Exercise Problem Sets 1
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Problem 1. Let 8 be a real number such that sing # 0.

1 1
cos 50 — cos(n + 5)9

1. Show that ) sin(kf) =

. 0
= 2sin —
k=1 5

. 1 .1
n sin(n + )0 — sin -0
2. Show that Z cos(kf) = 2 7 2

— 2sin —
k=1 5

Problem 2. Let 8 be a real number such that sinf # 0. Show that

n  sin(nd) cos(n + 1)0

2 2(9 2 _n _
cos” 0 + cos“(26) + - - - + cos”(nd) 5 T 5 < 0 VneN
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Problem 3. Let 6 be a real number and 6 # k7 for all k € Z (k 25 7w eh& # & ) . Show that

sin(2"+10)

cos @ - cos(20) - - - - cos(2"0) = ETFSy—
nTisin

VneNu{0}.
Problem 4. Let «, 3,7 be real numbers. Suppose that

cosa +cos B+ cosy =0,
sina+sin 8 +siny =0.
Show that
1
1. cos(a — ) = —=.
2
2. cos(a+ ) = cos(2y).
3. sin(a + ) = sin(27).
4. cos(2a) 4 cos(25) + cos(2y) = 0.

5. sin(2a) + sin(24) + sin(2y) = 0.

Problem 5. Let 8 be a real number such that ¢ = tang also be a real number. Show
2t 1 — ¢
sinf = —— and cosf = t .
1+1¢2 1+¢2
2t

Note that the two identities above imply that tan 8 =

1—¢2

that



Problem 6. Let f: (0,20) — R be defined by

1 . q
— ifx== p,geNand (p,q) =1,
foy=1 D o P (p,q)
0 if z is irrational .
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Proof. Let € > 0 be given. Then there exists a prime number p such that — < e. Let ¢1,¢2, -, qn
p

be rational numbers in (g, %) satisfying

S| ®»

q; = a(ras):171<r<p7

and define § = %min ({|c —aqil,le = qal, - ] — qﬂ}\{O}) Then § > 0. Suppose that x satisfies
that 0 < |z — ¢| < 0.

1. If z € Q% then f(z) = 0 which shows that |f(z)| < e.

2. If x € Q, then x = ; for some natural numbers r, s satisfying (r, s) = 1. By the choice of §, we
find that » > p; thus

]f(:c)]:;<%)<g.

In either case, |f(z)| < e; thus we establish that
|f(x) — 0] <& whenever 0<|z—c| <34.

Therefore, lim f(z) = 0. o

r—C

R U e 4 O O G s
v c 3¢\ .. < X - Do N ug 2@ o
1. 2R3 (5,5) EBEFZPNAFF A3 p chf B ? BIERT ke p b GG A9
2. 5T EY LEARLH (012 14l E A A RPN T LR A 9

3.0 T KRS L PRRGIL20 KL 2EP T IR AE T

Problem 7. Let f be given in Problem B and g : R — R be defined by

flz) ifx>0,
gle) = { fl=z) ifz <0,
1 ifr=0.

Find lir% g(x).

Problem 8. Let f be a function defined on an open interval containing ¢ and lim f(x) exists. Show
that there exist 6 > 0 and M > 0 such that

|f(x)| < M whenever |z —¢| <4.



Problem 9. Let f, g be a function defined on an open interval containing ¢ (except possibly at ¢),
and f(z) < g(z) for all z # c. Prove that if lim f(z) = L and lim g(z) = K both exist, then L < K.

Problem 10. 1. Suppose that lirr% /(@) _25 = 3. Find lirré f(z).

xr —

2. Suppose that lin% 1) _25 = 4. Find lin% f(z).

T
3. Suppose that lim f@) = plx) = L exists, where p is a polynomial function. Find lim f(z).
T—c Tr—cC xr—C

ST, Compute the following limits:

Problem 11. In class you are given the identity hH(l]
r— T

1 lim sin(x2)' 9 1lim rsinx ' 3 lim sin(sin(sinw)).
z—0 X z—01 —cosx z—0 z

4 lim sin(x 4+ ¢) —sinc

z—0 T

, where ¢ is a real number.



