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Outline of “variational image denoising”

In this lecture, we will give a brief introduction to the topics:
@ The Rudin-Osher-Fatemi total variation model for image denoising.
@ Calculus of variations: the Euler-Lagrange equation.

The material of this lecture is based on

@ P. Getreuer, Rudin-Osher-Fatemi total variation denoising using
split Bregman, Image Processing On Line, 2 (2012), pp. 74-95.

@ T. Goldstein and S. Osher, The split Bregman method for L!
regularized problems, SIAM Journal on Imaging Sciences, 2 (2009),
pp. 323-343.

@ L.I. Rudin, S. Osher, and E. Fatemi, Nonlinear total variation
based noise removal algorithms, Physica D, 60 (1992), pp.
259-268.
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Total variation (425 3%)

Let ) := (a,b) C R be an open bounded interval. Let P, = {xo, x1,

, X }, with xo = a and x,, = b, be an arbitrary partition of QO = [a, ]
and Ax; = x; — x;_1, fori =1,2,--- ,n. The total variation of a
real-valued function u : Q — R is defined as

||“HTV( —SUPZ‘“ ) — u(xi 1)|

Pu i=1

If [[ullTv(qy < oo, then we say that u is a function of bounded variation.

Remarks:

@ If u is a smooth function, then we have

n
HMHTV(Q) = sup Z
Pll l:l

u(x;) —u(xi_1)
AXI‘

Axi:/()|u’(x)|dx.

® |ullpy(qy = 0 does not imply u = 0; any constant function u has
[ullrvq) =0 = |[ullrv(q) is not a norm on any vector space.
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Examples of bounded variation functions

(4]

¢ and h have total variation 2

All these three functions f, g
Remarks:
@ A function of bounded variation is not necessarily differentiable.

@ Since we mainly work on digital images in discrete domains, we can
tacitly assume the differentiability of u without loss of generality.
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Image denoising

@ The total variation of u = ||ul|ryq) = /Q |/ (x)] dx if u is a

smooth function.

@ Image denoising is the problem of removing noise from a noisy
image.

@ minimizin ' 1’ (x)| dx + some data fidelity term | = denoising!
g( | y 8
JO
.8 fo(u(x)—f(x))%dx
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A noisy 1-D signal and its denoising version
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The bounded variation space BV (Q))

Let Q be an open subset of R?. The space of functions of bounded
variation BV (Q)) is defined as the space of real-valued function
u € L'(Q) such that the total variation is finite, i.e.,

BV(Q) = {u € LY(Q) : [|ullry(q) < oo},
where
° H”HTV(Q) =sup{ [quV -gdx: g€ CH QL R?), Hq"H(L""(O))2 <1}

@ Cl(Q,R?) is the space of continuously differentiable vector
functions with compact support in Q).

e L'(Q) and L®(Q) are the usual L7 (Q) space for p = 1 and
p = oo, respectively, equipped with the || - || () norm.

@ BV(Q) is a Banach space with the norm,

lullgv(q) = llullp ) + lullrvia)
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The ROF total variation regularization model

Letf : O C R? — R be a given noisy image. Rudin, Osher, and
Fatemi (Physica D, 1992) proposed the following TV /L2 model for
image denoising:

. 2
MEBV(%MQ)(H ulrv) +5 / f))2dx),

reguhmzer
where A > 0 is a tuning parameter which Controfls tﬁe regularization
strength. Notice that

@ A smaller value of A will lead to a more regular solution.

@ The space of functions with bounded variation help remove
noise and preserve edges in the image.

@ The TV term allows the solution to have discontinuities.

original noisy (PSNR=23.3436) denoised (PSNR=29.3308)
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The existence, uniqueness and stability of solution

Theorem: Consider the ROF total variation model. Then we have
(1) Ifuis smooth, then |[ul|ry () = [ [Vuldx = [ \/uZ + ufdx.

(2) Iff € L?>(Q), then the minimizer exists and is unique and is stable in
L? with respect to perturbations in f.

ROF model for image denoising: Below we assume that u is smooth,
and we denote the function vector space BV(Q) NL2(Q) as V:

min(l/(.) |Vu|dx + % /Q (u(x) —f(x))zdx).

uey

Let E[-] be the energy functional over the function vector space V,

E[u] ::/Q|Vu|dx+%/ﬂ(u(x) —f(x))zdx.
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Calculus of variations (&437%)

@ Calculus of variations is a branch of mathematical analysis that
deals with maximizing or minimizing functionals. A real-valued
functional is a mapping from a subset of function vector space V
to the real numbers.

