Exercise Problem Sets 7
Oct. 23. 2026

Problem 1. Let {a,})%; and {z,}?_; be two sequences of real numbers, and |z, — x,.1| < a, for

0
all n € N. Show that {z,}r_, converges if >, a, converges.
n=1
Q0 0
Problem 2. Let ) a; be a conditionally convergent series. Show that ] [1 + Sgn(ak)]ak and
k=1 k=1

18

[1 — sgn(ak)]ak both diverge. Here the sign function sgn is defined by

k=1

1 ifa>0,
sgn(a) = 0 ifa=0,
-1 ifa<0.
0
Problem 3. Let {ax}; < R ba a sequence. A series ), by is said to be a rearrangement of the series
k=1

o0
> ay if there exists a rearrangement 7 of N; that is, 7 : N — N is bijective, such that b, = A (k)-
k=1

e}

0]
1. Show that if > ay converges absolutely, then any rearrangement of the series > a; converges

k=1 k=1
0

and has the value ] a.
k=1
Q0
2. Show that if > ay is conditionally convergent, then for each r € R, there exists a rearrangement
k=1

[0 0] o] oo
Y. an( of the series )} ay such that Y} a-g) = 7.
k=1 k=1 k=1

Problem 4. Let {a,}; and {b,}*_; be sequences of real numbers such that a,, b, > 0 foralln > N.
Define

a
e =bp —bpi—=L  YneN. (%)
Qp,
o0
1. Show that if there exists a constant r > 0 such that r < ¢, for all n = N, then )] a; converges.
k=1
Hint: Rewrite (x) as b, = ¢, + Ot bn.1 and then obtain
n
a a a a a
by = en + — by = ey + — (CN+1 4 N2 bN+2> =en+ D ey + by
an an aN+1 an
a a a
=y + Doy + 2 (CN+2 + bN+3) =
an an aN42
a a a a
=cy + A CN41 T N2 CN+2 + -+ ARl CN+n + Nint] DN 4nt1 -
anN N
Use the fact that 0 < r < ¢, for all n > N to conclude that
Z ap < NN VYneN.
k=N r
0 N-1
Note that then the sequence of partial sum of Y} a; then is bounded from above (by >} a +
k=1 k=1

anby
r )



2. Show that if Z — dlverges and ¢, <0 for all n > N, then Z ay, diverges.
=1 bi

Hint: The fact that ¢, < 0 for all n > N implies that b,a, < b,1a,1 for all n > N. Use this

fact to conclude that

anb
NN < ap, Vn=N
bn
o0
and then apply the direct comparison test to conclude that > a; diverges.
k=1
X An+1 .
Problem 5. Let Y] a; be a series with positive terms, and lim = 1. We know that the ratio
k—1 n—0o0 Ap

test fails when this happens, but there are some refined results concerning this particular case.

1. (Raabe’s test):

Q0

(a) If there exists a constant p > 1 such that "' < 1 — " for all n > N, then Y ay
a n k=
converges. ' '

An41 12 &
> 1— = foralln > N, then > ay

an n =1

(b) If there exists a constant 0 < p < 1 such that

diverges.

2. (Gauss’s test): Suppose that there exist a positive constant € > 0, a constant u, and a

bounded sequence {R,}’_; such that

n R,
a+1—1—ﬁ+ i foralln > N.
an, nlte
0
(a) If 4 > 1, then > a; converges. (b) If u < 1, then Z ay, diverges.
k=1 k=1
1
"; if n is odd |
Problem 6. Let a,, be defined by a, = n Compute the value of lim inf /a,,,
— ifniseven. e
3n
6]
lim sup /a,, hm mf ! and limsup Gt , and conclude that whether the series )’ a,, is convergent
n—00 (079 n—00 Gnp, n=1
or not.
Hint: You can use lim {/n = lim {/n + 1 = 1 without proving it.

n—00 n—0o0

1 . .
Problem 7. Let a e R, a > 3 Discuss the absolute convergence or the conditional convergence of

o0
. (—1)*
the series kz_:? m

Problem 8. Determine whether the following series converge or not. Also test for their absolute

convergence.

1. Zsm , a > 0;



9 ilog(n—i—l)—logn_
' = arctan% ’
5 ia(a—|—1)~~(a—|—n—1)b(b+1)~-(b+n—1).
' —~ 1-2--n-clc+1)---(c+n—1) ’
e}
(—1m 1 L
4.;n+1(1+3+ +2n+1),

n

7;2 v+ (=1)n’
The a,b,c in (3) are real number except negative integers.

Problem 9. Complete the following.

0 1 \F%
1. Show that Z (1 - —) converges.

vk
log(k +1) —logk
2. Show that Z o8 (—lt)gl:)Q %87 converges.
[oe}
3. Use Gauss’s test to show that both the general harmonic series Z P
a
. =1
the series > — diverge.
k=1
k!

4. Show that Z

L(a+1)(a+2)--(a+ k)
5. Test the followmg ‘hypergeometric” series for convergence or divergence:

(a) ozola(a+1)(a+2)-~-(a+k—1)_g ala+1)  ala+1)(a+2)
S BGIDG Y Brk-1) B BB+ BB
«:f , a0t 9941 | afat et HI+IE D
e S B SOy R} 23000ty

kx)

0
Problem 10. Consider the function f(z) = )] =
k=1

1. Find the domain of f.

converges if a > 1 and diverges if a <

where a # 0, and

1.

2. Show that for each ¢ > 0 and 0 < § < 7, there exists N > 0 and N depends only on ¢ and

but is independent of z, such that

' sin(kz)
IZT‘<€ Vn>=N,p>=0andzeld2r—J.
k=n



