
�Í�	}(AÚ, 104ç��) Àj 28: Nbƒbíbç_�

Àj 28: Nbƒbíbç_�
({… §5.6)

rÖöõ0äí½æªàNbƒbCDNbƒbóÉíƒ

bJbç_�íj�·H. …Àj«nÞ·Dþ}�çä

�2DNbƒbóÉí@à.

ø. NbAÅ (exponential growth)

q/_ÓvÈ t Æ‰í¾

Q(t) = Q0ekt, 0 ≤ t < ∞

w2 Q0 D k Ñù£�b.

H t = 0, )�áM

Q(0) = Q0ek(0) = Q0e0 = Q0

;WNbƒbí�}©�d†, )‰“0

Q′(t) = Q0ektk = kQ0ekt = kQ(t)

ÄÑ Q(t) > 0 / k > 0, ) Q′(t) > 0, ] Q(t) ]

Ó. ¤Õ, â,�, Q(t) í]Ó0 Q′(t) D Q(t) A£

ª, ¤4[ý Q(t) ]Óv, Q(t) íÓ‹0?óúË]
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Ó7$A Q(t) Ý�0§Ë]Ó, àÇý. ã¯,H, )

Nbƒb

Q(t) = Q0ekt, 0 ≤ t < ∞
íù4”Ñ

1. �áM Q(0) = Q0.

2. ÊL< t víAÅ0 Q′(t) Dçví¾ Q(t) A£

ª, ¹

Q′(t) = kQ(t), t > 0

1˚¤ƒb×ÛNbAÅ (exponential
growth), /˚ k ÑAÅ�b (growth
constant, CªW�b, proportionality).

à, ©/µ‚í!ì

A = Pert

ÿuø×ÛNbAÅíƒb. w…„Ì„�íNbAÅà

W 1. ÊÜ;íõðÕG-,  ôÎ2í�nb Q(t) 4

;W

Q(t) = Q0ekt
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íì
AÅ, w2 Q0 Ñ ôÎ2í�á�nb, k 4â

õðÕGF²ìí�b, / t Ñ%¬íüvb. qÇáv,
 ôÎí�nbÑ 10,000 /%¬ 2 üv(, �nbÑ

60,000.

(a) t½ 4 üv(�Öý�n?

(b) t½ 4 üv(íAÅ0ÑS?

<j> (a) â#ìM Q(0) = Q0 = 10,000, )

Q(t) = 10,000ekt

yH t = 2, Q = 60,000, )

60,000 = 10,000e2k

¹

e2k = 6 (1)

°¦ ln, )

2k = ln6

¹

k =
1

2
ln6 ≈ 0.8959
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Ä¤,

Q(t) = 10,000e

(
1
2 ln 6

)
t ≈ 10,000e0.8959t

|(, H t = 4, ) 4 üv(í�nb

Q(4) = 10,000e0.8959(4) ≈ 360,029

(b) ÄÑNbAÅÊL< t víAÅ0Dçvíb¾A£

ª, ¹

Q′(t) = kQ(t)

]H t = 4 1â (a), 4 üv(íAÅ0

Q′(4) = kQ(4)

≈ (0.8959)(360,029) ≈ 322,550

¹�nb©üv�Ó‹ 322,550.

Å. ø (1) �siÇj, )

ek = 61/2

¹j|Ö k íbç�ä?ª. Hp1;WNb
, )

Q(t) = 10,000(ek)t = 10,000 · 6t/2
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Ä¤, )ÄüM

Q(4) = 10,000 · 62 = 360,000

¢

Q′(t) =
(
1

2
ln 6

)
· 10,000 · 6t/2

/

Q′(4) = 180,000(ln 6)

ù. Nb«¢ (exponential decay)

J/¾í]Á0Dçvíb¾A£ª, †˚¤¾×ÛNb

«¢ (exponential decay). ·H¤Ûïíbç_�Ñ

Q(t) = Q0e−kt

w2£�b Q0 Ñ�á¾/ k Ñ/£�b, ˚T«¢�

b (decay constant).