(1) A real-valued function, e.g., f:S CR" — R.
(2) A real-valued functional,e.g., E:SCV — R.

@ Functionals are often expressed as definite integrals involving

functions and their derivatives, e.g.,

E[v] := /Q L(x,y,0(x,y),0x(x,v),04(x,)) dx,
for a given smooth function L.

The interest is in extremal functions that make the functional
attains a maximum or minimum value.

@ The extrema of functionals may be obtained by finding functions where
the “functional derivative” is equal to zero. This leads to solving the
associated Euler-Lagrange equation.
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Calculus of variations: a necessary condition

Let QO C R? be an open bounded domain. We consider the following
real-valued functional,

E[v] := /(.2L(x,y,v(x,y),vx(x,y),vy(x,y)) dx,

where we assume that v € C>(Q)) and L € C? with respect to its
arguments x = (x,y), v, vy and v;,.

@ If E[v] attains a local minimum or maximum at # and 7(x,y) is a
smooth function on (), then for ¢ close to 0, we have

E[u] < Elu+en], (orE[u] > E[u+en])
where éu := er is called the variation of u.
@ Define ®(¢) := E[u + €] in the variable e. Then we have

E[u + en] — E[u] :/ dL

— d — i i
0='(0) = lim N

e—0 e—0

e=0

which is just a necessary condition.
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The total derivative of L

Taking the total derivative of L(x,y,v, vy, vy), where v = u + ¢y
Uy = Uy + €1 and vy = uy, + €17y, we have

dL dLdx oLdy dLdv OL dvy  OL doy
de oxde ' dyde  dvde ' Ovy de ' Jvy de
= a—L0+a—L0+a—LU+a—LU +a—L
ox ay v v, doy Ty
oL oL oL
= gﬂ‘FEﬂxﬂLaT)y’?y
oL oL JL
= %’7 (37/@).
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The divergence theorem

Let () C R" be an open bounded domain with smooth boundary 9Q).
Let A: () C R" — R" be a smooth vector-valued function with
A(x) = (Aq(x),Az(x),- - ,An(x))T. Then we have

/V-Adx:/ A-ndo
JO 0Q)

where

0A1(x) n 0A;(x) T 0A;(x)
dxq x> oxy,

(m(x),m2(x), -+ () T

is the outward unit normal to 0Q).

7

=
—~

=
~—

I
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Application to two-dimensional domains (n = 2)

Assumev: Q CR?2 5 Rand w: Q € R?2 — R are smooth functions.
@ If A= (vw,0)" then [, a(gf’) dx = [, vwny do, which implies

de —l—/ —wdx—/ vwny do. (*1)
Q)

® IfA=(0,ow)" then [, aw) dx = [, vwny dor, which implies

aw

ay dx + 0 gywdx = /E).Q vwny do. (%2)

Notation: 7 = 2, v : Q C R? — R a smooth function.

o Vu:= (%,%)T = gradient of v

@ Av:=V . .Vou:= ax2 + azz = Laplacian of v
° g—z =Vov-n= n1 + n2 = normal derivative of v
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Integration by parts (Green’s formula)

Assume that v = (v1,v2) ", 01,0 : QO CR?> - Randp: Q C RZ - R
are all smooth functions. Then we have

'/Qv.Vpdx:'/E)Q(v-n)pda'—/ﬂ(v.v)r,dx

Proof. By using (*1) and (x2), we have

_ o, ., F
/Qv Vpdx = /Q( 15 + v y)dx

_ _ [ | _ [ %
= /anlpnldcr /anpdx+/mvzpnzda /Qaypdx

_ /aQ(-o~n)pd0'—/Q(V~v)pdx.
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The total derivative of L

Let us go back to the total derivative,

oL L oL oL oL aLyT g
de ool avx”" vaﬂy_ o'l dvy” dvy U

By the integration by parts (Green’s formula), we obtain

dL JL JdL oL
0 = /7
Q de

dx = 17+(
"~ oL oL OJL.T
,Qﬁndx+/gag(( ) -n)qdzr

)T-Vndx

e=0  Jaou aux'%
our’ g
oL oL -
_/Q<V(E)Ttx'%) )de, (%)

where L(x,y,v, vy, vy) ~ L(x,y,u,uy, uy) when ¢ = 0. Taking arbitrary
smooth functions #’s with 77(x) = 0 on 9(2, we have

oL oL oL 1\,
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The Euler-Lagrange equation

@ According to the fundamental lemma of calculus of variations (see next
page), we obtain the functional derivative of E at u,

oL oL oL .t = .
Fi (aTlx,a—uy) =0 inQ, (x%)
which is the so-called Euler-Lagrange equation.

