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Oct. 09. 2026

Problem 1. Show that

n n n
|A]; = max {Z |6Li1|,2 |ail, - 72 |aim|} VAe Mpxm.
i=1 i=1 i=1

Hint: Mimic the computation of |A|, in Example ??, or make use of Exercise Problem ?? and ?7?.

Problem 2. Let M,,,,,(F) be collection of n x m matrices with entries in F, where F = R or C. For
A € My (), define

» 14zl
|Alp = sup [Az], = -

|z]p=1 x# 0 ],

1. Show that || - |, is a norm on M, (F).
2. Show that |A],; = 4/the maximum eigenvalue of ATA, where A' is the conjugate transpose of
A.
3. Show that |All, = max{ > lawkls 20 Jagkls - D] \ank|} if A€ Mpxm(F).
k=1 k=1 k=1
4. Show that |A|; = max{ D lakals 20 Jakal, - D] |akm]} if Ae Myum(F).
k=1 k=1 k=1
5. Show that [A[3 < [|A]1]A] for all A € M, (F).

Problem 3. Let M,,»,,(F) be the collection of all n x m matrices with entries in F, where F = R
or C. Define a function | - [, : Muxm(F) — R by

|Allpg = sup [Az],,
|2 p=1
here we recall that || - |, is the p-norm on F” given in Problem ??. If p = ¢, we simply use |A], to

denote [|A|,,. Complete the following.

. Show that [|A|,, = sup " ’|q for all p,q > 1.
x#0

2. Show that |A|,, = inf {M € F|[Az|, < M|z|, Yz F"}.

;_x

3. [Az|y < | Al 2], for all e F™.
4. | - |p,q defines a norm on M,, ., (F).

5. Let {4} € Myysm(F). Show that klim |Ak|pq, = 0 if and only if each entry of Aj converges
—00
(k)

ij ng’gn,lgjgm’

to 0. In other words, by writing Ay, = [a show that klim |Ak|p, = 0 if and
—00

only if hm a =0foralll <7< m,1<j<n. In particular, A, — A in the sense that
| Ay — AHpq — 0 as k — o if and only if the (i, 7)-th entry of Ay converges to (i, j)-th entry of
Aforalll<i<nand1l<j<m.



Problem 4. Let M, . (F) be the collection of all n x m matrices with entries in F, where F = R
or C. Define | - |r : Myuxm(F) — R by

Al = (Zi )

1. Show that |A|% = tr(ATA), where AT is the conjugate transpose of A, and tr(M) is the trace

of square matrix M.

2. Show that | - |z is a norm on M, (F) (for all n,m € N). This norm is called the Frobenius

norm of matrices.
3. Show that |AB|r < |A||r||B||r whenever A € M,,«,(F) and B € M, ,(F).

Hint: 3. Let A = [a1§a2§ fam} and B = [b1§b2§ {bm}T; that is, ay is the k-th column of A

and by is the (-th row of B. Then AB = Y} a;b. First show that |aib; ||z = | ax|2| b2 and use
k=1
the triangle inequality to conclude the desired equality.



