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Problem 1. Let b P R and b ą 1.

1. Show the law of exponents holds (for rational exponents); that is, show that

(a) if r, s in Q, then br+s = br ¨ bs.

(b) if r, s in Q, then br¨s = (br)s.

2. For x P F, let B(x) =
␣

bt P F
ˇ

ˇ t P Q, t ď x
(

. Show that supB(x) exists for all x P F, and
br = supB(r) if r P Q.

3. Define bx = supB(x) for x P F. Show that B(x) ą 0 for all x P F and the law of exponents
(for exponents in F)

(a) if x, y in F, then bx+y = bx ¨ by , (b) if x, y ą 0, then bx¨y = (bx)y ,

are also valid.

4. Show that if x1, x2 P F and x1 ă x2, then bx1 ă bx2 . This implies that if x1, x2 are two numbers
in F satisfying bx1 = bx2 , then x1 = x2.

5. Let y ą 0 be given. Show that if u, v P F such that bu ă y and bv ą y, then bu+1/n ă y and
bv´1/n ą y for sufficiently large n.

6. Let y ą 0 be given, and A Ď F be the set of all w such that bw ă y. Show that supA exists
and x = supA satisfies bx = y. The number x (the uniqueness is guaranteed by 4) satisfying
bx = y is called the logarithm of y to the base b, and is denoted by logb y.

Hint: Make use of the n-th root defined in class.

Problem 2. Let txnu8
n=1 and tynu8

n=1 be sequences in R. Prove the following inequalities:

lim inf
nÑ8

xn + lim inf
nÑ8

yn ď lim inf
nÑ8

(xn + yn) ď lim inf
nÑ8

xn + lim sup
nÑ8

yn

ď lim sup
nÑ8

(xn + yn) ď lim sup
nÑ8

xn + lim sup
nÑ8

yn ;(
lim inf
nÑ8

|xn|
)(

lim inf
nÑ8

|yn|
)

ď lim inf
nÑ8

|xnyn| ď
(

lim inf
nÑ8

|xn|
)(

lim sup
nÑ8

|yn|
)

ď lim sup
nÑ8

|xnyn| ď
(

lim sup
nÑ8

|xn|
)(

lim sup
nÑ8

|yn|
)
.

Give examples showing that the equalities are generally not true.

Problem 3. Prove that

lim inf
nÑ8

|xn+1|

|xn|
ď lim inf

nÑ8

n
a

|xn| ď lim sup
nÑ8

n
a

|xn| ď lim sup
nÑ8

|xn+1|

|xn|
.

Give examples to show that the equalities are not true in general. Is it true that lim
nÑ8

n
a

|xn| exists

implies that lim
nÑ8

|xn+1|

|xn|
also exists?



Problem 4. Find the following limits.

lim
nÑ8

1

n
n
?
n! , lim

nÑ8

1

n
n
a

(n+ 1)(n+ 2) ¨ ¨ ¨ (2n) .

Problem 5. Given the following sets consisting of elements of some sequence of real numbers. Find
the limsup and liminf of the sequence.

1.
␣

cosm
ˇ

ˇm = 0, 1, 2, ¨ ¨ ¨
(

.

2.
␣

m
a

| sinm|
ˇ

ˇm = 1, 2, ¨ ¨ ¨
(

.

3.
!(

1 +
1

m

)
sin mπ

6

ˇ

ˇ

ˇ
m = 1, 2, ¨ ¨ ¨

)

.

Hint: 1. First show that for all irrational α, the set

S =
␣

x P [0, 1]
ˇ

ˇx = kα (mod 1) for some k P N
(

is dense in [0, 1]; that is, for all y P [0, 1] and ε ą 0, there exists x P S X (y ´ ε, y + ε). Then choose
α =

1

2π
to conclude that

T =
␣

x P [0, 2π]
ˇ

ˇx = k (mod 2π) for some k P N
(

is dense in [0, 2π]. To prove that S is dense in [0, 1], you might want to consider the following set

Sk =
␣

x P [0, 1]
ˇ

ˇx = ℓα (mod 1) for some 1 ď ℓ ď k + 1
(

Note that there must be two points in Sk whose distance is less than 1

k
. What happened to (the

multiples of) the difference of these two points?
2. Use the fact that π is a Liouville number; that is, there exists d P N such that

ˇ

ˇ

ˇ
π ´

p

q

ˇ

ˇ

ˇ
ě

1

qd
@ p, q P Z, q ‰ 0 .

Problem 6. Let } ¨ } : Fn Ñ R, where F = R or C, be defined by

}x}p ”

$

’

&

’

%

( n
ÿ

i=1

|xi|
p
) 1

p if 1 ď p ă 8 ,

max
␣

|x1|, ¨ ¨ ¨ , |xn|
(

if p = 8 ,

x = (x1, ¨ ¨ ¨ , xn) .

Complete the following.

1. Prove the Hölder inequality
ˇ

ˇxx,yy
ˇ

ˇ ď }x}p}y}q for all x,y P Fn, where p, q P [1,8] satisfy
1

p
+

1

q
= 1.