@ By substituting (xx) into (x), we have

oL oL
./E)Qn(a—uxnl + %nz) do =0,

for any smooth function 7 on (), which implies the
homogeneous Neumann boundary condition (BC),

oL oL

—n1+-—n,=0 onadQ.
duy,
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Fundamental lemma of calculus of variations

If F is a continuous real-valued function on an open bounded set Q C R?
and satisfies

/Q F(x)G(x)dx = 0
for all compactly supported smooth functions G on Q), then we have

F(x) =0 forallx € Q.

Note: If F is continuous on the closure Q, then we require only that G
vanishes on the boundary 0Q) of ) to ensure the assertion in the above
lemma.
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Euler-Lagrange equation of the ROF model

Consider the regularized minimization problem:

mln dx)
uey 2 /
where V is a suitable space and A > 0 is the regularization parameter.

ROF regularizer: F(u) = [, [Vu|dx = [ ,/u% +ujdx, we have

A
L(x,y, u, ux, 10y) = L(u, 1z, 1) = y/u? + uﬁ + E(u —f)?,

which leads to the Euler-Lagrange equation with the Neumann BC,

Vu . ou
V. (IV |)+/\u M oinQ,  S1=0 ond0.
The homogeneous Neumann BC comes from
oL oL oL oL Vu 1 du
= — e = (—), —) - = — = — — Q
0 Buxnl+8uyn2 (aux'auy) " |Vl " |Vu| on ono
(If [Vu| =0 = Vu=0 = Vu-n=0;otherwise 3 o =0)
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The Euler-Lagrange equations of a Tikhonov regularizer

Consider the regularized minimization problem:

mln / u(x dx)
uey 2
where V is a suitable space and A > 0 is the regularization parameter.

Tikhonov quadratic regularizer: F(u) = 1 |, o U2 dx, we have

1 A
L(x, y, u, ux,1y) = L(u, 1y, 1) = Euz +5(u —f)%,

which implies the Euler-Lagrange equation,

u+Au=Af inQ:>u:mf in ),
. . oL oL
but without any boundary condition because — =0 = —.
Uy duy

(© Suh-Yuh Yang (#57#8), Math. Dept., NCU, Taiwan Variational Image Denoising — 19/56



Another Tikhonov quadratic regularizer

Consider the regularized minimization problem:

mln dx)
ucy 2 /
where V is a suitable space and A > 0 is the regularization parameter.

Tikhonov regularizer: Let F(u) = ; fQ |Vul?dx = 3 fQ uy + u2 dx.
Then we have

L(x,y,u, ux, 1ty) = L(u, ty, uy) = %(ug + uﬁ) + %(u _f)z,
which implies the Euler-Lagrange equation,
-V -Vu+Au=A inQ) = —%Au—i—u:f inQ),
with the homogeneous Neumann BC,

0
Oz—nl—i-—nz:Vu-n:—u on 9Q).
duy, on
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Numerical results of the two Tikhonov models
Consider the two Tikhonov models:

I A 1 2

run€1‘rj1 2/ u( dx) F(u )72,/§)u dx&z'/Q|Vu| dx.

@ In the first model, there is no regularization of any kind, since
u(x) = (H%)f (x) in Q). Obviously, this is a wrong choice.

@ [n the second model, the function space is V 1= H1 (Q)). However,
there is too much reqularization. In fact, the image u belongs to
H'(Q), which cannot present discontinuities such as edges or
boundaries of objects.

original noisy (PSNR 16.0599) Tikhonov1 (PSNR 11.4364) Tikhonov2 (PSNR 19.4082)
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Model Tikhonov2 for different A\’s

original

Tikhonov2 (PSNR=21.8314)

A=1,1/2,1/3,1/4F(u) = } [ |Vu[*dx
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Three indices to measure the quality

Below are three indices to measure the produced image quality and
evaluate denoising performance. Let u be the clean digital grayscale
image of pixel size Ml X N, U be the mean intensity of the clean image, and u
be the produced (denoised) image.

. 1 N
MSE(u,u) := 2 Y (i — sz (mean squared error)
z 1j=1
2 2
PSNR := 10log, (Z\%) (peak signal to noise ratio)
MSE(u,u
SNR := 10log,, ( MSEE'Z:Z;) (signal to noise ratio)

In general, the higher the value of PSNR the better the quality of the
produced image.

There is another index, structural similarity (SSIM). The maximum
value of SSIM is 1.

