Exercise Problem Sets 4

Oct. 02. 2026
Problem 1. Let be R and b > 1.
1. Show the law of exponents holds (for rational exponents); that is, show that
(a) if r;s in Q, then 0" =" - b*.
(b) if r,sin Q, then b = (b")°.
2. For x € F, let B(x) = {bt € F‘t e Q,t < .r} Show that sup B(z) exists for all z € F, and

b"=sup B(r) if r e Q.

3. Define b* = sup B(z) for « € F. Show that B(z) > 0 for all x € F and the law of exponents

(for exponents in F)
(a) if z,y in F, then b*T¥ = b* - b¥ (b) if z,y > 0, then b*¥ = (b")¥,
are also valid.

4. Show that if 1, x5 € F and 27 < x4, then b** < b*2. This implies that if z1, x5 are two numbers

in I satisfying 0** = 0*2, then x; = 4.

5. Let y > 0 be given. Show that if u,v € F such that b* < y and b” > vy, then b**"/" < y and

bv=1/m > y for sufficiently large n.

6. Let y > 0 be given, and A < F be the set of all w such that 0" < y. Show that sup A exists
and x = sup A satisfies b = y. The number z (the uniqueness is guaranteed by 4) satisfying

b* =y is called the logarithm of y to the base b, and is denoted by log, y.
Hint: Make use of the n-th root defined in class.
Problem 2. Let {z,}*_; and {y,}>_, be sequences in R. Prove the following inequalities:

liminfz, + liminfy, <liminf(x, + y,) < liminfz, + lim sup y,
n—00 n—00 n—00 n—00 n—>00

< limsup(z,, + y,) < limsup z,, + limsup y, ;

(ligglf\xn\)(ligglﬂyn\) < ligr_l)glf\:vnyn\ < (llgglf\xn\)(llznj;}p]yn\)

< limsup |z,y,| < (limsup |z,|) (limsup [y,|) -

n—0o0

Give examples showing that the equalities are generally not true.

Problem 3. Prove that

lim inf 2 hm 1nf Y/ |zn| < limsup {/|z,| < lim sup Tn :
T

n—0 |=75| n—oo n—ooo | Tn|

Give examples to show that the equalities are not true in general. Is it true that lim {/|z,| exists
n—0o0

also exists?

implies that lim [Zn 1]
n—00 |.Z'n‘



Problem 4. Find the following limits.

limlw, lim l{/(n—l—1)(n+2)~--(2n).

n—o0 N n—aoo N

Problem 5. Given the following sets consisting of elements of some sequence of real numbers. Find

the limsup and liminf of the sequence.
1. {cosm’m:O,1,2,~~}.
2. {®/Isinm[|m=1,2,--}.
3{u+%hm%qm=Lz~}.
Hint: 1. First show that for all irrational «, the set
S ={z€[0,1]|z = ka (mod 1) for some k € N}
is dense in [0, 1]; that is, for all y € [0, 1] and € > 0, there exists z € S n (y — €,y + €). Then choose

1
o = — to conclude that
2w

T = {z €[0,2n] |z = k (mod 27) for some k € N}
is dense in [0, 27]. To prove that S is dense in [0, 1], you might want to consider the following set

Si={z€0,1]|z = la (mod 1) for some 1 < ¢ <k + 1}

1
Note that there must be two points in Sy whose distance is less than 7 What happened to (the
multiples of) the difference of these two points?
2. Use the fact that 7 is a Liouville number; that is, there exists d € N such that

1
T—= == Vp,qeZ,q#0.

Problem 6. Let || - | : F* — R, where F = R or C, be defined by

n 1

(Z]xi\p>5 if1<p<owo,
”pr = =1 T = (‘Ila e 73:71) .
max{]x1],~-- ,]xn]} if p= o0,

Complete the following.

1. Prove the Hélder inequality [(z, y)| < ||,|yll, for all @,y € F", where p,q € [1,%0] satisfy

1 1
T4 =1
p q

2. Show that | - |, is indeed a norm on F™ for all 1 < p < .

3. Show that |z, = lim ||, for all z € F".
p—®



4. Show that for each 1 < p,g <ooandp #¢q, |- [, and | - [, are equivalent norms.

Hint: 1. Prove first the Young inequality (if you do not know this inequality)
1 1 1 1

ab < —af + =b? Va,b>0 and p,q € (1,00) satisfying — + — =1,
p q P q

Problem 7. Complete the following.

1. For f € %€([a,b];R), define

f| ]pdx if1<p<oo,
[ £l =

max ‘ ‘ ifp=o0.
z€la,b]

Show that | - ||, is a norm on €'([a, b]; R).

2. Show that | f|l.. = lim | f], for all f € €([a,b];R).
p—0

3. Are |- |, and | - ||, equivalent norms on %([a, b];R) for any 1 < p,q < o7

Problem 8. Let F =R or C. Show that for each = (z1,--- ,z,) and y = (y1,- -+ ,yn) in F",
|| = Sup ‘ Z xkyk’ = SUPH Z :vkyk‘ ) [yl = 1}
Iloom

and

Iyl = sup )2 my| = sup { | Z nn | Izl =1}

[z[1=1

Problem 9. Let V be a vector space (over a scalar field F), and A, B be subset of V. Show that

A+B={J(a+B)=]J(b+A4).

acA beB

Problem 10. A set A in a vector space V is called convex if for all z,y € A, the line segment

joining x and y, denoted by Ty, lies in A.
1. Show that open r-balls and closed r-balls in any normed vector spaces are convex.

2. Show that an ellipsoid F = {m e R" ‘ z'Qr+b'x+c < O} is convex, where () is a positive

semi-definite n x n matrix and b, ¢ € R" are vectors.

3. Show that a polytope P = {:13 e R" } Ax < b} is convex, where A is an m x n matrix, b € R™

is a vector, and < is defined by ¢ < d if and only if ¢; < d; for all components.

4. Show that if C,, is convex for all o € I, then [ C, is convex.

ael

5. Show that if Cy, Cs, - -+, C'y are convex sets and pq, po, - - - , v are real numbers, then
,LL101+,LL202+"'—|—ILLNCNE{[Ll.lfl—|—ILL2£E2—|—"'+/LNZEn|$k€Ck for 1<k’<N}

1S convex.



6. Show that if C,Cy,--- ,Cy are convex sets, then the Cartesian product Cy x Cy x --- x Cy is

convex.

7. Let A be an m x n matrix, and C be a convex set in R™, D be a convex set in R™. Show that
AC) = {Az|z e C} and  AT'(D) = {x| Az e D}
are convex.

k
8. Let Ay = {(Al,m ) GR""O <A <lforalll<i<kand >\ = 1}. A convex combi-

i=1
nation of k£ vectors @, --,x, € R is a sum of the form A\jx; + A\axs + - - - + A\pxp for some
(A1,-++,A\x) € Ag. Show that the collection of all convex combinations of k given vectors
Ty, - -+, x is convex; that is, show that

{)\11131 -+ )\21132 —+ e+ )\kil?k ‘ ()\1, )\2, tee ,)\k) € Ak}
1S convex.

9. Let S be a subset in R™. Show that the collection of all convex combinations of finitely many

vectors from S is convex; that is, show that
{)\1:1:1+---+)\kwk‘keN,m1,az2,--~ ,wkeSand ()\1,"' ,)\k) EAk}

is convex. The set defined above is called the convex full of S and is sometimes denoted by

conv(S).



