø_º»ÀPQYí¿Àb³�Ì„, ©ø

"¿Àª}º# M _º»ÀP2íø_ (?¹, � M

�}º¶), ]â mn 
, n "¿Àu�

M · M · · ·M︸ ︷︷ ︸
n _

= Mn

�}º¶. Ä¤,

|S| = Mn / P (Ei) =
1

Mn

(ÄÑÓœ}º)

}º#º»ÀP I k "¿Àí}¶�
(

n
k

)
�, /”-í

(n − k) "¿À}º#wì (M − 1) _º»ÀPí}¶

� (M − 1)n−k �, ]â mn 
,

|A| =
(

n

k

)
· (M − 1)n−k

Ä¤,

P (A) =
|A|
|S|

=

(
n
k

)
(M − 1)n−k

Mn

Å. ‘Kœ0ÊJ9K ¯¶°ø9KêÞíœ0v, r

Æóç½bíiH. ¤Õ, 6Êš…õ.uó°ª?Ëê

Þ8”-, k°š…õíœ0v, Ý��à.
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