© Suh-Yuh Yang (7)), Math. Dept., NCU, Taiwan Variational Image Denoising - 23/56



Nonlinear PDE-based denoising algorithm

The boundary value problem (BVP) of the ROF model is given by

Vu
Au = A inQ
-V (\V |)+ f inQ),
a—u = 0 onoQ.
on

Since the energy functional of ROF model is convex, the solution of the BVP
is the minimizer of the ROF minimization model.

The numerical solution of the above BVP can be obtained by evolving
a finite difference approximation of the parabolic PDE with the
homogeneous Neumann BC to reach a steady state:

Heat—type equation

ou Vu
3~V (o |
Vu-n=0 forte[0,T]andx € dQ & u(0,x) = f(x) forx € Q.

)Jr)\u—)\f for (t,x) € (0,T) x Q,

homogeneous Neumann BC initial condition
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Numerical differentiation: 1-D

Letv: [a,b] > Randleta =xy < x; < --+ < xy = bbe a uniform
partition of [a, b] with grid size h = (b —a)/N > 0.

Forward difference for v’ (x;): Assume that v € C?[a, b]. Then for
i=1,2,---,N—1,by Taylor’s theorem, we have

(xl +h) =v(x;) + 0 (x;)h + 20" (&)H? for some & € (x;,x; + h).
V(%) = g (o(xi +h) —o(x)) — 30" (Ei)h
LU (x) & % (v(xi1) — v(x;)), itis a first-order approximation!

Backward difference for v’ (x;): Assume that v € C?[a, b]. Then for
i=1,2,---,N—1,by Taylor’s theorem, we have

o(x; —h) = v(x;) — v (x;)h + 30" (&)h? for some & € (x; —h,x;).
-~v(xi) ( (x)_v(xz_h)) 1 H(éz)

1
h
-0 (x;) ~ F(v(x;) —v(x;_1)), itis a first-order approximation!
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Numerical differentiation (cont’d)

Central difference for v/(x;): Assume that v € C?[a,b]. Then for
i=1,2,---,N—1,by Taylor’s theorem, we have

o(x; +h) = o(x;) + 0 (x;)h + 30" (x;)h? + Lo (g )13
o(xi —h) =o(x;) =V (x)h + 5 ; o (x)h? — g0 (&)1
for some &;1 € (x;,x; + h) and ¢ € (xi — h,x;).
Subtracting the second equation from the first equation, we have
o(xi +h) —o(x; — h) = 20/ (xi)h + 13 (019 (&) + 0 (§i) ).
V(%) = g (0(xi +h) = o(x; — b)) — §125 (03 (i) + 01 (Ei))

% (0(3) (&) + 00 (Zi2)) is between 03 (¢;1) and 0O (&)
*. By the intermediate value theorem, 3 §; € (x; — h, x; + h) such that
(3)(‘5 ) =303 (Gn) +0%) (5n))
i) = o (v(x; +h) —v(xl—h)) 120 (&)
~ 3 (v(xip1) — v(xi21)), 2nd-0rder approximation!
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Numerical differentiation (cont’d)

Central difference for v”(x;): Assume that v € C*[a, b]. Then for
i=1,2,---,N—1,by Taylor’s theorem, we have

o(x; +h) = o(x;) + 0 (x;)h + 30" (x))h? + L0 (x)h3 + Lo®) (&)t
v(x; —h) = v(x;) =V (x)h + 5 1 o' (x;)h? — gv( ) (x;)h® + 240(4)((; n)ht,
for some ;1 € (x;,x; + h) and ¢ € (xi — h,x;).

Adding these two equations, we have
U(xi +h) +o(x; — h) = 20(x;) + 0" (x;)h? + g {o@ (&) + 0@ (&) 1.

o (x;) = L {o(xi +h) — 20(x;) +0(x; — 1)} — B {o@ (En) + 0¥ (E2)}

v € CHa,b], 3{o™ (&) + 0¥ (&)} between o) (Z;1) & o) (Z7)

. By IVT, 3 ¢; between &;; and p (= &; € (x; — h, x; + h)) such that
o (&) = 3{v™(Cn) + oW (Gn)}

V() = g L{v(xi +h) —20(x;) +0(x; — h)} — Hh20®) (&)

20 (xg) = h—z{v Xi41) — 20(x;) + v(x;_1)}, 2nd-order approximation!
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Let u}'; denote an approximation to u(t,, x;, ;)

/]
) ut L — oyl
° BZ (tn, xi, yj) ~ Vjugj = % (forward difference in x)
ut, — oyt
— 1] i—1,; . .
° o (tn,xi,y;) = Vy Ujj 1= (backward difference in x)
ou Ui — w1 _
o g(tn,xz'/y]’) ~ VXUZ]' = ]T] = E(V;’uz] + Vx u:f])
(central difference in x)
b ut. o — oyl
° a—;l(tn,xi, yj) ~ V; uffj = % (forward difference in )
) u. —u'.
° B]L/l (tn, xi,yj) &V up; o= % (backward difference in y)
du Wi — U1 1 .

