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單元 37: 分部積分與現值
({… §6.1)

ø. �ù_x巧: }¶	} (integration by parts)

適àk\	ƒbÖ�HbƒbDNbƒbí	CHbƒ

bDúbƒbí	v, à∫
(x2 + 1)︸ ︷︷ ︸
Hbƒb

· ex︸︷︷︸
Nbƒb

dx

C ∫
x

2︸︷︷︸
Hbƒb

· lnx︸︷︷︸
úbƒb

dx

}¶	}íŸÜ4;W�}í¶d†, à-述. I u D
v Ñ x íª�ƒb. íl;W¶d†,

d

dx
(uv) = u

dv

dx
+ v

du

dx

QO, ø,�s邊ú x 	}, 1;W	}í‹Ád†, )

uv =
∫

d

dx
(uv)dx

=
∫ (

u
dv

dx
+ v

du

dx

)
dx

=
∫

u
dv

dx
dx +

∫
v
du

dx
dx
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|(, J�}�型� (differential form), ?¹,

dv =
dv

dx
dx; du =

du

dx
dx

[ý, )

uv =
∫

udv +
∫

vdu

Ä¤, â,�) ∫
udv = uv −

∫
vdu

¤4}¶	}ít�.

½õ. øŸ	}l	|ø¶}, ) v, 1øwìí¶}�

²AÇø_œq	}í�ä, ?¹
∫

vdu.

ÏWí¥驟Ñ

(1) øŸ\	ƒb}A u D dv í	, w2¦ u Ñ�

}(ª)y�À$�í¶} (Cq�}í¶}), ¦

dv Ñ符¯適çt�/q	}í¶}.

(2) ° du D v.
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(3) ø (1) D (2) 2í�äHpt�∫
udv = uv −

∫
vdu

(, ./°
∫

vdu.

W 1. t°-�®á.ì	}.

(a)
∫

xexdx

(b)
∫

x3 lnxdx

(c)
∫

lnxdx

(d)
∫

(x2 + 1)exdx

<j> (a) JŸ\	ƒbq³� x, †ÑøNbƒbí	

}, �	}t�ªà, q	}, ?¹, x ¨A	}í困Ø.

ø_TÜíj�Ñ, I u Ñ¨A	}困Øí¶} x, /%
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â�}ø x � , 1Iwìí¶}Ñ dv, 7¥6uñq

	}í. ¥ší²¦, Jñ‡VõN˛u£üí. ], ;

W}¶	}í¥驟J£,述íZ2, ª¦

u = x, dv = exdx

†

du = dx

J£

v =
∫

dv =
∫

exdx = ex

Ä¤, ;W}¶	}í¥驟 (3) Hp(, )

Ÿ� =
∫

udv

= uv −
∫

vdu

= xex −
∫

exdx

= xex − ex + C

(b) p顯Ë, ¨A	}困Øí¶}Ñ lnx, 7¤¶}ñq

�}, Ç”ìí¶}6ñq	}, ]ø_¯ÜíþtÑ²

¦

u = lnx; dv = x3dx
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†

du = (lnx)′dx =
1

x
dx

/

v =
∫

dv =
∫

x3dx =
1

4
x4

Ä¤,

Ÿ� =
∫

udv

= uv −
∫

vdu

=
1

4
x4 lnx −

∫ 1

4
x4 ·

1

x
dx

=
1

4
x4 lnx −

1

4

∫
x3dx

=
1

4
x4 lnx −

1

16
x4 + C

(c) òQ	}u.ª?í, ÄÑBñ‡Ñ¢1„Tƒúb

ƒbí	}t�. ÇÕ6Ì¶JHp¶	}, ÄÑ缺ýF

Ûí 1
x. ]Û5?�ù_	}x巧: }¶	}, 1Ê½h

Z寫Ÿ�-, ªÀUË²|適çí u D dv, y;W}¶

	}ít�°|	}, ?¹, Ê∫
lnxdx =

∫
1 · lnxdx
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í辨…-, ° (b), I

u = lnx; dv = 1dx = dx

†ª)

du = (lnx)′dx =
1

x
dx

/

v =
∫

dv =
∫

dx = x

Ä¤,

Ÿ� =
∫

udv

= uv −
∫

vdu

= x lnx −
∫

x ·
1

x
dx

= x lnx −
∫

dx

= x lnx − x + C

(d) ° (a), ¨A	}困Øí¶}Ñ x2 + 1, 7¤¶}

ñq�}, /”ìí¶}?ñq	}, ];W}¶	}í

¥驟, ø_¯ÜíþtÑ²¦

u = x2 + 1; dv = exdx
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†

du = (x2 + 1)′dx = 2xdx

/

v =
∫

dv =
∫

exdx = ex

Ä¤, ;W}¶	}ít�,

Ÿ� =
∫

udv

= uv −
∫

vdu

= (x2 + 1)ex −
∫

ex(2x)dx (1)

