
˚^�	}(�Í, 100��ù‚) Àj 55: �bDY¹

單元 55: 級數與收斂
({… §10.2)

Jø_熟2íWäÇá, ø 1
3 [Aüb, )

1

3
= 0.3333 · · ·
= 0.3 + 0.03 + 0.003 + 0.0003 + · · ·

=
3

10
+

3

102
+

3

103
+

3

104
+ · · ·

=
∞∑

n=1

3

10n

ÄÑuø_Ì窮Öáí¸, ]˚TÌ窮�b (infinite

series), w2í符U
∑

˚T累‹符U (sigma

notation), ª�ÝË[ýø_Ì窮ábí¸.

½. S‚Ì窮�b? àS°Ì窮�bí值?

ì2. Ì窮�b4ø_Ì窮Öáí¸

a1 + a2 + a3 + a4 + · · ·

ªSà累‹符U

∞∑
n=1

an
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�ÝË[ý.

I�øáí¸

S1
def
= a1

‡sáí¸

S2
def
= a1 + a2

‡úáí¸

S3
def
= a1 + a2 + a3

J£éRí‡ n áí¸

Sn
def
= a1 + a2 + · · ·+ an

˚T� n _¶}¸ (nth partial sum, C n á¸),
â¤ª)øb�

{S1, S2, S3, . . .} = {Sn}
1ì2

lim
n→∞Sn =

∞∑
n=1

an

?即, Ì窮�bí值�k¤Ì窮�b n á¸í”Ì. J¤

b� {Sn} í”ÌæÊ, †˚Ì窮�b

∞∑
n=1

an Y¹; ´

†, ˚Ì窮�b

∞∑
n=1

an êà.
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註. Ì窮�b2í—™ (index) n, .øìb像ì2,
* 1 Çá, à

a−1 + a0 + a1 + a2 + · · · =
∞∑

n=−1

an

D

b2 + b3 + b4 + b5 + · · · =
∞∑

n=2

bn

?˚TÌ窮�b.

W 1. t判i-�®�bÑY¹Cêà.

(a)
∞∑

n=1

1

2n

(b)
∞∑

n=1

1

<j> íl, Ûb° n á¸ Sn, ;Wì21“�, )

Sn =
1

2
+

1

22
+

1

23
+ · · ·+

1

2n

=
1

2

(
1 +

1

2
+

1

22
+ · · ·+

1

2n−1

)
(1)
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QO, ;Wø_�àít�

1 + r + r2 + · · ·+ rn−1 =
1− rn

1− r

1%â“�, J£ (1) �, ) n á¸

Sn =
1

2
·
1−

(
1
2

)n

1− 1
2

= 1−
1

2n

|(, ;WÌ窮�bí值íì2, J£,述°)í‡ n á

¸ Sn, Ì窮�b

∞∑
n=1

1

2n
= lim

n→∞Sn

= lim
n→∞

(
1−

1

2n

)
= 1−

1

∞
= 1

Y¹.

(b) íl, ‡ n á¸

Sn = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n á

= n
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], Ì窮�b

∞∑
n=1

1 = lim
n→∞Sn = lim

n→∞n = ∞

êà.

4”. qùÌ窮�b

∞∑
n=1

an = A

D
∞∑

n=1

bn = B

ÌY¹, †

(1) �b乘	íÌ窮�b�kÌ窮�bí�b乘	,

∞∑
n=1

can = c ·
∞∑

n=1

an = cA

?即, ªø乘	�bâ累‹符UqT|.

(2) ¸C差íÌ窮�b�kÌ窮�bí¸C差,

∞∑
n=1

(an ± bn) =
∞∑

n=1

an ±
∞∑

n=1

bn = A±B
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?即, ªl°|®_Ì窮�bí值, ydú@í¸C

差.

D�Ìá¸øší4”.

W 2. t°-�®áÌ窮�bí值.

(a)
∞∑

n=1

−1

2n

(b)
∞∑

n=1

(
1

2n
−

1

2n+1

)

<j> (a) ;W4” 1, ø乘	�b −1 â累‹符Uq

T|, 1âW 1 (a) üæí!‹, )

∞∑
n=1

−1

2n
= (−1)

∞∑
n=1

1

2n

= (−1)(1) = −1

(b) íl, â4” 2, 差íÌ窮�b�kÌ窮�bí差, )

∞∑
n=1

(
1

2n
−

1

2n+1

)
=

∞∑
n=1

1

2n
−

∞∑
n=1

1

2n+1

6 2×bç系:PM



˚^�	}(�Í, 100��ù‚) Àj 55: �bDY¹

QO, ø�ù_�bíø般áZ寫Ñ

1

2n+1
=

1

2
·

1

2n

1;W4” 1, T|乘	�b, J£W 1 (a) üæí!‹,
â,�)

∞∑
n=1

(
1

2n
−

1

2n+1

)
=

∞∑
n=1

1

2n
−

1

2
·
∞∑

n=1

1

2n

= 1−
1

2
· 1 =

1

2

#ìøÌ窮�b, ¦�}5?-�ù½æ,

(1) ¤�bY¹Cêà?