(central difference in y)
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Central differences for second derivative

@ Central difference for second derivative in x:

u o —ylt
i+1, i\ 1 - .
?) T h (Vx Uit1j — Vi i
n n n n
h h h
1 n n n 0%u
T 2 (”z’+1,j = 2uj; + ”i—l,j) ~ @(tn,x,‘,yj).

Vi (Vi) = Vi

@ Central difference for second derivative in y:

- 1 ou
Vy (Vi) = g (Wljn — 2+l ) gy U ¥irb)-

° Vj(V;qu) =V, (Vju;fj), will also be denoted as V%uzj.

Vi (Vy ”Zj) =V, (V;uzj), will also be denoted as Vﬁuzj.
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Forward Euler in time ¢

We will consider a finite difference scheme for approximating the
solution of the IBVP for the Euler-Lagrange equation:

ou Vu
T (\V|
u(0,x) = f(x) forx € Q,

Vu-n=0 forte[0,T]andx € oQ).

) +Au=Af for(t,x) e (0,T)xQ,

Suppose that the image domain is given by Q = [0,1] x [0,1]. Let
x; = ih andyj =jh,i,j=0,1,--- ,N,withh =1/N, and t, = nAt. Let
fij = f(xi,yj) and uf’; be the difference approximation to u(ts, X, ¥;)-

Forward Euler in time £:

Ju 1 19%u
g(tn,x,-,yj) = A (u(tuyr, %, y;) — u(tn, Xi,;)) — Qﬁ(l’i,xi/y]‘)m
1 1
o (qu*’ — Z"])
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The forward Euler finite difference scheme

The proposed explicit finite difference scheme is given by:

yttt_yn vyt
ij i) _ x M
ST Af )4V <
At 4 L] x + 2 + — 2
V (V) + (Y ug, Oy )

+,1
Vy U

vy (
y _ 2
V (V)2 + (Vi u, Vi)

’ 1§11]SN_11

n _ . n n — n n _ . n n — yn -
Ug; = Uy UN = U Yio = Wi Hin = Win—1, 0 <] < N.

where m(a,b) = (w) min{|al, |b|} is the minmod operator;
see [ROF 1992] for more details.
@ The forward Euler scheme is conditionally stable, we need At/h? < c.

@ Numerous other algorithms have been proposed to solve the TV
denoising minimization problem, e.g., the split Bregman iterations.
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Rescaling the finite difference scheme

+,n ._ . n _n u +,n ._ . n _n
Let 4, ”"'—”i+1j Ui by u l] i1 5yu...—uij+1 Uiis
o u ] —ull; i1 Then the proposed finite difference scheme can

be rewrltten as

un+1 1 (5+ n
L] r]
i = A ) + o ( T (et z)
\/( x ui,j) + (m(oy Ui jr Oy ”z’,/))
1 §+Mn
+h5y< ! =), 1<ij<N-1,
\/ (3 15)2 + ({5 ull, o7 ut))
gy = gy, Uy = Wy Wy = iy uy = Uiy, OSEjSN.
Stult
Let An] o . L > and
V @)+ (m(efu, o ur,))
(5;u’7-
1

ij = 2"
\/(5;ru;7/j)2 + (m (o5 u! fir0x ufj))
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Rescaling the finite difference scheme (cont’d)

Then we have

W yn
i ij 1o 1 e ..
T:A(ﬂ/f_qu)+ﬁéxAZj+Eéy BZ]', 1<i4,j<N-1,

n __ n n — n n __ n n . n ;
Up; = Uy UN = UN_yp Uy = Uyg, Wiy = Wiy, 0 i j<N.

— At -
Setting At = — and A = hA, the first equation becomes

u’?.Jrl — '
. L, By — — ..
% = Mfij—uf)) + 0 Al + 6, B, 1<ij<N-1

Rearranging the equation, we finally obtain
1 Y e L e— ..

ui,j

Variational Image Denoising — 33/56
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A uniform partition of Q) = (0,1) x (0,1)

Let ” @ ” denote an arbitrary point (x,) in Q.
(1) Inusual finite differences, the grid points (x;,y;) locate at ” e ”.
(2) In image processing, however, a digital image is usually stored as a
matrix. Thus, it is more convenient to use the “cell-centered grids,”
i.e., grid points (x;,y;) located at " x " with the coordinates

h . h . ..
Xi= 5 (i—1)h, yj:§+(/—1)h, i,j=(0),1,---N,(N+1).

