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單元 52: 三角函數的積分
({… §8.5)

ø. �逆«�íúiƒb	}t�

;W�}D	}í�逆4, ý_úiƒbí	}t�à-,

(1) ÄÑ

d

dx
[sinu] = cosu

du

dx

];W.ì	}íì2,∫
cosudu = sinu + C

(2) ÄÑ

d

dx
[cosu] = − sinu

du

dx

]s邊°
 (−1), )

d

dx
[− cosu] = sinu

du

dx

1;W.ì	}íì2,∫
sinudu = − cosu + C
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(3) °Ü, ÄÑ

d

dx
[tanu] = sec2 u

du

dx
] ∫

sec2 udu = tanu + C

(4) ÄÑ

d

dx
[secu] = secu tanu

du

dx
] ∫

secu tanudu = secu + C

(5) éNk (2), ÄÑ

d

dx
[cotu] = − csc2 u

du

dx

]°
 (−1), 1;W.ì	}íì2,∫
csc2 udu = − cotu + C

(6) °Ü, ÄÑ

d

dx
[cscu] = − cscu cotu

du

dx
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]°
 (−1), /;W.ì	}íì2,∫
cscu cotudu = − cscu + C

ù. Hp¶íúiƒb	}t�

;WHp¶, ÇÕû_基…úiƒbí	}t�Ñ

(1)
∫

tanxdx = − ln | cosx|+ C

(2)
∫

cotxdx = ln | sinx|+ C

(3)
∫

secxdx = ln | secx + tanx|+ C

(4)
∫

cscxdx = ln | cscx − cotx|+ C

<„> (1) ;W tanx íì2, J£²¦

u = cosx, du = − sinxdx
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íHp¶, 1â	}íúbd†, )∫
tanxdx =

∫ sinx

cosx
dx

= −
∫ 1

cosx︸ ︷︷ ︸
1
u

· − sinxdx︸ ︷︷ ︸
du

= − ln | cosx|+ C

àF°.

註. ;Wúb
, J£ secx íì2, ,�?óçk∫
tanxdx = ln | cosx|−1 + C

C
= ln | secx|+ C

(2) °Ü, â cotx íì2, J£²¦

u = sinx, du = cosxdx

íHp¶, /;W	}íúbd†, )∫
cotxdx =

∫ cosx

sinx
dx

=
∫ 1

sinx︸ ︷︷ ︸
1
u

· cosxdx︸ ︷︷ ︸
du

= ln | sinx|+ C
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)„.

(3) íl, }äD}‚°


secx + tanx

1cÜ, )∫
secxdx =

∫ secx(secx + tanx)

secx + tanx
dx

=
∫ sec2 x + secx tanx

secx + tanx
dx (1)

QO, I

u = secx + tanx

†

du = (secx tanx + sec2 x)dx

�ßÿuâ (1) �2í}ä.

];WHp¶, â (1) �, J£	}íúbd†, )∫
secxdx =

∫ 1

u
du

= ln | secx + tanx|+ C

)„.
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(4) éNk (3), ø}ä}‚°


cscx − cotx

1cÜ, )∫
cscxdx =

∫ cscx(cscx − cotx)

cscx − cotx
dx

=
∫ csc2 x − cscx cotx

cscx − cotx
dx (2)

QO, I

u = cscx − cotx

†

du = (− cscx cotx + csc2 x)dx

�ßÿu (2) �í}ä.

];WHp¶, â (2) �, J£	}íúbd†, )∫
cscxdx =

∫ 1

u
du

= ln | cscx − cotx|+ C

àF°.

W 1. t°-�®á.ì	}.
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(a)
∫

x2 cos(x3)dx

(b)
∫

sec 4x tan4xdx

(c)
∫

ex sec2(ex)dx

(d)
∫ secx tanx

secx + 2
dx

(e)
∫

(sin 2x + cos2x)2dx

(f)
∫

x sec2 xdx

<j> (a) ÄÑ\	ƒb2í¯AƒbÑ

cos(x3)

];W²¦

u = x3, du = 3x2dx
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íHp¶, J£ cosu í	}t�, )

Ÿ� =
1

3

∫
cos(x3)︸ ︷︷ ︸

cosu

·3x2dx︸ ︷︷ ︸
du

=
1

3
sinu + C

=
1

3
sin(x3) + C

(b) ;W²¦

u = 4x, du = 4dx

íHp¶, J£ secu tanu í	}t�, )

Ÿ� =
1

4

∫
sec 4x tan4x︸ ︷︷ ︸

secu tanu

·4dx︸︷︷︸
du

=
1

4
secu + C

=
1

4
sec4x + C

(c) 顯ÍË, \	ƒb2í¯AƒbÑ

sec2(ex)

];W²¦

u = ex, du = exdx

8 2×bç系:PM



˚^�	}(�Í, 100��ù‚) Àj 52: úiƒbí	}

íHp¶, J£ sec2 u í	}t�, )

Ÿ� =
∫

sec2(ex)︸ ︷︷ ︸
sec2 u

· exdx︸ ︷︷ ︸
du

= tanu + C

= tan(ex) + C

(d) ¥uø_}�í	}, /}‚íûƒb�ßÿu}ä,
];W²¦

u = secx + 2, du = (secx tanx)dx

íHp¶, J£	}íúbd†, )

Ÿ� =
∫ 1

secx + 2︸ ︷︷ ︸
1
u

· (secx tanx)dx︸ ︷︷ ︸
du

= ln |u|+ C

= ln | secx + 2|+ C

(e) ³�òQªàí	}t�, ]�Ç\	ƒb, 1;W

úiƒbí恒��, J£Iit�cÜ, )

Ÿ�

=
∫

(sin2 2x + 2sin 2x cos 2x + cos2 2x)dx

=
∫

(1 + sin 4x)dx
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QO, 逐á	}, 1;W²¦

u = 4x, du = 4dx

íHp¶, â,�)

Ÿ� = x +
1

4

∫
sin 4x︸ ︷︷ ︸
sinu

·4dx︸︷︷︸
du

= x +
1

4
(− cosu) + C

= x −
1

4
cos 4x + C

(f) J\	ƒb³� x, †�òQªàíúiƒb	}t

�, ¤4Tý²¦

u = x, du = dx

J£

dv = sec2 dx, v =
∫

sec2 dx = tanx

í}¶	}, 1;W}¶	}ít�J£ tanx í	}t

�, )

Ÿ� = uv −
∫

vdu

= x tanx −
∫

tanxdx

= x tanx − (− ln | cosx|) + C

= x tanx + ln | cosx|+ C
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Ä¤, ì	}∫ π/4

0
x sec2 xdx = (x tanx + ln | cosx|)

∣∣∣π/4

0

=
(

π

4
tan

π

4
+ ln

∣∣∣∣cos
π

4

∣∣∣∣)
−(0 + ln | cos 0|)

=
π

4
· 1 + ln

(
1√
2

)
− ln 1

=
π

4
−

1

2
ln 2
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