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Problem 1. Show that

}A}1 = max
#

n
ÿ

i=1

|ai1|,
n
ÿ

i=1

|ai2|, ¨ ¨ ¨ ,
n
ÿ

i=1

|aim|

+

@A P Mnˆm .

Hint: Mimic the computation of }A}8 in Example ??, or make use of Exercise Problem ?? and ??.

Problem 2. Let Mnˆm(F) be collection of nˆm matrices with entries in F, where F = R or C. For
A P Mnˆm(F), define

}A}p = sup
}x}p=1

}Ax}p = sup
x‰0

}Ax}p

}x}p
.

1. Show that } ¨ }p is a norm on Mnˆm(F).

2. Show that }A}2 =
a

the maximum eigenvalue of A:A, where A: is the conjugate transpose of
A.

3. Show that }A}8 = max
! m
ř

k=1

|a1k|,
m
ř

k=1

|a2k|, ¨ ¨ ¨ ,
m
ř

k=1

|ank|

)

if A P Mnˆm(F).

4. Show that }A}1 = max
! n
ř

k=1

|ak1|,
n
ř

k=1

|ak2|, ¨ ¨ ¨ ,
n
ř

k=1

|akm|

)

if A P Mnˆm(F).

5. Show that }A}22 ď }A}1}A}8 for all A P Mnˆm(F).

Problem 3. Let Mnˆm(F) be the collection of all n ˆ m matrices with entries in F, where F = R
or C. Define a function } ¨ }p,q : Mnˆm(F) Ñ R by

}A}p,q = sup
}x}p=1

}Ax}q ,

here we recall that } ¨ }p is the p-norm on Fn given in Problem ??. If p = q, we simply use }A}p to
denote }A}p,q. Complete the following.

1. Show that }A}p,q = sup
x‰0

}Ax}q

}x}p
for all p, q ě 1.

2. Show that }A}p,q = inf
␣

M P F
ˇ

ˇ }Ax}q ď M}x}p @ x P Fm
(

.

3. }Ax}q ď }A}p,q}x}p for all x P Fm.

4. } ¨ }p,q defines a norm on Mnˆm(F).

5. Let tAku8
k=1 Ď Mnˆm(F). Show that lim

kÑ8
}Ak}p,q = 0 if and only if each entry of Ak converges

to 0. In other words, by writing Ak =
[
a
(k)
ij

]
1ďiďn,1ďjďm

, show that lim
kÑ8

}Ak}p,q = 0 if and

only if lim
kÑ8

a
(k)
ij = 0 for all 1 ď i ď m, 1 ď j ď n. In particular, Ak Ñ A in the sense that

}Ak ´ A}p,q Ñ 0 as k Ñ 8 if and only if the (i, j)-th entry of Ak converges to (i, j)-th entry of
A for all 1 ď i ď n and 1 ď j ď m.



Problem 4. Let Mnˆm(F) be the collection of all n ˆ m matrices with entries in F, where F = R
or C. Define } ¨ }F : Mnˆm(F) Ñ R by

}A}F ”

( n
ÿ

i=1

m
ÿ

j=1

|aij|
2
) 1

2
.

1. Show that }A}2F = tr(A:A), where A: is the conjugate transpose of A, and tr(M) is the trace
of square matrix M .

2. Show that } ¨ }F is a norm on Mnˆm(F) (for all n,m P N). This norm is called the Frobenius
norm of matrices.

3. Show that }AB}F ď }A}F }B}F whenever A P Mnˆm(F) and B P Mmˆp(F).

Hint: 3. Let A =
[
a1

...a2
... ¨ ¨ ¨

...am

]
and B =

[
b1

...b2
... ¨ ¨ ¨

...bm

]T; that is, ak is the k-th column of A

and bℓ is the ℓ-th row of B. Then AB =
m
ř

k=1

akbk. First show that }akbT
k }F = }ak}2}bk}2 and use

the triangle inequality to conclude the desired equality.