And the homogeneous Neumann BC implies

n __ .n n __ N n _ . n n . L
Ug; = Upj Uny1j = U Wio = Higs Wingr = N 1< 4] < N.
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ROF model versus Tikhonov2 model

original noisy (PSNR=13.1392) ROF (PSNR=22.5855)

Tikhonov2 (PSNR=21.5227)

Tikhonov2 (PSNR=19.2469) Tikhonov2 (PSNR=15.9992)

. Dept., NCU, Taiw Variational Image D



ROF finite difference solutions at different steps (cameraman)

_original i P .32 denoispd (PSNR=27.4343)

Gaztssia;q noise (0,0.005), h = 1/256, A = hA = 0.05,
At = At/h = 0.01, at 500, 1000, 1500, 2000-th steps

suh-Yuh Yang (# Math. Dept., NCU



ROF finite difference solutions of different A\’s (cameraman)

original

Gaussian noise (0,0.005), h = 1/256, A =hA=1/10,1/20,1/30,1/40,
At = At/h = 0.01, at 1000-th step

Suh-Yuh Yan;



ROF finite difference solutions of different A’s (Einstein)

original

noisy (PSNR=23.0807) denoised (PSNR=29.4614)

Gaussian noise (0,0.005), h = 1/340, A =hA=1/10,1/20,1/30,1/40,
At = At/h = 0.01, at 1000-th step

Suh-Yuh Yang (¥ Math. Dept., NCU, Taiwe iational Image Denoisi



An alternating direction approach: split Bregman method

Below, we introduce the split Bregman method which is an alternating
direction approach to solve the ROF model. First, using the cell-centered
grids of Q), we approximate the total variation term by the Riemann sum:

: N N
_ — 2 4 2 dx s 2 y
Iilrvio) = [Vl d o= [ i e b 3 35 1|
Here we define the discrete gradient operator Vj, by
th,-,j = [quj,]‘, Vyui,j]T
and recall that

Uit1j — Ui-1
2h ’

Uijr1 — Uij—1

Viijj = o ,

Vyu,-,j =

Upj = U1j, UN+1j = UNj, Uio = Ui1, UiNt1 = Uin, 1<i,j<N.
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The constrained minimization of the ROF model

Introducing the new unknown vector function d(x) = Vu(x) for all
x € (), we have the constrained minimization problem:

min / \d(x)| dx + = / (1)) dx) st d(x) = Vu(),
U,
where | - | := || - ||2 in IR?. Therefore, the approximate constrained

minimization of the ROF model can be posed as follows:
(1

min( A |d; ;| +
u,d ij=1

where u and d denote the set of all u;; and d; ;. Introducing a penalty
parameter 7y > 0, we obtain the unconstrained problem:

m1n<Z|d1]\+ Z(fl] uij) 242 Z\dz] thi,j—bf,j|2),

ij=1 1]1

A Vil i
2 _ _ X,
}’/l ljzl(f,] u” ) s.t. di,j = th,'/]‘ = |:vy”;,ﬂ ,

where b (denotes the set of all b; ;) is an auxiliary variable, which can be
expressed in terms of u and d, related to the Bregman iterations.
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An alternating direction approach: split Bregman method

Goldstein and Osher (2009) proposed to solve the above problem by
an alternating direction approach; see also Getreuer (2012):

u-subproblem: With d and b fixed, we solve
/A 0%
uF1 = arg mm(E Y (fij—uij)* + > Y. \df-{,j — Vg — bi'{,]'|2>,
u ij ij

where the superscript k denotes the values evaluated at k-iteration. It
can be viewed as the approximation of the minimization problem:

A 2 gt K kp2
mumi/ﬂ(f—u) dx+§./()‘d — Vu —b"|* dx.

The associated Euler-Lagrange equation of the above minimization problem
(also called the screened Poisson equation) is given by

A=V -V = Af — 4V - (d° — bF),

where Vu is the gradient of u, V - v is the divergence of vector function v,
and Au := V?u := V - Vu is the Laplacian of u.
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The discrete screened Poisson equation

The discrete screened Poisson equation is given by
2 k k . -
Aujj—yVijuij = Mij— V- (dj; = bj;), 1<i,j<N,
which should be supplemented with the homogeneous Neumann BC:
Uoj = U1j, UN+1j = UNj, Ui0 = Wit UiN+1 = UiN, 1 <1j<N.
@ The term Ahui,]- = V%ui,j = V}: : V;[ul-,j
_ N T _ _
Vh : V;—M,',j = (Vy ,Vy ) (V,Tui,]-, V;ui,j) =V, Vjui,j + Vy V;ui,]-
1
= n ((”i+1,j = 2ujj+uij) + (U1 — 2u;5+ ”i,jfl))

1
= iz (74111',]' + Uj_1,j + Uity +Ujj—1 + u,',]qu).