2. Show that } ¨ }p is indeed a norm on Fn for all 1 ď p ď 8.

3. Show that }x}8 = lim
pÑ8

}x}p for all x P Fn.



4. Show that for each 1 ď p, q ď 8 and p ‰ q, } ¨ }p and } ¨ }q are equivalent norms.

Hint: 1. Prove first the Young inequality (if you do not know this inequality)

ab ď
1

p
ap +

1

q
bq @ a, b ě 0 and p, q P (1,8) satisfying 1

p
+

1

q
= 1 ,

Problem 7. Complete the following.

1. For f P C ([a, b];R), define

}f}p =

$

’

&

’

%

( ż b

a
|f(x)|p dx

) 1
p if 1 ď p ă 8 ,

max
xP[a,b]

ˇ

ˇf(x)
ˇ

ˇ if p = 8 .

Show that } ¨ }p is a norm on C ([a, b];R).

2. Show that }f}8 = lim
pÑ8

}f}p for all f P C ([a, b];R).

3. Are } ¨ }p and } ¨ }q equivalent norms on C ([a, b];R) for any 1 ď p, q ď 8?

Problem 8. Let F = R or C. Show that for each x = (x1, ¨ ¨ ¨ , xn) and y = (y1, ¨ ¨ ¨ , yn) in Fn,

}x}1 = sup
}y}8=1

ˇ

ˇ

ˇ

n
ÿ

k=1

xkyk

ˇ

ˇ

ˇ
= sup

!ˇ

ˇ

ˇ

n
ÿ

k=1

xkyk

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
}y}8 = 1

)

and
}y}8 = sup

}x}1=1

ˇ

ˇ

ˇ

n
ÿ

k=1

xkyk

ˇ

ˇ

ˇ
= sup

!ˇ

ˇ

ˇ

n
ÿ

k=1

xkyk

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
}x}1 = 1

)

.

Problem 9. Let V be a vector space (over a scalar field F), and A,B be subset of V . Show that

A+B =
ď

a PA

(a +B) =
ď

b PB

(b + A) .

Problem 10. A set A in a vector space V is called convex if for all x, y P A, the line segment
joining x and y, denoted by xy, lies in A.

1. Show that open r-balls and closed r-balls in any normed vector spaces are convex.

2. Show that an ellipsoid E ”
␣

x P Rn
ˇ

ˇxTQx + bTx + c ď 0
(

is convex, where Q is a positive
semi-definite n ˆ n matrix and b, c P Rn are vectors.

3. Show that a polytope P ”
␣

x P Rn
ˇ

ˇAx ď b
(

is convex, where A is an m ˆ n matrix, b P Rm

is a vector, and ď is defined by c ď d if and only if ci ď di for all components.

4. Show that if Cα is convex for all α P I, then
Ş

αPI

Cα is convex.

5. Show that if C1, C2, ¨ ¨ ¨ , CN are convex sets and µ1, µ2, ¨ ¨ ¨ , µN are real numbers, then

µ1C1 + µ2C2 + ¨ ¨ ¨ + µNCN ”
␣

µ1x1 + µ2x2 + ¨ ¨ ¨ + µNxn

ˇ

ˇxk P Ck for 1 ď k ď N
(

is convex.



6. Show that if C1, C2, ¨ ¨ ¨ , CN are convex sets, then the Cartesian product C1 ˆC2 ˆ ¨ ¨ ¨ ˆCN is
convex.

7. Let A be an m ˆ n matrix, and C be a convex set in Rn, D be a convex set in Rm. Show that

A(C) ”
␣

Ax
ˇ

ˇx P C
(

and A´1(D) ”
␣

x
ˇ

ˇAx P D
(

are convex.

8. Let ∆k ”

!

(λ1, ¨ ¨ ¨ , λk) P Rk
ˇ

ˇ

ˇ
0 ď λi ď 1 for all 1 ď i ď k and

k
ř

i=1

λi = 1
)

. A convex combi-
nation of k vectors x1, ¨ ¨ ¨ ,xk P Rn is a sum of the form λ1x1 + λ2x2 + ¨ ¨ ¨ + λkxk for some
(λ1, ¨ ¨ ¨ , λk) P ∆k. Show that the collection of all convex combinations of k given vectors
x1, ¨ ¨ ¨ ,xk is convex; that is, show that

␣

λ1x1 + λ2x2 + ¨ ¨ ¨ + λkxk

ˇ

ˇ (λ1, λ2, ¨ ¨ ¨ , λk) P ∆k

(

is convex.

9. Let S be a subset in Rn. Show that the collection of all convex combinations of finitely many
vectors from S is convex; that is, show that

␣

λ1x1 + ¨ ¨ ¨ + λkxk

ˇ

ˇ k P N ,x1,x2, ¨ ¨ ¨ ,xk P S and (λ1, ¨ ¨ ¨ , λk) P ∆k

(

is convex. The set defined above is called the convex full of S and is sometimes denoted by
conv(S).