ÑSà¤? H t = 0, )�áM

Q(0) = Q0e−k(0) = Q0e0 = Q0

;WNbƒbí�}©�d†, ú t �}, )

Q′(t) = Q0e−kt(−k) = −kQ0e−kt = −kQ(t)
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ÄÑ Q(t) > 0 / k > 0, ] Q′(t) < 0, [ý Q(t)

]Á/]Á0 Q′(t) Dçvíb¾ Q(t) A£ª, 7$

A Q(t) �îË]Á, àÇý.

W 2. [¦4Ó”¶Ê t víb¾4;W

Q(t) = Q0e−kt

ì
«¢. šÞ‚ (half-life) 4b¾ÁšFÛívÈ.

˛ø¶íšÞ‚�Ñ 1600 �/cq|�íb¾Ñ 200

…s.

(a) t° t �(”ìíb¾.

(b) t½ 800 �(íb¾ÑS?

<j> (a) ˛ø�áM Q(0) = 200, ]

Q(t) = 200e−kt

y;WšÞ‚, H t = 1600 D Q = 100, )

100 = 200e−1600k
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¹

e−1600k =
1

2

°¦ ln, )

−1600k = ln
(
1

2

)
= − ln 2

¹

k =
ln2

1600
≈ 0.0004332

Ä¤, t �(í”ì¾Ñ

Q(t) = 200e−0.0004332t

(b) H t = 800, ) 800 �(í”ì¾Ñ

Q(800) = 200e−0.0004332(800) ≈ 141.42

Å. ;WNb
, â

e−1600k =
1

2
)

e−k =
(
1

2

)1/1600
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Hp, )

Q(t) = 200
(
1

2

)t/1600

Ä¤, H t = 800, )

Q(800) = 200
(
1

2

)1/2
=

200√
2

W 3. ˛øï°PÖï-14 íšÞ‚Ñ 5770 �. t°

«¢�b.

<j> ;WNb«¢
,

Q(t) = Q0e−kt

H t = 5770 D Q = 1
2Q0, )

1

2
Q0 = Q0e−5770k

¹

e−5770k =
1

2

°¦ ln, )

−5770k = ln
(
1

2

)
= − ln 2
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¹

5770k = ln2

Ä¤, «¢�b

k =
ln2

5770
≈ 0.00012

Å. I th Ñ šÞ‚, †

1

2
Q0 = Q0e−kth

¹

1

2
= e−kth

¦ ln 1“�, )

−kth = ln
(
1

2

)
= − ln 2

¹0��

kth = ln2

6ÿuz,

(«¢�b)(šÞ‚) = ln2
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W 4. ºí�TÓ -2íï-14 Ö¾Ñø	ì�b.
âk§(T¢ÜYhíï-14, ] -q{Gíï-14 %
âAÍ«¢}MÚÁý, 7ªTÑ�TÓ“ùí�H,l,
àcqø5©–q/å÷íï-14 Ö¾cÑ|�í�}5

ø, t°¤å÷í�H.

<j> âW 3 ø, %â t �(, ”ìíï-14 Ö¾Ñ

Q(t) = Q0e−0.00012t

Hñ‡íÖ¾ Q(t) = 1
10Q0, )

1

10
Q0 = Q0e−0.00012t

°Î Q0 1¦ ln, )

−0.00012t = ln
(

1

10

)
= − ln 10

¹

t =
ln10

0.00012
≈ 19,200

6ÿuz, ¤ÞÓ� 19,000 �‡§�.

ú. ç3�( (learning curves)

Nbƒb?ª·Hç3¬˙íÛï, àƒb

Q(t) = C − Ae−kt
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w2 C, A D k ÌÑ£�b.

H t = 0, )

Q(0) = C − Ae0 = C − A

ú t �}, )

Q′(t) = −Ae−kt(−k) = kAe−kt > 0

¢

lim
t→∞

Q′(t) = kAe−∞ = 0

/

lim
t→∞

Q(t) = lim
t→∞

(
C − Ae−kt

)
= C − Ae−∞ = C

ã¯,H, Q(t) Çávâ C −A óç0§Ë]Ó, O5

(]Ó0}óçË�î7]ÓB®�Ú¡( y = C, àÇ

ý. ¤�ƒbíÔ4ª·Hò�½µ	Tíç3_�, ¹

 _Þß(,Ê�‚âko*£%ðÚ	5], Þß¾}

0§Ë]Ó, Oâk	A£œÂí”Ì, ß¾í]Ó0�

î, 7Q¡/ø	ìíÞß¾, 1˚¤�ƒbíÇ$Ñø

ç3�(.
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W 5. q/t−íhª<º%¬øêcí!…o*{˙/

Çá	T t ~(, %â%ðíÚ	, ÊÞß(,©ÙF?