. gk k
® Let gf,] = (g]ii’]'rgg’i,j)T = di,j - bi,j' Then

i~ 811 8bijr1 — 8bij
Vh gf,] - ng]ii,]’ + Vyggri’j - s i 2]’[ 2] + ’l/]+ 2]’1 ) .
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The resulting linear system: Au = r

Finally, the resulting linear system Au = r will be given by
(A+ 4h2 Juij— 2 (ul 1j +Uiv1,j +uij1+ ”z]+1)

=Mij— 5 (gl,i+1,j —81i-1; T 8&2,ij+1 — 8J§,z‘,j71)f I<ij<N.

@ Since A > 0 and v > 0, Au = r will be symmetric and strictly
diagonally dominant. It can be solved by many different
methods such as the iterative techniques.

Since a;; > 0, we can prove that A is SPD by Gershgorin’s Theorem!

@ For example, the Gauss-Seidel iterative method gives

LAWES T (L
(A+ags )l = o+ 2 (Ll ) k> 0,

where

Ci‘; = Mij— % (Sji,iﬂ,j - Sji,i—1,j + 815,1',]'+1 - g’ﬁ,i,j—l)-
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d-subproblem

d-subproblem: With u and b fixed, we solve

N
dt = argmin( Yo ldij| + +2 Z |d;j — k“ — bt il )
d ij=1 ij=1

which has a closed-form solution,

Vil + b 1
k+1 _ 2 k1 ki _ % <ii<
= uk+1+bk\ max {| Va0~ 2, 0f, 1<ij<N.
How to find the closed-form solution of d-subproblem?

The solution of d-subproblem can be found componentwisely. For
each (i,j), we consider the following minimization problem:

min {|x|+ %|x—c|2},

x=(x1,%2) " €R2

where ¥ >0, ¢ = (c1,c2) " € R? are given, and | - | := || - |2 in R?.
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Solution of the d-subproblem

Suppose that ¢ # 0, i.e., |c| > 0; otherwise the minimizer is x = 0. We
consider the following minimization problem:

min{yd g3 (0 -0+ -}

With a careful inspection (by the triangle inequality), we can find that the
minimizer will occur at x = tc for some t € [0,1], i.e., x1 = tcy and

Xy = tcy for some t € [0,1]. Therefore, the minimization problem can
be rewritten as

tre%rh{n [ 4+ %((t —123 +(t-123) }.

=g(t)

We can rewrite function g as

v i v
g(t) = tle[+ 5 (t=1)%|c* = e+ (je] = v|e)t+ S le’, t€[0,1].
By direct computations, we have g(0) = %|c|?, g(1) = |c|, and

§'(t) = vlel*t + (le| = vle?) fort € (0,1).
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Solution of the d-subproblem (cont’d)

@ If || > % > 0, we have a unique critical number of g(¢) in (0,1),

c)>— e 1
to = 7|7|C|2| - S €O,
Then g(to) = |c| — % is the minimum value and the minimizer is
1 1, ¢
- W)C = (le| = ;)m~
@ If0< | < %, then g(t) has no critical number in (0,1) and
g(0) = Zc|? < %lc| < |e| = g(1). Therefore, g(0) is the
minimum of ¢(¢) on [0, 1] and x = 0.

Combining these two cases, we have

x=toc= (1

argmin{\x| + z\x — C‘z} = |c|
XE]RZ 2 0/ if ‘C| S

2 2=

(© Suh-Yuh Yang (#57#8), Math. Dept., NCU, Taiwan
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Updating b and selecting vy

@ Updating b: The auxiliary variable b is initialized to zero and
updated as
bt =+ Vil - d, 1<ij<N.
@ Selecting : A good choice of - is one for which both 1 and d

subproblems converge quickly and are numerically
well-conditioned.

— In the u subproblem, the effect of V - V and V- increase when y
gets larger. 1t is ill-conditioned in the limit v — oo.

— In the d subproblem, the shrinking effect is more dramatic
when 7 is small.

