Exercise Problem Sets 6
Oct. 16. 2026

Problem 1. Let (V,{:,-)) be an inner product space over F, where F = R or C, and z,y € V. Show
that
(,yy=0 ifandonlyif |y|<| \e+y| VAeF,

where | - || is the norm induced by the inner product (-, -).

Problem 2. Let (V,+,-,{-,-)) be an inner product space over R, and define ||v|| = (v, v)!/? for all
v e V. Show that

L 2]x|* 4+ 2lyl* = |+ y|* + |z — y|* (parallelogram law).
2. ||z* = [y*] < |z + yllz -yl < >+ [ y[*
3. 4z, y)y = |z + y|* — |z — y|* (polarization identity).
Can the p-norm || - |, on R™ be induced from any inner product (on R™) for p # 27

Problem 3. Let (V,{:,-)) be an inner product space over C. Show the polarization identity
1 : : : :
@y = (lz+yl — [z —yl* +ilo+iyl* —ile—iyl?) VayeV.

Problem 4. Let (X, |- |x), (Y| |v), (Z,]]z) be three normed vector spaces such that X,Y < Z
and

lz|z < Clz|lx VYVzeX  and |y|z<Clyly VyeY.
Define

E={a€ Z||a|p = max{|a|x, |a]y} < o}

and

F={acZ||a|r= inf (|z|x+|ylv)<w}.

zeX,yeY

1. Show that (E,| - | g) is a normed vector space, and £ = X nY.

2. Show that (F,| - |r) is a normed vector space. The space F' is usually denoted by X + Y.

Problem 5. Let (M, d) be a metric space. Define p: M x M — R by

d(z,y)

/)(l”ay):Hd—(x?y)‘

Show that (M, p) is also a metric space.

Problem 6. Let d : R? x R? — R be defined by

T1— if x9 = 12,
d(z,y) = o | . where & = (21, 22) and y = (y1,%2).
|$1—y1|+|w2—yz|+1 if x9 # 1o,

Show that d is a metric on R2.



Problem 7. Let (M, d) be a metric space, and {z,}r_, be a sequence in M. Show that {x,} , is
Cauchy if and only if
Ve>0,3ye M s#{neN|z, ¢ B(y,e)} <.

Problem 8. Show that
1. Every convergent sequence in a metric space is a Cauchy sequence.
2. If a subsequence of a Cauchy sequence converges to x, then the sequence converges to x.
3. z is a cluster point of {z;};~ if and only if Ve > 0 and N > 0, 3k > N with d(zy, z) < €.
4. x is a cluster point of {zx};2, if and only if there is a subsequence converging to x.
5. xp — x as k — oo if and only if every subsequence of {z;};2, converges to .

6. x; — x as k — oo if and only if every proper subsequence of {z;}{; has a further subsequence

that converges to x.

Problem 9. Let (V,| - |) be a norm space, {a};2; be a sequence in V, and {b,}+_, be the Cesaro

. 1 &
mean of {ag}2; that is, b, = — > ax.
M =1
1. Show that if {ax}{2, converges to a, then {b,};>, converges to a.

2. Is the converse statement “if the Cesaro mean {b,}> ; of a sequence {a;}{_, converges, then

the sequence {ay}72, also converges” true?
Problem 10. Show that (C, |- |) is complete.

Problem 11. Let A be a subset in R”. Show that A is bounded if and only if every sequence in A

has a convergent subsequence.

Problem 12. Let V be a vector space over field F, F = R or C, and {ej,--- ,e,} be a basis of V;

that is, every vector e € V can be expressed (uniquely) by € = > x;e; with x; € F for all 1 <i < n.

From Example ?? we know that (-,-): V x V — F defined by

i=1

(x,y) = Z s if x = Z z;e; and y = Z yj€;.
j=1

j=1 j=1

is an inner product. Show that (V,| - |2) is a Banach space, where || - |2 is the norm induced by the

inner product.