 _íß¹bÑ

Q(t) = 50 − 30e−0.5t

(a) t½hª<ºÊêA!…o*(©Ù? _ÖýK

ß¹?

(b) t½ø<º�7 1 _~, 2 _~C 6 _~í	T

%ð(, ©Ù? _íß¹b}�ÑS?

(c) t½ø�îó%ðí<º©Ù? _ÖýKß¹?

<j> (a) �êA!…o*óçkÌLS	T%ð, ]H

p t = 0, )©Ùí _bÑ

Q(0) = 50 − 30e0 = 50 − 30 = 20

(b) H t = 1, )� 1 _~	T%ðí<ºí©Ù _

bÑ

Q(1) = 50 − 30e−0.5 ≈ 31.80
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H t = 2, )� 2 _~	T%ðí<ºí©Ù _bÑ

Q(2) = 50 − 30e−1 ≈ 38.96

H t = 6, )� 6 _~	T%ðí<ºí©Ù _bÑ

Q(6) = 50 − 30e−3 ≈ 48.51

¹©Ù}�� _ 32, 39 D 49 Kß¹.

(c) ¦ÊÌ¤±í”Ì, )�îó%ðí<ºí©Ù _

b�Ñ

lim
t→∞

Q(t) = 50 − 30e−∞ = 50

û. ˚Ðgƒb (logistic functions)

ƒb

Q(t) =
A

1 + Be−kt

w2 A, B D k ÌÑ£�b, ˚T˚ÐgAÅƒb

(logistic growth function), ¤ƒbíÇ$, àÇý,

˚T˚Ðg�( (logistic curve C S-��(), ×Û

|Çáv0§]Ó, OAÅ0 Q′(t) ]Á7¨AAÅ�î

Ûï, /çvÈÌä]Óv, Q(t) }Q¡ A. 6ÿuz,
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˚Ðg�(m×Û|NbAÅ�(í0§AÅ4” (ç�

Çá, t üív`), ¢×Û|ç3�(íAÅ�îíñ¸

(saturation) Ô4 (ç t D˝(). �àV·H§Ìk

’Ä (ëÓ, ˛È) íAÅÛï, /íˇ×ü|(} ì

Ë®ƒø_D=1Þ·XM¾ (life-support
capacity) óñíÕG A, ]˚ A Ñ=1w-¾

(carrying capacity). ¤Õ, ˚Ðg_�?�àk·H

âkàÈD¼Wèíf2�Ûï.

W 6. q/Ð–Ê¼>êÞ t Ù(í=v>2b

Q(t) =
5000

1 + 1249e−kt

J 7 Ù(� 40 P=v>2, t° 15 Ù(í=v>2

b.

<j> íl, H t = 7 D Q = 40 1j k, )

40 =
5000

1 + 1249e−7k

cÜ, )

e−7k =
1

1249

(
5000

40
− 1

)
=

124

1249

si¦ ln, )

−7k = ln
(

124

1249

)
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¹

k = −
1

7
ln

(
124

1249

)
=

1

7
ln

(
1249

124

)
≈ 0.33

Hp, ) t Ù(í=v>2bÑ

Q(t) =
5000

1 + 1249e−0.33t

|(, H t = 15, )

Q(15) =
5000

1 + 1249e−0.33(15)
≈ 508

¹, 15 Ù(�� 508 P=v>2¼>.

Å. ?ªJÖ k íbç�Rû, àâ

e−7k = (e−k)7 =
124

1249

)

e−k =
(

124

1249

)1/7

Hp, )

Q(t) =
5000

1 + 1249
(

124
1249

)t/7
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