7 (1) �2í	}D (a) �ó°í困Ø, 1.d‡述í

®üæ, ªòQ;W	}t�°	}, ];WTÜ (a) í

%ð, ÛydøŸ}¶	}, TÜ¤�2í	}, ?¹, I

u = 2x; dv = exdx

†

du = 2dx

/

v = ex
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1â (1) �, )

Ÿ� = (x2 + 1)ex −
∫

udv

= (x2 + 1)ex −
(
uv −

∫
vdu

)
= (x2 + 1)ex −

(
2xex −

∫
ex · 2dx

)
= (x2 + 1)ex − 2xex + 2

∫
exdx

= (x2 + 1)ex − 2xex + 2ex + C

= (x2 − 2x + 3)ex + C

x巧¿b: ;W‡述í%ð, Ÿ†,

(1) TÜ ∫
xnexdx C

∫
(Öá�)exdx

v, ¦

u = xn CÖá�; dv = exdx

(2) TÜ ∫
xn lnxdx C

∫
(Öá�) lnxdx
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v, ¦

u = lnx; dv = xndx C (Öá�)dx

W 2. à-述®	}í°j,

(a)
∫

x lnxdx

(b)
∫ lnx

x
dx

(c)
∫ 1

x lnx
dx

ÉÄ A\	ƒbíÄ�íPäí.°, 7Ûà.°ít

�Dx巧, ]	}uø�辨…½æ, Ûb�?‰辨…|S

�x巧Ct�ª0§/£üË°j.

<j> (a) ÄÑ\	ƒbÑøÖá�Dúbƒbí	,

];W‡述í%ðCx巧¿bÛSà}¶	}. íl, I

u = lnx; dv = xdx
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†

du = (lnx)′dx =
1

x
dx

/

v =
∫

dv =
∫

xdx =
1

2
x2

Ä¤, ;W}¶	}ít�1ø,�Hp, )

Ÿ� =
∫

udv

= uv −
∫

vdu

=
1

2
x2 lnx −

∫ 1

2
x2 ·

1

x
dx

=
1

2
x2 lnx −

1

2

∫
xdx

=
1

2
x2 lnx −

1

4
x2 + C

(b) ÄÑ\	ƒb2Ö� lnx D 1
x, ];W¬ í%ð,

ªþtUàHp¶, ?¹, I

u = lnx

†

du = (lnx)′dx =
1

x
dx
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], ø,�Hp1;W	}í冪Ÿd†, )

Ÿ� =
∫

udu

=
1

2
u2 + C

=
1

2
(lnx)2 + C

(c) 稍�¿pË辨…, ªõ|\	ƒb2?Ö� lnx D
1
x, ]° (b), ø_òQíþtÑHp¶. íl, I

u = lnx

†

du = (lnx)′dx =
1

x
dx

Ä¤, ø,�Hp1;Wúbd†, )

Ÿ� =
∫ 1

lnx
·
1

x
dx

=
∫ 1

u
du

= ln |u| + C

= ln | lnx| + C

ù. „V#GíÛM (present value)
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k)„VíM, 7ÛÊ.âlæíÀç˚ÑÛM.

½. àS°ÛM?

�. cÊ¦Œ膨脹í5¾-, J c(t) Ñ©�í©/Yp

ƒb (continuous income function per year),
/ r Ñ�¦Œ膨脹率 (annual inflation rate), †Ê

t1 �qí

õÒ,Yp =
∫ t1

0
c(t)dt

/

ÛM =
∫ t1

0
c(t)e−rtdt

W 3. q/A2˘R $1,000,000, /#Gj�Ñ©�

$50,000, u 20 �. J�¦Œ膨脹率Ñ 6%, t½¤

2ÝÀçíÛMÑS?

<j> ;Wæ<, �#Gç

c(t) = 50,000

/�¦Œ膨脹率

r = 0.06
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1%¬ 20 �, ]

õÒYp =
∫ 20

0
c(t)dt

=
∫ 20

0
50,000dt

= 50,000t
∣∣∣20

0
= $1,000,000

ÿu2ÝÀçøìN.

Í7,

ÛM =
∫ 20

0
c(t)e−rtdt

=
∫ 20

0
50,000e−0.06tdt

=
50,000

−0.06
e−0.06t

∣∣∣∣20

0

=
50,000

0.06

(
1 − e−1.2

)
≈ $582,338

c�Ñ2ÝÀçíüAÿ.
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