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Àj 50: ‰b}×
({… §9.2)

�}j˙�4;W!…��}é1O.°é�ê�|.°

íj¶.

�}j˙�í¼b (order) 4j˙�2„øƒbí|ò

ûƒbŸb (order of highest derivative), à

y′ = xex

D

y′ + 2y = x2

ÌÑø¼�}j˙� (1st-order differential
equation); 7

d2y

dt2
+

(
dy

dt

)3
+ ty − 8 = 0

Ñù¼�}j˙� (2nd-order differential
equation).

…ıc«nø¼�}j˙�í°j.

�à

dy

dx
= f(x)g(y)
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íø¼�}j˙�, w2 f(x) cÑ x íƒb, g(y) c

Ñ y íƒb, ˚Tø¼ª}×�}j˙� (1st-order

separable differential equation), à

dQ

dt
= kQ(C − Q)

Ñª}×í (¦ f(t) = k, g(Q) = Q(C − Q)), O

dy

dx
= xy2 + 2

.uª}×í (Ì¶[A dy
dx = f(x)g(y)).

‰b}×¶ (method of separation of variables)

#ìø¼ª}×�}j˙�

dy

dx
= f(x)g(y)

¥	 1. }×‰b, ¹øŸ�ZŸA

dy

g(y)
= f(x)dx

øÖ y í�ä0k˝i, Ö x í�ä0k¬i.

¥	 2. si	}, 1j y (JªW).
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ÑSA
? J g(y) 6= 0, †Ÿ��gk

1

g(y)

dy

dx
− f(x) = 0 (1)

q G(y) Ñ 1
g(y)

í¥ûƒb/ F (x) Ñ f(x) í¥û

ƒb, †;W©�d†D (1) �,

d

dx
[G(y) − F (x)] = G′(y)

dy

dx
− F ′(x)

=
1

g(y)

dy

dx
− f(x) = 0

Ä¤,

G(y) − F (x) = C

¹

G(y) = F (x) + C

C ∫ 1

g(y)
dy =

∫
f(x)dx

)¥	 2.

W 1. t°�}j˙�

y′ =
xy

x2 + 1
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íøOj.

<j> Ÿ��gk

dy

dx
=

x

x2 + 1
· y

ª}×í. ]}×‰b, )

1

y
dy =

x

x2 + 1
dx

si	}, ) ∫ 1

y
dy =

∫
x

x2 + 1
dx

¹¬i	}¦ u = x2 + 1, du = 2xdx íHp¶, )

ln |y| =
1

2
ln(x2 + 1) + C

¦ e 1;WNb
, úb
“�cÜ/ÑjZl, ø�b

eC [A C, )

|y| = e
1
2 ln(x2+1)+C

= eC
√

x2 + 1 = C
√

x2 + 1

 "úM1ÑjZl, ø ±C [A C, )øOj

y = ±C
√

x2 + 1 = C
√

x2 + 1
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4øÕé� (explicit form), ¹ø y püË[A x í

bç�.

W 2. t°Å—�}j˙�

yex + (y2 − 1)y′ = 0

J£�á‘K y(0) = 1 íÔyj.

<j> Ÿ��gk

(y2 − 1)
dy

dx
= −yex

}×‰b, )

y2 − 1

y
dy = −exdx

si	}, ) ∫
y2 − 1

y
dy = −

∫
exdx

¹ ∫ (
y −

1

y

)
dy = −

∫
exdx

]

1

2
y2 − ln |y| = −ex + C
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¹, J C ¦H 2C, )

y2 − 2 ln |y| = −2ex + C

H y(0) = 1, )

1 − 2 ln 1 = −2e0 + C

¹

1 = −2 + C

] C = 3 /ÔyjÑ

y2 − 2 ln |y| = −2ex + 3

6ÿuz, ªàÖ x D y íq¿j˙� (implicit

equation) [ýj, ç.qj y v.

W 3. q�( y = f(x) íÇ$Êõ P (x, y) í~(

é0Ñ − x
2y /¬õ P (1,2). t° f .

<j> ;Wæ<£ûƒbí~(é0<2, ��, )

dy

dx
= −

x

2y

/iä‘K y(1) = 2, ¹ x = 1, y = 2. }×‰b,

)

2ydy = −xdx

6 2×bçÍ:PM



˚^�	}(�Í:¯`ç, 105��ù‚) Àj 50: ‰b}×

si	}, ) ∫
2ydy =

∫
−xdx

¹

y2 = −
1

2
x2 + C

H y(1) = 2, )

4 = −
1

2
(1)2 + C

¹

C = 4 +
1

2
=

9

2

/

y2 = −
1

2
x2 +

9

2

C

x2 + 2y2 = 9

4ø�Æ, àÇý.