(2) JY¹, ¤�bí值ÑS?

ø. l«nø_判iêàíj¶.

判iêàíø般á�ì¶: #ìø�b

∞∑
n=1

an, Jø般

áí”Ì

lim
n→∞ an 6= 0
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†�b

∞∑
n=1

an êà.

註. çø般áí”Ì

lim
n→∞ an = 0

v, Ì¶-!�, ?即, ¤�bª?Y¹6ª?êà, Ûb

ªø¥«n, ~p, 勿Ê³�wFk}íÜâ-, 判i¤�

bÑY¹Cêà, ¥u�ç6�犯íø_錯誤. Ä¤, 只

�Êø般áí”Ì

lim
n→∞ an 6= 0

v, nª判i�b

∞∑
n=1

an êà.

W 3. t判i-�®�bÑY¹Cêà.

(a)
∞∑

n=1

n + 1

2n + 1

(b)
∞∑

n=1

1

2n
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(c)
∞∑

n=1

n!

2n! + 1

<j> (a) l嘗t判iêàíø般á�ì¶. ;Wl�Ê

Ì窮±”Ìí典型T¶, ø}ä}‚°Î n, 1%â“�

cÜJ£Hp¶, )ø般áí”Ì

lim
n→∞

n + 1

2n + 1
= lim

n→∞
1 + 1

n

2 + 1
n

=
1

2
6= 0

]êà.

(b) íll�ø般áí”Ì, )

lim
n→∞

1

2n
=

1

∞
= 0

Ì¶-!�. OâW 1 í (a) üæø, ‡ n á¸ Sn í

”Ì

lim
n→∞Sn = lim

n→∞

(
1−

1

2n

)
= 1

], ;W�bí值�k‡ n á¸í”ÌJ£Y¹êàíì

2, �b

∞∑
n=1

1

2n
= 1
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Y¹.

(c) ø}ä}‚°Î n!, 1%â“�cÜJ£Hp¶, )

ø般áí”Ì

lim
n→∞

n!

2n! + 1
= lim

n→∞
1

2 + 1
n!

=
1

2 + 0
=

1

2
6= 0

], ¤�bêà.

ù. .°é型í�b, �.°í°值j¶, à-述.

íl«n�ª�b. 型à

∞∑
n=0

arn = a + ar + ar2 + · · ·+ arn + · · ·

í�b, ˚TtªÑ r, íáÑ a í�ª�b.

çtª r 6= 1 v, %â“�cÜJ£W 1 (a) üæí�

àt�, ¤�ª�bí‡ n á¸

Sn = a + ar + · · ·+ arn−1

= a(1 + r + · · ·+ rn−1)

=
a(1− rn)

1− r
(2)
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y;W另ø_�àí!�, ç |r| < 1 v,

lim
n→∞ rn = 0

/ç |r| > 1 v,

lim
n→∞ rn = ±∞

?即, ÌäË遞ÓCÌäË震盪Ë.æÊ, J£l�”Ì

í¶†, çtªí"ú值 |r| < 1 v, â (2) �, ‡ n

á¸í”Ì

lim
n→∞Sn = lim

n→∞
a(1− rn)

1− r

=
a

1− r

(
1− lim

n→∞ rn
)

=
a

1− r
(1− 0)

=
a

1− r
(3)

°Ü, çtªí"ú值 |r| > 1 v, ‡ n á¸í”Ì

lim
n→∞Sn =

a

1− r

(
1− lim

n→∞ rn
)

=
a

1− r
(1−±∞)

= ±∞ (4)

?即, ÌäË遞Ó, C遞Á, CÌäË震盪Ë.æÊ.
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çtª r = 1 v, ¤�ª�bí‡ n á¸

Sn = a + a + · · ·+ a︸ ︷︷ ︸
n á

= na

], ‡ n á¸í”Ì

lim
n→∞Sn = lim

n→∞na = a · ∞ = ±∞ (5)

?即, ÌäË遞ÓC遞ÁË.æÊ.

|(, çtª r = −1 v, ¤�ª�bí‡ n á¸

Sn = a− a + · · ·+ (−1)n−1a

=

{
a, n Ñ奇b

0, n Ñ偶b

], ‡ n á¸í”Ì

lim
n→∞Sn Ê a D 0 >�震盪Ë.æÊ (6)

Ä¤, ¯併 (3)-(6) �, 1;W�bí值J£Y¹êàí

ì2, �ª�b

∞∑
n=0

arn =

{
a

1−r, J |r| < 1,

êà, J |r| ≥ 1.
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註. çtªí"ú值 |r| < 1 v, ,��ª�bí值í

t�

∞∑
n=0

arn =
a

1− r

uâ n = 0 Çáí; J n .uâ 0 Çá, †Ûd適ç

Ë|c, C辨…|íá, ;W¬ ò2ç¬ít�

∞∑
n=/cb

arn =
íá

1− r

°值.