Therefore, v should be neither extremely large nor small for
good convergence. In our simulations, we take v/h = 0.1.
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The split Bregman algorithm

The split Bregman algorithm:
initializeu =f,d=b =0
while ||Ucurrent — Uprevious||2 > tolerance do
solve the u-subproblem
solve the d-subproblem
b=b+Vu-d

Color images (RGB channels): The vectorial TV (VIV) is used in
place of TV,

1/2

lulvrvey = [ (X 1Vu@)P) " dx

ic{R,G,B}

The grayscale algorithm can be extended directly to VIV-regularized
image denoising.
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Implementation details of split Bregman iterations

u-subproblem: We multiply the following identity (see p. 43) with h,
(/\+4h2)u,-,j h2 (Z/l, 1j+u1+1]—|—u,] ]+M1]+1)
=Mij— 5 (81,i+1,j - 8’{1‘71,]' +SJ§,i,j+1 - 85,1',]'71)/ 1<ij<N.

Then we have
M d IV — Y .
( + I )uz,/ I Uj—1,j+ Uip1,j + Ujj—1 + Ujjp1

Y ..
= Mifij— 52 (hg]{,z!rl,j — gy g+ hgh i — hgg,z’,jfl)f I<ij<N.

Notice that gjl‘ = (
~k

~k
b;;. Then we have

Sk — (5 5 T ._ 1,3k k .
gﬁj = (SJf,i,jrglﬁ,i,j) = hd;; —hb;; :=d;; —
(7\ + 4'?) Ujj— '7(”1‘—1,]' Uiy U ui,jH)
= Afij— (81 i+1, gli,i—l,j +§l§,i,j+l _?2,1',]'—1)1 <ij<N. (%)
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Implementation details of split Bregman iterations (cont’d)

d-subproblem: If we define

< Ujpqj— Ui—1; Ujir] — Ujj—
— T . [ttt i-1; HUij+1 ij—17T
Vu,‘,j = [5xul',]‘, 5]/1/11"]'] = [ 5 , 5 ] ,

then since (see page 44)
k+1  pk
\Y% ui;’ + by

k+1 _ ij k+1 k _l
ij v, uk+1+bk maX{Wh” +bijl o 0}'

we have
WVt + b
~k1 k1 _ ht ij k-+1 ki
i = i \hV uk+l +hbk h max{|th + bj | }

Suh-Yuh Yan;



Implementation details of split Bregman iterations (cont’d)

Updating b: First, we have (see page 47)
k+1 k k+1 k+1
bi,?— = bi,j + thl-jf — di,;— .
By multiplying the identity with /1, we obtain
k+1 _ 11,k k+1 k+1
hbif = hb;; + thui/]Jf - hall-jr .
In other words,
~k ~k
+1_ 3

S kel gkl
b;; i+ Vg —di . (%3)
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Some remarks

To sum up, we have the following remarks:

@ By change of variables, the split Bregman iterations can be
reformulated as (x1), (*2), (x3), where the grid size h can be absorbed
by other variables!

@ Most engineering-oriented papers usually take the spatial grid
size h = 1 in the finite differences. It is irrational from the
approximation viewpoint because the error terms in Taylor’s
theorem may not be small if we take i = 1.

@ However, if the grid size h has been absorbed by other variables
as discussed above, then it is reasonable for us to say that, in
some sense, the grid size h = 1.
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Numerical experiments (Einstein)

noisy (PSNR=23.0999) denoised (PSNR=30.907)
WAL =T

Gaussian noise (0,0.005), h = 1/340, A =hA = 0.1,0.05,0.025,0.01,
¥y=9/h=01

A smaller value of A implies stronger denoising. When A is very small, the
image becomes cartoon-like with sharp jumps between nearly flat regions.
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Numerical experiments (Cameraman)

original denoised (PSNR=29.3308)
) Tk

_ denoised (PSNR=27.9462) denoised (PSNR=25.4248) denoised (PSNR=22.2792)

Gaussian noise (0,0.005), h = 1/256, A =hA = 0.1,0.05,0.025,0.01,
¥y=v9/h=0.1

Suh-Yuh Yang (15



Numerical experiments (Lena)

original noisy (PSNR=23.0184) denoised (PSNR=30.8091)

denoised (PSNR=30.9172) denoised (PSNR=28.5751) denoised (PSNR=25.475)

I

Gaussian noise (0,0.005), h = 1/512, A =hA = 0.1,0.05,0.025,0.01,
¥y=v9/h=01

Suh-Yuh Yang (¥ Math. Dept., NCU, Taiwe iational Image Denoisi



Numerical experiments (square)

original noisy (PSNR=26.0402) denoised (PSNR=30.5713)

denoised (PSNR=30.578) denoised (PSNR=30.2058) denoised (PSNR=29.3139)
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