Self-Check Exercise

t°Å—

y′ = 2x2y + 2x2
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D y(0) = 0 íÔyj.

<j> ZŸ, )

dy

dx
= 2x2(y + 1)

ª}×í. }×‰b,

1

y + 1
dy = 2x2dx

si	}, ) ∫ 1

y + 1
dy =

∫
2x2dx

¹

ln |y + 1| =
2

3
x3 + C

¦ e 1;WNb
“�J£�b�ì, )

|y + 1| = e
2
3x3+C = eCe

2
3x3

= Ce
2
3x3

 "úM1;W�b�ì, )

y + 1 = ±Ce
2
3x3

= Ce
2
3x3

|(, â,�, H y(0) = 0, )

1 = Ce0 = C
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J£Ôyj

y = −1 + e
2
3x3

Exercises

12. t°

y′ =
xex

2y

íøOj.

<j> ZŸ, )

dy

dx
= xex 1

2y

ª}×í. ]}×‰b, )

2ydy = xexdx

QO, si	}, )∫
2ydy =

∫
xexdx

¹¬i;W}¶	}¦

u = x, dv = exdx
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)

du = dx, v = ex

J£q¿�øOj

y2 = xex −
∫

exdx

= xex − ex + C = (x − 1)ex + C

14. (�ÿ�) t°

y′ =
xy3√
1 + x2

íøOj.

<j> }×‰b, )

1

y3
dy =

x√
1 + x2

dx

si	}, ) ∫ 1

y3
dy =

∫
x√

1 + x2
dx

¹¬i;W¦

u = 1 + x2, du = 2xdx
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íHp¶1|c[b, )q¿�øOj

−
1

2y2
=

1

2
(2)

√
1 + x2 + C =

√
1 + x2 + C

C;W�b�ì, “�cÜ,

y2 = −
1

2
√

1 + x2 + C

15. t°

y′ =
y lnx

x

íøOj.

<j> }×‰b, )

1

y
dy =

lnx

x
dx

si	}, ) ∫ 1

y
dy =

∫ lnx

x
dx

¹¬i;WHp¶¦

u = lnx, du =
1

x
dx
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)

ln |y| =
1

2
(lnx)2 + C

¦ e 1;WNb
“�J£�b�ì, )

|y| = e
1
2(lnx)2+C = eCe

1
2(lnx)2 = Ce

1
2(lnx)2

|(,  "úM/;W�b�ì, )øOj

y = ±Ce
1
2(lnx)2 = Ce

1
2(lnx)2

21. t°Å—

y′ = 3xy − 2x

£ y(0) = 1 íÔyj.

<j> ZŸ, )

dy

dx
= x(3y − 2)

ª}×í. ]}×‰b, )

1

3y − 2
dy = xdx

si	}, ) ∫ 1

3y − 2
dy =

∫
xdx
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¹˝i;W(4�², )

1

3
ln |3y − 2| =

1

2
x2 + C

QO, °
 31;W�b�ì, )

ln |3y − 2| =
3

2
x2 + C

¦ e 1;WNb
“�J£�b�ì, )

|3y − 2| = e
3
2x2+C = eCe

3
2x2

= Ce
3
2x2

 "úM/;W�b�ì,

3y − 2 = ±Ce
3
2x2

= Ce
3
2x2

|(, â,�, H y(0) = 1, )

3(1) − 2 = Ce0 = C

¹ C = 1, J£Ôyj

3y − 2 = e
3
2x2

C

y =
2

3
+

1

3
e
3
2x2

22. t°Å—

y′ = xex2
y
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£ y(0) = 1 íÔyj.

<j> }×‰b, )

1

y
dy = xex2

dx

QO, si	}, )∫ 1

y
dy =

∫
xex2

dx

¹¬i;WHp¶¦

u = x2, du = 2xdx

1|c[b, )

ln |y| =
1

2
ex2

+ C

¦ e 1;W�b�ìJNb
“�/ "úM, )

y = Ce
1
2ex2

|(, â,�, H y(0) = 1, )

1 = Ce
1
2e0 = Ce

1
2

¹ C = e−
1
2 J£Ôyj

y = e−
1
2e

1
2ex2

= e
1
2(e

x2−1)
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41. T

42. F

43. T

44. T

45. F

46. F
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