W 4. t判i-�®�bÑY¹Cêà.

(a)
∞∑

n=0

3
(
−

1

2

)n

(b)
∞∑

n=0

(
−

3

2

)n

(c)
∞∑

n=1

4

3n
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<j> (a) ;W辨…, Ÿ�Ñø�ª�b, /â n = 0
Çá, J£íáÑ 3, tªí"ú值

|r| =
∣∣∣∣−1

2

∣∣∣∣ = 1

2
< 1

];W�ª�bít�, 1%â“�cÜ, )�ª�b

∞∑
n=0

3
(
−

1

2

)n
=

3

1−
(
−1

2

)
=

3

3/2
= 2

Y¹.

(b) %â辨…, Ÿ�Ñø�ª�b, /tªí"ú值

|r| =
∣∣∣∣−3

2

∣∣∣∣ = 3

2
> 1

];W�ª�bít�, ¤�ª�bêà.

(c) íl, %â辨…, Ÿ�Ñø�ª�b, /tª

r =
1

3
< 1

]¤�ª�bY¹.

QO, °¤Y¹í�ª�bí值. ÄÑ¤Y¹í�ª�b

uâ n = 1 Çá, .uâ n = 0 Çá, ]âl%â‹
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, n = 0 Fú@íá, 1Á ‹,íáí|c, y;W

�ª�b°值ít�, J£ a = 4, r = 1
3, )

Ÿ� =
∞∑

n=0

4 ·
1

3n
− 4 ·

1

30

=
∞∑

n=0

4
(
1

3

)n
− 4

=
4

1− 1
3

− 4

=
4

2/3
− 4 = 6− 4 = 2

C;W,述註jíø般4t�, Hp

íá =
4

31
=

4

3
J£tª

r =
1

3

(, )

∞∑
n=1

4

3n
=

4/3

1− 1/3
=

4

3
·
3

2
= 2

W 5. qø球Aò�Ñ 6 íËj落-(, ./Ë%,�
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回D落-, /©Ÿ�回íò�u‡øŸ落-ò�í 3
4 倍,

àÇý. t½¤球,-跳�F%¬í距×,¸uÖý?

<j> ;WÇý, I D1 Ñ�øŸQ觸ËÞv, F%¬í

距×, †

D1 = 6

I D2 Ñ�ùŸQ觸ËÞv, F%¬í距×, †;Wæ<,

�回íò�Ñ‡øŸí 3
4, /落-(nQ觸ËÞ, )

D2 = 6
(
3

4

)
︸ ︷︷ ︸

,

+6
(
3

4

)
︸ ︷︷ ︸

-

= 12
(
3

4

)

°Ü, I D3 Ñ�úŸQ觸ËÞv, F%¬í距×, †

D3 = 6
(
3

4

) (
3

4

)
+ 6

(
3

4

) (
3

4

)
= 12

(
3

4

)2

...

J¤éR, I Dn Ñ� n ŸQ觸ËÞv, F%¬í距×,

†

Dn = 6
(
3

4

)n−1
+ 6

(
3

4

)n−1
= 12

(
3

4

)n−1

...
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Ä¤, Ê¤球M/.iË�回D落-(, F%¬í距×,

¸Ñ

∞∑
n=1

Dn = 6 +
∞∑

n=2

12
(
3

4

)n−1
(7)

w2�U¬邊�ùá4uø_

íá = 12
(
3

4

)2−1
= 12

(
3

4

)
= 9

/tª

r =
3

4
< 1

í�ª�b, ]Y¹, /;W�ª�bí值ít�, â

(7) �, )

距×,¸ = 6 +
9

1− 3/4
= 6 + 9 · 4 = 42

C%â—™‰²J£* n = 0 Çáít�, %â—™|

c(, 1Hp

a = 12

J£tª

r =
3

4
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â (7) �)

距×,¸ = 6 +
∞∑

n=1

12
(
3

4

)n

= 6 +
∞∑

n=0

12
(
3

4

)n
− 12

(
3

4

)0

= 6 +
12

1− 3/4
− 12

= 6 + 48− 12 = 42
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