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單元 41: 多項機率分布
({… §5.9)

ÖáõðuùáõðíR�, wì2£óÉí}Óà-述.

ì2. øÖáõðí4”à-:

(1) â n _ó°ítð (trials) F A.

(2) ©øtð}ßÞ k �!‹2íø� (C落p k _]

2 (k cells) 2íø_).

(3) Àøtðí!‹Ñ� i éí (C落p] i) íœ0Ñ

pi, i = 1,2, . . . , k, /úF�ítð, ¤Û象ÌA


.

註. ÄÑtð!‹.Ñ k �2íø�, ]

p1 + p2 + · · ·+ pk = 1

(4) tðÈuó互Ö
í.
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(5) IÓœ‰b Yi = n Ÿtð2, !‹Ñ� i é (C

落p] i) ítðb, i = 1,2, . . . , k.

註. ÄÑ� n _tð!‹/.Ñ k �2íø�, ]

Y1 + Y2 + · · ·+ Yk = n

†úk i = 1,2, . . . , k, 0 ≤ yi ≤ n /
∑k

i=1 yi = n,

P (Y1 = y1, Y2 = y2, . . . , Yk = yk)

=
n!

y1!y2! · · · yk!
p
y1
1 p

y2
2 · · · pyk

k

C
=

(
n

y1 y2 · · · yk

)
p
y1
1 p

y2
2 · · · pyk

k

1˚Óœ‰b (Y1, Y2, . . . , Yk) x�¡bÑ n, p1, p2,

. . ., pk íÖá}Ó, /[ýA

(Y1, Y2, . . . , Yk) ∼ multinomial(n, p1, p2, . . . , pk)

úk i = 1,2, . . . , k, 0 ≤ yi ≤ n /∑k
i=1 yi = n,…í joint pmf

p(y1, y2, . . . , yk) =
n!

y1!y2! · · · yk!
p
y1
1 p

y2
2 · · · pyk

k

C
=

(
n

y1 y2 · · · yk

)
p
y1
1 p

y2
2 · · · pyk

k
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W 1. 根WA¨普Œ’e, 1ÅA�A¨í}éªWà-

[:
é� �齡 ªW

1 18-24 .18
2 25-34 .23
3 35-44 .16
4 45-64 .27
5 65 ↑ .16

Óœ²| 5 PAA, t½w2� 1 P介k 18-24, 2 P

介k 25-34, 2 P介k 45-64 íœ0ÑS?

<j> ÄÑ²|íAb 5 ±ükrÅ,AAb, ]ªe

Ñ[�, Ö
, ó°ítð, ½複 5 Ÿ, 7)

(Y1, Y2, Y3, Y4, Y5)

∼ multinomial(5, .18, .23, .16, .27, .16)

/F°Ñ

p(1,2,0,2,0)

=
5!

1!2!0!2!0!
(.18)1(.23)2(.16)0(.27)2(.16)0

= 30(.18)(.23)2(.27)2

= .0208

ìÜ 5.13. qÖá}ÓÓœ‰b

(Y1, Y2, . . . , Yk) ∼ multinomial(n, p1, p2, . . . , pk)
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† (1) úk i = 1,2, . . . , k,

E(Yi) = npi, Var(Yi) = npiqi

w2 qi = 1− pi.

(2) J s 6= t,

Cov(Ys, Yt) = −npspt

<„> (1) 針ú Yi 7k, k éÖáõðóçkà-íù

áõð: J pi íœ0ßÞ� i é!‹, 1− pi íœ0)

ƒ.u� i éí!‹, ?即, øw…í!‹¯併Ñ.u�

i é, †úk 1 ≤ i ≤ k,

Yi ∼ b(n, pi)

]úk i = 1,2, . . . , k,

E(Yi) = npi / Var(Yi) = npiqi

w2 qi = 1− pi.

(2) ªø k éÖáõðeÑø串 n _ó°Ö
ítð,

/針ú s 6= t, ì2

Ui =

{
1, J� i ŸtðßÞ� s é!‹

0, w…
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/

Wi =

{
1, J� i ŸtðßÞ� t é!‹

0, w…

w2 i = 1,2, . . . , n. †

Ys =
n∑

i=1

Ui

/

Yt =
n∑

j=1

Wj

¢� i Ÿtð.ª?°vßÞ� s éD� t é!‹, F

J UiWi 恆Ñ 0, ]úk i = 1,2, . . . , n,

E(UiWi) = 0

另úk i = 1,2, . . . , n,

E(Ui) = ps

/

E(Wi) = pt

FJ, úk i = 1,2, . . . , n,

Cov(Ui, Wi) = E(UiWi)− E(Ui)E(Wi)

= 0− pspt = −pspt (1)
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ç 1 ≤ i 6= j ≤ n v, � i ŸtðD� j Ÿtðuó互

Ö
í, ]

E(UiWj)

= 1 · P (UiWj = 1) + 0 · P (UiWj = 0)

= P (Ui = 1, Wj = 1)

= P (Ui = 1)P (Wj = 1)

= pspt

w2�ú_�UA
4ÄÑÖ
tð4óçk…bíóÉ

9K (Ui = 1) D (Wj = 1) ÑÖ
í9K, Ä7Ö


í>Õ9Kœ0�k®A9Kœ0í乘	F_; 1â¤ª

û|

Cov(Ui, Wj) = E(UiWj)− E(Ui)E(Wj)

= pspt − pspt = 0 (2)

FJ, ç s 6= t v, 根W(4 ¯íu‰æbt�, (1)
�, D (2) �,

Cov(Ys, Yt)

=
n∑

i=1

n∑
j=1

Cov(Ui, Wj)

=
n∑

i=1

Cov(Ui, Wi) +
∑

1≤i6=j≤n

Cov(Ui, Wj)

=
n∑

i=1

(−pspt) +
∑

1≤i6=j≤n

(0)

= −npspt
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註. Ys D Yt ÑŠóÉ, Dòhó¯, ÄÑ� s éíÓ

‹}迫U� t éíÁý.
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